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Week 3

Chapter 4: Introduction to stochastic optimization
Chapter 5: Derivative-based stochastic optimization
Chapter 6: Stepsizes
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Overview
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Classes of algorithmic strategies
Exact methods
» If we can compute the expectation in

… then this is a deterministic problem.

Sampled problems
» If the only problem is that we cannot compute the expectation, we 

might solve a sampled approximation

Adaptive learning algorithms
» This is what we have to turn to for most problems, and is the focus 

of this tutorial.

max ( , )x F x W

ˆmax ( , )x F x W
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Classes of algorithmic strategies

Exact solution methods
» Consider our classical stochastic optimization problem:

௫ ௐ

» If we can compute the expectation, then we have a 
function ௐ , which means we can 
write our optimization problem as

௫
» In other words, if we can compute the expectation, then 

we have a deterministic optimization problem.
» This means that “stochastic optimization” is, 

fundamentally, related to computation.
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Classes of algorithmic strategies

A stochastic shortest path problem
» Assume that the cost of traversing from i to j is a 

random variable given by ௜௝.  
» Let ௜௝ be the flow from to We wish to solve the 

linear optimization problem

௫ ௜௝ ௜௝
௜,௝

» Subject to flow conservation constraints. Assume that 
we have to choose ௜௝ before we get to see the costs ௜௝.  
This means we can write

௫ ௜௝ ௜௝
௜,௝

௜௝ ௜௝ ௜௝ ௜௝
௜,௝௜,௝
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Classes of algorithmic strategies

Exact solution methods
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Classes of algorithmic strategies

Exact solution methods
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Classes of algorithmic strategies

Exact solution methods
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Classes of algorithmic strategies

Exact solution methods
» Bellman’s optimality equation

» If we can compute the one step transition matrix, then 
this is a deterministic problem.

» We will get to this later in the course.
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Sampled models
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Classes of algorithmic strategies

Sampled models
» When we cannot compute the expectation, we can 

sometimes get a good solution by replacing the full set 
of possible outcomes with a sample.

» That is, we replace 

» with

» This can be used even when x and W are high 
dimensional.

 max ,
x
F x W

 
1

1
max ,

N
n

x
n

F x W
N 

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Classes of algorithmic strategies

Sampled models
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Classes of algorithmic strategies

Notes:
» There are very few problems where the expectation can 

be computed exactly.
» Sampling is a very powerful strategy, one that we will 

use.  But is just a way of approximating an expectation.
» Most problems where some form of iterative learning, 

which is the focus of the rest of the course.
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Sampled approximations
Canonical stochastic optimization problem
» Remember that the expectation operator 𝔼 should always be 

interpreted as “taking an average.”  It is rare that we can do this 
exactly.  Most of the time, we will be taking an average.

» Assume we have a sample of values of W that we write as

𝑊ଵ, 𝑊ଶ, … , 𝑊ே

» Then we can approximate our expectation by

© 2019 Warren Powell

0
1

1{ ( , ) | } ( , )
N

n
W

n
F x W S F x W

N 

 



Intro to stochastic optimization
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Intro to stochastic optimization

Convergence of sampled approximations
» The optimal solution of a sampled problem converges 

exponentially to the optimal objective function:
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Creating a sampled model
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State-independent vs. state-dependent
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State dependency

State independent problems
» The problem does not depend on the state of the system.

» The only state variable is what we know (or believe) about 
the unknown function                , called the belief state ௧, 
so ௧ ௧.

» State independent problems can also be called pure 
learning problems.

 max ( , ) min( , )
x
F x W p x W cx  

( , )F x W
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State dependency

Examples of pure learning problems:
» What is the best path to your new job?
» What is the best lineup of five players for a basketball 

team?
» What is the best concentration of nanoparticles to achieve 

the best release profile?
» What is the best bid for an ad to maximize clicks? 
» What are the best buy-low, sell-high prices for 

maximizing profits for buying and selling energy for grid 
storage?
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State dependency

State-dependent problems
» Now the problem may depend on what we know at time t:

» Now the state is ௧ ௧ ௧ ௧

 0
max ( , , ) min( , )

tx R t
C S x W p x W cx    
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State dependency

Notes:
» The distinguishing characteristic of this class of 

functions is that the function does not depend on the 
state      (other than     ).

» Examples:
• The conductivity of a material constructed using design x

which depends on temperatures, concentrations, catalysts, …).
• The choice of drug cocktail for someone with cancer.
• The sales of a laptop with a set of features x (or x could just be 

price).
• The revenue generated from a battery storage device which is 

buying and selling to/from the grid, using a policy determined 
by x.

t
S

0
S
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Solution strategies and problem classes

Examples of state-dependent problems:
» Virtually any resource allocation problem:

• Managing inventories, machines, people, equipment…
• Amazon logistics problems
• Managing drones, sensors,
• Asset selling, portfolio optimization

» “Contextual” learning problems
• What is the best path given the weather (or weather forecast)
• What is the best basketball team given the opponent.
• What is the best bid for an ad to maximize clicks given the 

attributes of the customer logged in.
• What are the best buy-low, sell-high prices for maximizing profits 

for buying and selling energy for grid storage given forecasts of 
future temperatures.
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Solution strategies and problem classes

Why do we make the distinction between state-
independent and state-dependent?
» After all, state-independent is just a special case of 

state-dependent.
» The reason is that state-independent (learning) 

problems are much simpler, and they arise in many 
settings (including state-dependent problems).
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Solution strategies and problem classes

Ranking and selection (derivative free)
» Basic problem:

» We need to design a policy              that finds a design 
given by 

» We refer to this objective as maximizing the final 
reward.

 1

0
,...,max { ( , ) | }

Mx x x F x W S 

( )nX S

 , 0max { , | }NF x W S
 

,Nx
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Modeling uncertainty
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Offline vs. online learning

Modeling uncertainty
» Model uncertainty ଴

• Uncertainty in model parameters
• Uncertainty in the model itself

» Learning uncertainty ଵ ଶ ே

• This is the variability in the choice of the final design 𝑥గ,ே

» Implementation uncertainty 
• This is the new information that arrives after we have picked 

our final design
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Offline vs. online learning

Illustration
» Use newsvendor problem with:

• Uncertainty in the mean of the demand distribution.
• Randomness in the sampled demands that you use when 

learning the best order quantity.
• Randomness in the demand you use to test your solution.
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Derivative-based stochastic search

Model uncertainty
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Derivative-based stochastic search

Learning uncertainty
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Derivative-based stochastic search

Learning uncertainty
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Derivative-based stochastic search

Implementation uncertainty
» We can have (and can use) a probability distribution for W:

• Computing expectations exactly is actually quite rare.
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Derivative-based stochastic search

Implementation uncertainty
» More often we are working with a sample, that might 

come from: 
• A probability distribution (e.g. a multivariate normal)
• History/field observations

© 2019 Warren Powell



Derivative-based stochastic search

Implementation uncertainty
» We can now replace our expectation E with one based 

on a sampled representation
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Derivative-based stochastic search
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0 1 0 0
,

ˆ,..., | |
ˆ( , )N

N
S W W S W S

F F x Wp p=   

Evaluating a policy

» Note that గ,ே is a random variable, but it is a 
deterministic function of ଵ ே and the policy .

Derivative-based stochastic search

© 2019 Warren Powell



0 1 0 0
,

ˆ,..., | |
ˆ( , )N

N
S W W S W S

F F x Wp p=   

Evaluating a policy

» Note that గ,ே is a random variable, but it is a 
deterministic function of ଵ ே and the policy .

Derivative-based stochastic search

Finally, given 𝑥గ,ே, we have to simulate how 
well the design works when it is implemented.

Following policy , simulate W’s from 
sampled parameters in initial state

Sample initial beliefs about parameters
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Derivative-based stochastic optimization
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Derivative-based stochastic optimization

Canonical stochastic optimization problem
» Basic problem:

» Decisions
• Manufacturing network (x=design)
• Unit commitment problem (x=day ahead decisions)
• Inventory system (x=design, replenishment policy)
• Battery system (x=choice of material)
• Patient treatment cost (x=drug, treatments)

» A “decision” may be a policy.
• Buy-sell signals for sell a stock or charging a battery

max ( , )x F x W
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Derivative-based stochastic optimization

Canonical stochastic optimization problem
» Basic problem:

» “Exogenous information” W:
• Manufacturing network (W=performance)
• Unit commitment problem (W=weather)
• Inventory system (W=Demands)
• Battery system (W=Lifetime, energy density)
• Patient treatment cost (W=response to treatment)
• Trucking company (W=profits, service)

» W may be a single realization, or an entire sequence.
• 𝑥 may be a buy-sell policy, and 𝑊 may then be an entire 

sequence of prices 𝑝ଵ, … , 𝑝்

© 2019 Warren Powell
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Derivative-based stochastic optimization

Canonical stochastic optimization problem
» I prefer to write this as

» The initial state ଴ carries:
• Any deterministic parameters

– Arrival rate of 𝜆 customers
• Initial values of parameters that will vary over time:

– Prices
– Inventories

• Beliefs about uncertain parameters
– Beliefs about the arrival rate 𝜆.
– Response 𝜇௫ of a patient to a drug 𝑥.

© 2019 Warren Powell
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Derivative-based stochastic optimization
Writing expectations
» It can be useful to express the explicit random variables over 

which an expectation is being take.
» We might be finding the best drug 𝑥 to maximize the reduction in 

blood sugar 𝑊௫ which depends on the patience response 𝜇௫:
𝐹 𝑥, 𝑊 ൌ 𝑊௫ ൌ 𝜇௫ ൅ 𝜀௡

which is itself unknown but has an assumed distribution.
» We would write our objective function as

max
௫

𝔼ఓ𝔼ௐ|ఓ𝐹 𝑥, 𝑊

» We will often write 𝔼𝐹ሺ𝑥, 𝑊ሻ, but it is a useful exercise to expand 
the expectation to express the random variables that the 
expectation is being taken over.
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Derivative-based stochastic optimization

Deterministic search (derivative based)
» Basic problem:

» Steepest ascent

» Finding the stepsize:
max
ఈஹ଴

𝑓ሺ𝑥௡ ൅ 𝛼𝛻𝑓ሺ𝑥௡ሻሻ

» We can use various algorithms for one-dimensional 
search.

1 ( )n n n
n xx x f x   
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Derivative-based stochastic optimization

Classic steepest ascent

1x

2x

1 ( )n n n nx x f x   



Derivative-based stochastic optimization

Stochastic search (derivative based)
» Basic problem:

» Stochastic gradient

» But how do we find the stepsize?
» We can no longer do a one-dimensional search.

1 1( , )n n n n
n xx x F x W   
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Derivative-based stochastic optimization

Indexing notation

» Any variable indexed by 𝑛 is a function of  𝑊ଵ, … , 𝑊௡.
» Similarly if we are using time 𝑡. 
» This means writing our updating equation as

𝑥௡ାଵ ൌ 𝑥௡ ൅ 𝛼௡𝛻𝐹ሺ𝑥௡, 𝑊௡ାଵሻ

» This tells us that 𝛼௡ may be stochastic (depends on 
information), but cannot depend on 𝑊௡ାଵ.
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Derivative-based stochastic optimization

Notes:
» If the objective function is easy to compute, one-

dimensional searches are relatively easy.
» If we know a maximum value for the stepsize , the 

Fibonacci search method is optimal for derivative-free 
one-dimensional search.

» Golden section search is an easy variant of the 
Fibonacci.

» … but these methods do not work for stochastic 
problems.
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Derivative-based stochastic optimization

Stochastic gradients
» A stochastic gradient ௫ may point in any 

direction, including the wrong direction

1x

2x



Derivative-based stochastic optimization

Consider our newsvendor problem

» Assume:
• 𝑝 ൌ 10
• 𝑐 ൌ 3
• 𝑊 is uniform from 10 to 20.
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Derivative-based stochastic optimization

Numerical example
» P=10, c=3, ଵ

ଵା௡

© 2019 Warren Powell

Iteration x alpha W Gradient
0 0 1.000 13.09 7
1 7 0.500 15.21 7
2 10.5 0.333 17.83 7
3 12.83333 0.250 12.68 -3
4 12.08333 0.200 11.23 -3
5 11.48333 0.167 15.47 7
6 12.65 0.143 15.33 7
7 13.65 0.125 13.27 -3
8 13.275 0.111 18.72 7
9 14.05278 0.100 12.86 -3

10 13.75278 0.091 14.60 7
11 14.38914 0.083 15.66 7
12 14.97247 0.077 18.95 7
13 15.51094 0.071 13.02 -3
14 15.29665 0.067 19.44 7
15 15.76332 0.063 11.98 -3
16 15.57582 0.059 15.29 -3
17 15.39935 0.056 18.20 7
18 15.78824 0.053 16.14 7
19 16.15666 0.050 18.38 7
20 16.50666 0.048 12.80 -3

0
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Derivative-based stochastic optimization

Finding the mean
» We can write the problem of finding the mean of a 

random variable as the stochastic optimization 
problem

ఓ
ଶ

» Here, our function is ଵ
ଶ

ଶ.  The 
stochastic gradient is ఓ The 
stochastic gradient algorithm is

௡ାଵ ௡
௡ ௫

௡ ௡ାଵ

௡
௡

௡ ௡ାଵ

௡
௡

௡
௡ାଵ
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Derivative-based stochastic optimization
Finding the mean
» Now consider 

𝜇௡ାଵ ൌ 1 െ 𝛼௡ 𝜇௡ ൅ 𝛼௡𝑊௡ାଵ

» For a stepsize, try 𝛼௡ ൌ ଵ
௡ାଵ

.

» 𝜇ଵ ൌ 1 െ 1 𝜇଴ ൅ 1 𝑊ଵ ൌ 𝑊ଵ

𝜇ଶ ൌ 1 െ ଵ
ଶ

𝜇ଵ ൅ ଵ
ଶ

𝑊ଶ ൌ ଵ
ଶ

𝑊ଵ+ଵ
ଶ

𝑊ଶ

𝜇ଷ ൌ 1 െ ଵ
ଷ

𝜇ଶ ൅ ଵ
ଷ

𝑊ଷ ൌ ଶ
ଷ

𝜇ଶ ൅ ଵ
ଷ

𝑊ଷ ൌ ଵ
ଷ

𝑊ଵ+ଵ
ଷ

𝑊ଶ+ ଵ
ଷ

𝑊ଷ

» In general we can write

𝜇௡ ൌ
1
𝑛 ෍ 𝑊௜

௡

௜ୀଵ
» This means that using 𝛼௡ ൌ 1/𝑛 is the same as averaging.  Possible to 

show that gives us the best convergence rate.
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Derivative-based stochastic optimization
Stepsize properties
» Finding an optimal stepsize, as we do in deterministic problems, is 

not possible for stochastic problems.  
» Convergence theory (we prove convergence in the book) tells us 

that stepsize rules have to satisfy the following conditions
𝛼௡ ൐ 0

෍ 𝛼௡ ൌ ∞
ஶ

௡ୀଵ

෍ 𝛼௡
ଶ ൏ ∞

ஶ

௡ୀଵ

» The stepsize 𝛼௡ ൌ ଵ
௡

satisfies these conditions.  For the case of 
finding an average, this is the best possible stepsize rule.  But often 
this works very poorly.  We will return to stepsizes later.
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Derivative-based stochastic optimization

Notes:

» Use this example to demonstrate how the gradient may 
take us in the wrong direction.

» Yet, averaging is the best possible way of estimating a 
mean!
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Derivative-based stochastic optimization
Design elements:
» Starting points – it is common to initialize the algorithm from 

different starting points and choose the best final design.  But 
picking the regions for these starting points can be tricky.

» Analytical vs. numerical gradients – There are many problems 
where we cannot compute analytical gradients, so we have to 
estimate them from finite differences.

» Gradient averaging – Gradients can be very noisy.  Gradient 
smoothing can help.  For numerical gradients, we might use 
repeated simulations to obtain better averages.

» Evaluating the algorithm.  Need to compare final results to rate of 
convergence, and evaluate the consistency (how variable is the 
final solution).  
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Derivative-based stochastic search
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Derivative-based stochastic search

Handling constrained problems:
» We might have constraints of the form: ௜ ௜.
» The update ௡ାଵ ௡

௡ ௫
௡ ௡ାଵ that takes 

us outside the box.  We handle this using

nx

1 1( , )n n n n
n x

y x F x W   
nx

1 1( , )n n n n
n x

y x F x W   

𝑥ଵ

𝑥ଶ



Derivative-based stochastic search

Sometimes we have budget constraints: ௜௜
» The update ௡ାଵ ௡

௡ ௫
௡ ௡ାଵ might 

produce ௜
௡ାଵ ᇱ

௜ Map ௡ାଵ back to ௡ାଵ

using:

nx

1 1( , )n n n n
n x

y x F x W   

1 2
6x x 

1
1

1
n nx x 

 
      𝛽 ൌ ஻ᇲି஻

ଶ 
(for 2-D problem)



Derivative-based stochastic search

For more general problems:
» Let

𝑋 ൌ 𝑥|𝐴𝑥 ൌ 𝑏, 𝑥 ൒ 0

» We write the constrained version of the stochastic 
gradient operator as:

௡
௑

௡
௡ ௫

௡

» We refer to ௑ as the projection operator onto the set 
» A general way of performing the projection operator is 

to solve the nonlinear programming problem:

௑
௡ାଵ

௫
௡ାଵ

ଶ

where ௡ାଵ
ଶ ௜ ௜ାଵ

௡ ଶ
௜ .
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Derivative-based stochastic search
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As a sequential decision problem



Derivative-based stochastic search

Finite time analysis
» In practice, we stop the algorithm after N iterations of 

running the stochastic gradient algorithm

» With some stepsize rule such as 
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Derivative-based stochastic search

Finite time analysis
» There are two choices we have to make:

• The type of stepsize policy
• The type of gradient

– Gradient smoothing?
– Second-order methods?

• Then we have to tune the stepsize policy

» A more formal statement of the problem is to write
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Derivative-based stochastic optimization

Stochastic search (derivative based)
» Basic problem:

» Stochastic gradient

» Typically we are limited, to, say iterations, so we want 
the best solution after iterations.  Let be our 
“algorithm” and let గ,ே be the solution that “algorithm” 

produces after iterations.
» Now we would state the optimization problem as

» In other words, we want the optimal algorithm.

1 1( , )n n n n
n xx x F x W   

,max ( , )     where  is an algorithm (or policy)nF x W
 

© 2019 Warren Powell
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Derivative-based, finite horizon

Derivative-based stochastic search – finite horizon
» We want a method (an algorithm) that produces the best 

solution by time N.  This algorithm is like a policy, since 
it maps a state to an action:

» Assume that our stepsize rule is

» After n iterations, our “state” is

» Given the state      and the parameter    , we can 
determine (after sampling        )  the next state      .

1 1( , )n n n n
n xx x F x W   

  

where number of times the solution has not improved.

n n

n

N
N









( , )n n nS x N
nS 

1nW  1nS 

1 1( , , )n M n n
nS S S W 
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Derivative-based, finite horizon

Derivative-based stochastic search – finite horizon
» State variables

௡ ௡ ௡

» Decision variable: ௡ made using policy ௡ ఏ
ఏା௡ 

» Exogenous information: ௡ାଵ

» Transition function
௡ାଵ ௡

௡ ௫
௡ ௡ାଵ

௡ାଵ ௡ ௫
௡ ௡ାଵ

௫
௡ିଵ ௡  

» Our objective is to find the best stepsize policy that 
solves

ఏ
గ,ே

1 1( , , )n M n n
nS S S W 
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Derivative-based, finite horizon

Notes:
» Our objective function might optimize over:

• Different stepsize rules
• Different parameters for each stepsize rule
• Different ways for calculating the gradient

» We will review stepsize policies next.
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Derivative-based, finite horizon

Testing different algorithms (“policies”)

» We want to optimize the rate of convergence:
• Different stepsize rules
• Different ways of computing the gradient

Pe
rc

en
ta

ge
 e

rr
or

 fr
om

 o
pt

im
al

OSA

Kalman

1
n
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Derivative-based stochastic optimization

Notes:
» The formulation of finding the optimal algorithm has 

been largely ignored in the research literature.
» Finding the best stepsize formula, or tuning the 

parameters of a stepsize formula, has been approached 
as an ad-hoc exercise:

• Send the grad student down to the basement to test stepsize
formulas and find the best one.

» The problem is that the proper tuning can depend on 
issues like starting points.  A poor choice of tuning 
parameters can destroy the performance of the 
algorithm.

» This has been largely ignored in the academic research 
literature, but it is important (and a potential area of 
research). © 2019 Warren Powell



Numerical derivatives
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Numerical derivatives

Finite differences

© 2019 Warren Powell



Numerical derivatives

Simulating the numerical derivative

 

1 2

1 1

0

Let  be a sample path of ( ), ( ),... with a sequence

of states ( ) ( ( ), ( ( ) | ), ( )).
Let

     ( , ) ( ), ( ( ) | )

Now compute the stochastic numerical derivative using

 

M
t t t t t

T

t t t
t

W W

S S S X S W

F C S X S



 

  

    

    

 





 

( , ) ( , )   ( )

We are writing this assuming that ( , ) and ( , ) 
are both computed with the same sample path . This is best,
but not required, and not always possible.  

F Fg

F F

 

 

    


    


 



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Numerical derivatives

Finite differences
» We use finite differences in MOLTE-DB:

• We wish to optimize the decision of when to charge or 
discharge a battery

charge
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Numerical derivatives

Finding the best policy
» We need to maximize

» We cannot compute the expectation, so we run simulations:
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Numerical derivatives

Simultaneous perturbation stochastic approximation
» Let:

• 𝑥௡ be a p െ dimensional vector.
• 𝛿௡ be a scalar perturbation
• 𝑍௡ be a p െdimensional vector, with each element drawn from a normal (0,1) 

distribution.

» We can obtain a sampled estimate of the gradient ∇௫𝐹ሺ𝑥௡, 𝑊௡ାଵሻ
using two function evaluations: 𝐹 𝑥௡ ൅ 𝛿௡𝑍௡ and 𝐹 𝑥௡ ൅ 𝛿௡𝑍௡
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Numerical derivatives

Notes:
» SPSA makes it possible to obtain sampled estimates of 

gradients for multi-dimensional vectors with just two 
function evaluations.

» The gradients are not as high quality as those obtained 
by perturbing each individual dimension…

» … but there are many problems where the gradients are 
quite noisy.  In these cases, it is necessary to perform 
multiple simulations and average them (called “mini-
batches” in the literature).  This is impractical even for 
relatively low-dimensional vectors.  SPSA accelerates 
these computations dramatically when this is required.
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Numerical derivatives

Empirical issues
» Parameter tuning – These algorithms typically have 

several parameters:
• One or more stepsize parameters
• “Mini-batch” for averaging the gradient

» Scaling – The gradient and the decision variable is 
typically different units (in some cases, different 
decision variables can have different units).

» Simulating/testing the solution – Requires a stochastic 
model of the physical system to evaluate the solution.

» Robustness – How reliable/consistent is the algorithm?
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A convergence proof
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An older proof
Notes:
» The proof that follows is an older proof that uses fairly elementary 

mathematics (e.g. infinite sums).
» A key technique we will use is that we will assume that the 

algorithm is following a sample path 𝜔.
» This means that every time we need a realization of the random 

variable 𝑊௡, we are going to substitute “𝜔” to represent a sample 
realization of 𝑊௡.

» Technically, anything that varies from one iteration to the next, 
such as 𝑥௡, depends on these observations, so we could write the 
decisions as 𝑥௡ሺ𝜔ሻ, but this gets clumsy.

» We are going to prove that for a particular sequence 𝜔 ൌ
ሺ𝑊ଵ, 𝑊ଶ, … , 𝑊ஶሻ, the decisions 𝑥௡ ൌ 𝑥௡ 𝜔 → 𝑥∗ as 𝑛 → ∞.
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An older proof

Stepsizes

» These conditions are satisfied by:
ଵ
௡

ఏ
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Chapter 6: Stepsizes
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Stepsize policies
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Stepsize policies
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Stepsize policies
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Stepsize policies

Deterministic policies (state independent)

» Popular for transient systems
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Stepsize policies
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Stepsize policies

Stochastic stepsize policies (State-dependent)
» These adapt to the behavior of the algorithm

© 2019 Warren Powell



Stepsize policies
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Stepsize policies
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Stepsize policies
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Stepsize policies

Adagrad
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Stepsize policies

Adagrad
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Stepsize policies
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Stepsize policies
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Stepsize policies

Low noise experiment
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Stepsize policies

High-noise experiment
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Stepsize policies

Notes:
» This stepsize rule was designed for approximating 

value functions, where the data is inherently 
nonstationary.

» It has effectively one, scale-free tunable parameter, eta, 
that is used to learn the bias.

» Provides very natural behavior:
• Close to 1 for very low noise
• Close to 1/n for high noise
• Never less than 1/n (needed for convergence)

» It is not hard to implement, but it does require several 
equations, rather than the simplicity of the harmonic 
stepsize rule, which remains popular even in my lab.
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