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Week 0 - Wednesday

Introduction
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Some administrative issues
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Administration

Distribute course questionnaire
When to hold office hours?
» Monday afternoon and evening – how many cannot 

make one of these two slots.
» For the first problem set, we need to set up a session to 

introduce students who need it to github and the python 
library.  Please sign up on the doodle poll.  

Ask questions in class!!
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Illustrations of sequential decision 
problems
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Learning the market in Africa
How do African consumers 
respond to energy pricing 
strategies for recharging cell 
phones?

» Cell phone use is widespread in 
Africa, but the lack of a reliable 
power grid complicates recharging 
cell phone batteries.

» A low cost strategy is to encourage 
an entrepreneurial market to 
develop which sells energy from 
small, low cost solar panels.

» We do not know the demand curve, 
and we need to learn it as quickly 
as possible.
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Roomsage.com

Robert Wojciechowski ‘98
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Revenue management
Earning vs. learning
» You want to maximize 

revenues, but you do not 
know how demand 
responds to price.

You earn the most with 
prices near the middle, but 
you do not learn anything.

You learn the most by sampling 
endpoints, but then you do not 
earn anything.



Health applications

Health sciences
» Sequential design of 

experiments for drug discovery

» Drug delivery – Optimizing the 
design of protective 
membranes to control drug 
release

» Medical decision making –
Optimal learning for medical 
treatments.
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Drug discovery

Optimizing the configuration of molecules

Design of effective policies can 
accelerate the search process for 
new drugs.
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Can we efficiently learn the accessible regions of an 
RNA molecule?

Accessibility of an RNA molecule

• The accessibility of a region of 
an RNA molecule mediates 
interaction with other molecules.

• Depends on how you define 
interactions, resulting in several 
methods for accessing 
accessibility.

• Mechanical
• Energetic

Mechanically 
accessible 

regionWell-
protected 
region = 

inaccessible

Image courtesy Adams et al., RNA (2004) 

A-C-C-G-U-A-C-U-G

Contreras Group, UT Austin© 2018 W.B. Powell



Binding Probe/Reporter Complex

New Methodology: attempt to bind probe/reporter complex with 
fluorescent marker. If bound, we observe strong fluorescence 
signal. 

Probe/Reporter 
complex

If probe can bind, 
we get fluorescence 
signal, indicating 

accessibility.

If a probe cannot 
bind, then we get no 
fluorescence signal, 

indicating 
inaccessibility.

Image courtesy Adams et al., RNA (2004) 
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Contreras Group, UT Austin

Use KG scores as a 
guideline to picking 
the next experiment.

The primer for this  
highest scoring probe 

need to be ordered
But we have this 

primer in stock, and 
it has a reasonably 

large KG value.

Knowledge Gradient scores
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Energy arbitrage

Battery arbitrage – When to charge, when to 
discharge, given volatile LMPs
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Grid operators require that batteries bid charge and 
discharge prices, an hour in advance.

We have to search for the best values for the policy 
parameters 

Discharge
Charge

Charge Dischargeand . 

Policy function approximations
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Energy storage
How much energy to store in a battery to handle the 
volatility of wind and spot prices to meet demands?
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Energy usage management

Chilled water management at Princeton University
» Major issue is how much to store in chilled water tank
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Energy usage management
Real time spot prices

© 2016 W.B. Powell

Green line is real-time (5 minute) electricity spot prices



Planning cash reserves
How much money should we hold in cash given variable 
market returns and interest rates to meet the needs of a 
business?

Bonds

Stock prices
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Amazon distribution 
network
» Small number of DC’s
» Uses UPS, FedEx, for 

final distribution

© 2016 W.B. Powell

Walmart distribution 
network
» Extensive retail network
» Limited need for 

distribution centers
» Increasing role of internet 

sales



Amazon

First supply chain logistics 
conference in 2015
Still running off of 
spreadsheets developed by 
Jeff Bezos
Numerous instances where 
uncertainty is an important 
element.
Exclusively using 
deterministic optimization 
tools at that time.
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Supply chain management

Amazon-UPS meltdown, Christmas, 2013
» Amazon promised 2-day service (based on UPS service 

guarantees). UPS was overwhelmed.
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Global logistics

Apple, Inc.
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Fleet management

Fleet management problem
» Optimize the assignment of drivers to loads over time.
» Tremendous uncertainty in loads being called in
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Real-time logistics
Uber
» Provides real-time, on-demand 

transportation.
» Drivers are encouraged to enter or leave 

the system using pricing signals and 
informational guidance.

Decisions:
» How to price to get the right balance of 

drivers relative to customers.
» Assigning and routing drivers to 

manage Uber-created congestion.
» Real-time management of drivers.
» Pricing (trips, new services, …)
» Policies (rules for managing drivers, 

customers, …)
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Effect of Current Decision on the Future

Closest car…. but it 
moves car away from 
busy downtown area

and strands other car in 
low density area. 

Assigning car in less 
dense area allows closer 
car to handle potential 
demands in more dense 

areas.
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Cost function approximations

RidersCars
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Optimizing over time

t t+1 t+2
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Optimizing over time

t t+1 t+2
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Optimizing over time

t t+1 t+2

The assignment of cars to riders evolves over time, with new riders 
arriving, along with updates of cars available.
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Matching buyers with sellers
Now we have a logistic curve for 
each origin-destination pair (i,j)

Number of offers for each (i,j) pair 
is relatively small.
Need to generalize the learning 
across hundreds to thousands of 
markets.
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An energy generation portfolio 
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The PJM planning process

Day-ahead planning (slow – predominantly steam)

Intermediate-term planning (fast – gas turbines)

Real-time planning (economic dispatch)



The PJM planning process

The day-ahead unit commitment problem
Midnight

Noon
Midnight Midnight Midnight

Noon Noon Noon



The PJM planning process

Intermediate-term unit commitment problem

1:15 pm 1:45 pm

1:30

2:15 pm

1:00 pm 2:00 pm 3:00 pm

2:30 pm



The PJM planning process

Intermediate-term unit commitment problem

1:15 pm 1:45 pm

1:30

2:15 pm

1:00 pm 2:00 pm 3:00 pm

2:30 pm



The PJM planning process

Intermediate-term unit commitment problem

Turbine 3

Turbine 2
 3

2

Turbine 1

1

Notification time

1:15 pm

1:30

2:00 pm 3:00 pm


Ramping, but 
no on/off 
decisions.


Commitment

decisions



Electricity

© 2016 W.B. Powell

The PJM power grid



Emergency storm response

Hurricane Sandy
» Once in 100 years?
» Rare convergence of events
» But, meteorologists did an 

amazing job of forecasting 
the storm.

 The power grid
» Loss of power creates 

cascading failures (lack of 
fuel, inability to pump water)

» How to plan?
» How to react?

© 2016 W.B. Powell
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Known customers in outage







Unknown outages

Outage calls
(known)

Network outages
(unknown)

Storm 

© 2018 W.B. Powell



Problem Description - Emergency Storm Response
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Modeling

“To do good modeling, all you have to do is listen.”

© 2018 W.B. Powell

Click here for decisions.
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Modeling frameworks
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Modeling stochastic, dynamic problems

Before we can solve complex problems, we have 
to know how to think about them.

The biggest challenge when making decisions 
under uncertainty is modeling.  

Min E {cx}
Ax = b
x > 0

Mathematician

Software

Organize class
libraries, and set up

communications and 
databases

© 2018 W.B. Powell



Stochastic 
programming

Markov 
decision 
processes

Reinforcement 
learning

Optimal 
control

Model 
predictive 

control

Robust 
optimization

Approximate 
dynamic 

programming

Online 
computation

Simulation 
optimization

Stochastic 
search

Decision

analysis

Stochastic 
control

Simulation 
optimization

Dynamic
Programming

and
control

Optimal 
learning

Bandit
problems

© 2018 W.B. Powell Slide 52



Stochastic 
programming

Markov 
decision 
processes

Reinforcement 
learning

Optimal 
control

Model 
predictive 

control

Robust 
optimization

Approximate 
dynamic 

programming

Online 
computation

Simulation 
optimization

Stochastic 
search

Decision

analysis

Stochastic 
control

Simulation 
optimization

Dynamic
Programming

and
control

Optimal 
learning

Bandit
problems
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Canonical modeling frameworks
» Statistics

• Nonlinear model: ݕ ൌ ݂ሺߠ|ݔሻ
• Linear model: ݕ ൌ ଴ߠ ൅ ଵ߶ଵߠ ݔ ൅ ଶ߶ଶߠ ݔ ൅⋯

» Linear programming
• min

௫
ݔܿ

Subject to ݔܣ ൌ ܾ, ݔ ൒ 0.

» Markov chains
• ܲሺܵ௡ାଵ ൌ ᇱ|ܵ௡ݏ ൌ ሻݏ

» Sequential decision problems lack a standard canonical 
framework.

© 2018 W.B. Powell



Modeling dynamic systems

Almost all sequential decision problems can be 
modeled using five core components:
» State variables

• What is in the state variable?  What do we need to know at 
time t?

» Decision variables
• What are our decisions?

» Exogenous information
• What do we learn for the first time between t and t+1?

» Transition function
• How does the problem evolve from t to t+1.

» Objective function
• What are we minimizing and how?

© 2018 W.B. Powell



Board setup:
» List all five elements across upper two boards
» Then work through each element providing notation 

and description.

» Erase and do uncertainty modeling on left, then design 
policies on the right.  

» For asset selling, start over with all five elements, and 
move organically through the problem.  

© 2018 W.B. Powell



Modeling dynamic problems

The state variable:

 

Controls community
        "Information state"
Operations research/MDP/Computer science
        , , System state, where:
             Resource state (physical state)
                     Loca

t

t t t t

t

x

S R I B
R



 



tion/status of truck/train/plane
                     Energy in storage
             Information state
                    Prices
                    Weather
            Belief state ("state of knowl

t

t

I

B



 edge")
                    Belief about traffic delays
                    Belief about the status of equipment










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Modeling
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State variables (cont’d)
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State variables (cont’d)
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Modeling dynamic problems

Decisions:
Markov decision processes/Computer science
     Discrete action
Control theory
     Low-dimensional continuous vector
Operations research
     Usually a discrete or continuous but high-dimensional

t

t

t

a

u

x







             vector of decisions.











At this point, we do not specify  to make a decision.
Instead, we define the function ( ) (or ( ) or ( )),  
where  specifies the type of policy. " " carries information
about the type of functi

how
X s A s U s  

 
.on , and any tunable parameters ff  
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The decision variables

Styles of decisions
» Binary

» Finite

» Continuous scalar

» Continuous vector

» Discrete vector

» Categorical

 0,1x X 

 1,2,...,x X M 

 ,x X a b 

1( ,..., ),    K kx x x x 

1( ,..., ),    K kx x x x 

1( ,..., ),     is a category (e.g. red/green/blue)I ix a a a

© 2018 W.B. Powell



Modeling dynamic problems

Exogenous information:











 
New information that first became known at time 

ˆ ˆ ˆˆ     = , , ,

ˆ    Equipment failures, delays, new arrivals
            New drivers being hired to the network

ˆ    New customer demands

t

t t t t

t

t

W t

R D p E

R

D






ˆ    Changes in prices
ˆ     Information about the environment (temperature, ...) 
t

t

p

E





Note: Any variable indexed by t is known at time t. This convention, 
which is not standard in control theory, dramatically simplifies the 
modeling of information.

 
1 2Below, we let  represent a sequence of actual observations , ,....  

 refers to a sample realization of the random variable .t t

W W
W W



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Modeling dynamic problems

The transition function











1 1

1 1

1 1

1 1

( ,   ,   )
ˆ             Inventories
ˆ                     Spot prices
ˆ                 Market demands

M
t t t t

t t t t

t t t

t t t

S S S x W

R R x R
p p p

D D D

 

 

 

 



  
 

 

Also known as the:
“System model”
“State transition model”
“Plant model”
“Plant equation”
“State equation”

“Transfer function”
“Transformation function”
“Law of motion”
“Model”
“transition function”

For many applications, these equations are unknown. This 
is known as “model-free” dynamic programming. © 2018 W.B. Powell Slide 66
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Modeling stochastic, dynamic problems

Objective functions
» Performance metrics:

• Rewards, profits, revenues, costs, contributions, rewards
(business)

• Gains, losses (engineering)
• Strength, conductivity, diffusivity (materials science)
• Tolerance, toxicity, effectiveness (health)
• Stability, reliability (engineering)
• Risk, volatility (finance)
• Utility (economics)
• Errors (machine learning)
• Time (to complete a task)

© 2018 W.B. Powell



Modeling stochastic, dynamic problems

Objective functions
» Uncertainty metrics:

• Expectations
• Risk measures

– Variance
– Quantiles
– Expected semi-deviations
– Var, CVaR, …

• Robust (worst-case)

max ( , )
x
Q F x W

max min ( , )
x w

Q F x w

© 2018 W.B. Powell



Objective functions
» Cumulative reward (“online learning”)

• Policies have to work well over time.
» Final reward (“offline learning”)

• We only care about how well the final decision ݔగ,ே works.
» Risk

 1 0
0

max , ( ), |
T

t t t t t
t

C S X S W S
 



 
 
 


Modeling stochastic, dynamic problems

 ,
0

ˆmax ( , ) |NF x W S
 

 0 0 0 1 1 1 0max ( , ( )), ( , ( )),..., ( , ( )) |T T TC S X S C S X S C S X S S  
 



The modeling process:
» The narrative

• This is a plain English description of the problem.  This should 
be fairly short, but should give the audience a sense of the 
problem.

» The model
• This consists of the five elements:

» The modeling process
• Filling in the elements of the model is not linear.  State 

variables are built up as part of the process. 

States           Decisions          Exogenous             Transition            Objective  
information              function              function

© 2018 W.B. Powell



The modeling process

Modeling real applications
» I conduct a conversation with a domain expert to fill in 

the elements of a problem:

State
variables

Decision
variables

New
information

Transition
function

Objective
function

What we need to know
(and only what we need)

What we control

What we didn’t know
when we made our decision

How the state variables evolve

Performance metrics



Modeling 
Deterministic 
» Objective function

» Decision variables:

» Constraints: 
• at time t

• Transition function

Stochastic
» Objective function

» Policy

» Constraints at time t

» Transition function

» Exogenous information

 1 0
0

max , ( ), | 
 



 
 
 


T

t t t t t
t

E C S X S W S
0 ,..., 0
min

T

T

t tx x t
c x




( )t t t tx X S 

1 1t t t tR b B x    1 1, ,M
t t t tS S S x W 

0 1 2( , , ,..., )TS W W W

0
t t t

t

A x R
x


 t





 0 ,..., Tx x :X S  



An asset selling problem

© 2018 W.B. Powell Slide 74



The narrative
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State variables

» Highlight:
• Physical state ܴ௧
• Information state ݌௧
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Exogenous information

» We could drill into the probability model, but we are 
going to put “uncertainty modeling” after the basic 
model. 

© 2018 W.B. Powell
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Modeling uncertainty

© 2018 W.B. Powell Slide 83



© 2018 W.B. Powell

Exogenous information

Guessing what is happening in the real world 
» Is the stock market going (further) down?
» What do you think?



© 2018 W.B. Powell

Exogenous information

Guessing what is happening in the real world 
» What about the price of the barrel of crude oil?



Exogenous information

» We could drill into the probability model, but we are 
going to put “uncertainty modeling” after the basic 
model. 

© 2018 W.B. Powell
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Exogenous information
We need a system for indexing time.  In particular, it is 
important to know the mapping between discrete and 
continuous time.

1t  2t  3t 
4t 

0t  1t  2t  3t  4t 

1p̂ 2p̂ 3p̂ 4p̂

0 0,S x 1 1,S x 2 2,S x 3 3,S x 4 4,S x

Continuous
time

Discrete
time

It is useful to think of information as arriving continuously over time. 
Functions (states, decisions) are measured at a point in time.

At time t, anything  t’ <= t  is known, anything  t’ > t  is unknown.



Exogenous information

 1 2

All the information arriving would then be:

         , ,..., ,...

 is not a random variable (although some people treat it as one).  We sometimes
need a random variable which is a function provid

t

t

   





ing the information that 
arrive during time period .  If we do not have a specific variable such as a 
price, quantity or demand, we can use the generic notation:

 The information arriving in tt

might
t

W 

t

ime .

We use  because it "looks like" .  We can also write:

 ( )

t t

t

t

W

W



 
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The probability model

© 2018 W.B. Powell



Discuss:
» How to simulate a normally distributed random variable
» Simulating other distributions

© 2018 W.B. Powell



Evaluating policies
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Modeling simulations
» Introduce notation
» Concept of a sample path

• Purely exogenous information

ଵܹ ߱ , ଶܹ ߱ ,… , ்ܹሺ߱ሻ

• Full process with states, actions and new information.

ܵ଴, ,଴ݔ ଵܹ, ଵܵ, ,ଵݔ ଶܹ, ܵଶ, … , ܵ௧, ,௧ݔ ௧ܹାଵ, …

where ݔ௧ ൌ ܺగ ܵ௧

We can also write with iteration ݊:

ܵ଴, ,଴,ܹଵ,ܹଵݔ ,ଵ,ܹଶݔ ܵଶ, … , ܵ௡, ,௡,ܹ௡ାଵݔ …

© 2018 W.B. Powell
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Designing policies
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Discuss:
» Tuning parameters of a policy is actually its own 

sequential decision problem.  
» For now, let’s just do an ad-hoc search.  As the course 

unfolds, we will be able to do a better job of this.
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The objective function
Search for the best value of beta (click here for spreadsheet)

© 2018 W.B. Powell

Alpha Beta
0.1 0.60 R X C sum= 5.462638

Price Smoothed
1 8.23 8.23 1 0 0
2 7.57 8.163733 1 0 0
3 6.74 8.021005 1 0 0
4 6.22 7.840923 1 0 0
5 5.88 7.645048 1 0 0
6 5.87 7.467439 1 0 0
7 5.29 7.249638 1 0 0
8 4.57 6.98159 1 0 0
9 4.15 6.698608 1 0 0

10 3.62 6.390541 1 0 0
11 4.04 6.155371 1 0 0
12 3.09 5.848898 1 0 0
13 2.88 5.551598 1 0 0
14 1.97 5.19386 1 0 0
15 2.95 4.969746 1 0 0
16 3.39 4.812055 1 0 0
17 4.35 4.765712 1 0 0
18 4.00 4.6895 1 0 0
19 4.96 4.716665 1 0 0
20 5.06 4.751376 1 0 0
21 4.52 4.72774 1 0 0
22 5.46 4.801229 1 1 5.462638
23 4.66 4.787369 0 0 0
24 4.34 4.74304 0 0 0
25 4.16 4.684932 0 0 0
26 4.41 4.65746 0 0 0
27 3.79 4.571039 0 0 0
28 3.50 4.463759 0 0 0
29 4.13 4.430225 0 0 0
30 3.91 4.378293 0 0 0

0.00
1.00
2.00
3.00
4.00
5.00
6.00
7.00
8.00
9.00

1 7 13 19 25 31 37 43 49 55 61 67 73 7



Asset selling exercise
» Click on image for spreadsheet
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The objective function

Simulated price process

0.00

1.00

2.00

3.00

4.00

5.00

6.00

7.00

8.00

9.00

1 6 11 16 21 26 31 36 41 46 51 56 61 66 71 76 81 86 91 96



Extensions
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Basket of assets
» Imagine that we sell based on an index that reflects a 

basket of assets, each of which are evolving on their 
own.

» Now the price ௧ becomes a vector ௧ ௧௜
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Week 1 - Monday

Adaptive market planning
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Narrative
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Narrative
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Narrative
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Narrative
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Narrative

Notes:
» With enough handwaving, we can boil any stochastic 

optimization problem down to

ॱܨ ܹ,ݔ

» The newsvendor problem with the distribution of W is 
known is an instance of a stochastic optimization 
problem that we can solve exactly when we can 
compute the expectation.

» In this problem, we are going to assume the distribution 
of W is unknown, but we can adaptively set ௡ and 
then observe ௡ାଵ
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Stochastic gradient algorithms

© 2018 W.B. Powell Slide 114



Adaptive market planning

Gradient-based stochastic search
» Powerful algorithm, but it an important class of 

sequential decision problem
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Adaptive market planning

Stepsize rules
» Harmonic stepsize formula (deterministic

» Kesten’s rule (stochastic)

» Discuss:
• Scaling
• Handling bias (learning) vs. noise (smoothing)
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Adaptive market planning

Harmonic stepsize rules
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Basic model

Kesten’s stepsize rule
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Basic model
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Basic model
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Derivative-based stochastic search

Mapping to ଵ ଶ

nx

1 1( , )n n n n
n x

y x F x W   

1 2
6x x 

1
1

1
n nx x 

 
     
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Derivative-based stochastic search

Mapping to box constraints

1
nx

1 1
1 1 1

( , )n n n n
n x

y x F x W   

© 2018 W.B. Powell

1 1
2 2 2

( , )n n n n
n x

y x F x W   

1
1
nx 

1
2
nx 

2
nx



Basic model

Objective function
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Basic model
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Uncertainty modeling
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Modeling uncertainty

Observations of ௧ (or ௡ might come from

» Probability distributions.
• This requires that we develop a mathematical model of the 

distribution of W.  We will return to this topic later.

» Field observations
• We may have a dataset of observations from some exogenous 

source.
• We can run our algorithms on these observations without ever 

developing a mathematical model.
• This process is known as data driven.
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Designing policies
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Policies

Stepsize policies
» Harmonic (deterministic)
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Policies

Stepsize policies
» Kesten (stochastic
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Policies

Stepsize policies
» AdaGrad (stochastic)

» Discuss variable scaling

© 2018 W.B. Powell



Policy evaluation
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Policies

Simulating a policy
» Walk through steps of a simulation
» Represent a sample path of realizations as 
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Extensions
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Extensions
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Extensions
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Extensions
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Extensions
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Week 1 - Wednesday

Statistical modeling
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Three core approximation architectures

» Lookup tables

» Parametric models
• Linear in the parameters
• Nonlinear (in the parameters)

» Nonparametric
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Approximating strategies

Lookup tables

» Independent beliefs

» Correlated beliefs
• A few dozen observations can 

teach us about thousands of 
points.

» Hierarchical models
• Create beliefs at different levels of 

aggregation and then use weighted 
combinations

 1( , )   ,...,n
x MF x W x x x  
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Approximating strategies

Parametric models
» Linear models

• Might include sparse-additive, 
where many parameters are zero.

» Nonlinear models

• (Shallow) Neural networks, …

 | ( )f f
f F

F x x  


 

 
0 1 1

0 1 1

( ) ...

( ) ...|
1

x

x

eF x
e

  

  
 

 


charge

charge discharge

charge

1 if 
( | ) 0 if 

1 if 

t

t t

t

p
X S p

p




  



 
  
 
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Approximating strategies

Nonparametric models
» Kernel regression

• Weighted average of neighboring 
points

• Limited to low dimensional 
problems

» Locally linear methods
• Dirichlet process mixtures
• Radial basis functions

» Splines
» Support vector machines
» Deep neural networks tS

tx

© 2018 W.B. Powell



Lookup tables

Frequentist
Bayesian – Independent

Bayesian - correlated
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Lookup tables

Frequentist updating - Batch
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Lookup tables

Frequentist updating - Recursive
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Lookup tables

Bayesian – independent beliefs
» Discuss Bayesian setting

 ,  is called a "sufficient statistic" - same

as a state variable.

n n 
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Lookup tables

Bayesian – independent beliefs
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Lookup tables

Bayesian updating – correlated beliefs
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Lookup tables

Bayesian updating – correlated beliefs
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Lookup tables

Bayesian updating – correlated beliefs
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Lookup tables

Bayesian updating – correlated beliefs
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Lookup tables

Bayesian updating – correlated beliefs
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Correlated beliefs
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159

 After four measurements:

» Whenever we measure at a point, the value of another measurement at the 
same point goes down.  The knowledge gradient guides us to measuring 

areas of high uncertainty.

Correlated beliefs

Measurement
Value of another measurement 

at same location.

Estimated concentration Knowledge gradient

New optimum
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Correlated beliefs
 After five measurements:

Estimated concentration Knowledge gradient
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Linear models
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Linear models
Examples:

» Independent variables, covariates, basis functions
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Linear models
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Linear models
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Linear models

Recursive least squares-Stationary data
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Nonlinear models

Sampled nonlinear models
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Nonlinear models
» This means “nonlinear in the parameters”
» Examples:

• Logistic regression

• Parametric rules (energy storage)

1 2

1 2

( )

0 ( )( | )
1

i i

i

x

i i x

eR x
e

 

  
 

 


charge

charge discharge

charge

1 if 
( | ) 0 if 

1 if 

t

t t

t

p
X S p

p




  



 
  
 
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Fitting a nonlinear model.
» Solving the fitting problem of a linear model is easy

» Solving nonlinear problems is much harder (see next slide).
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Maximum likelihood estimation for nonlinear problems
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Fitting a nonlinear model using sampled beliefs:
» Assume our nonlinear model is a logistic function:

» We charge a price ௡ and then observe the customer 
response of ௡ାଵ (decline or accept the price).

» For this course, we are going to handle nonlinear problems 
using the technique of a sampled belief model.

• Let ݂ሺߠ|ݔሻ be our nonlinear function, and assume that ߠ ∈
ሼߠଵ, ,ଶߠ … , .௄ሽߠ

• Let ݌௞௡ ൌ ߠሾܾ݋ݎܲ ൌ ௞ሽߠ after ݊ iterations (or, given the history ܪ௡).
• Assume we observe the customer accepting our price, so ܹ௡ାଵ ൌ 1.

1 2

1 2

( )

( )( | ) Prob[Accept price ]
1

x
W

x

ef x x
e

 

 
 

  

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Fitting a nonlinear model using sampled beliefs:
» Update probabilities using Bayes theorem: 

» It is often the case that the denominator of Bayes theorem can be 
hard to compute.  By using our sampled belief model, it is 
relatively easy.

1 1

1

1

1

1

1 1

1

Prob[ = | 1, ]

Prob[ 1| , ]Prob[ = | ]
Prob[ 1| ]

Prob[ 1| ]
Prob[ 1| ]

Prob[ 1| ] Prob[ 1| ]

n n n
k k

n n n
k k

n n

n n
k k

n n

K
n n n n

k k
k

p W H

W H H
W H

W p
W H

W H W p

 

   

 

 

 









 



 

 




 




  

© 2018 W.B. Powell



Learning with a sampled belief model

A sampled belief model

1

2

3

4

Concentration/temperature

R
es

po
ns

e 
   

   
 

1 2

1 2

( )

0 ( )( | )
1

i i

i

x

i i x

eR x
e

 

  
 

 


 0 1 2, ,i i i i   

Thickness proportional to n
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Learning with a sampled belief model

Possible experimental outcomes

nx x

1

2

3

4







Possible
responses

Concentration/temperature

R
es

po
ns

e 
   

   
 

Thickness proportional to n
kp
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Learning with a sampled belief model

Running an experiment – here we see the actual 
realization

1

2

3

4

Actual response

Concentration/temperature

R
es

po
ns

e 
   

   
 

nx x
Thickness proportional to n

kp
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Learning with a sampled belief model

Updated posterior reflects proximity to each curve

n nx p

1

2

3

4

Concentration/temperature

R
es

po
ns

e 
   

   
 

Thickness proportional to n
kp
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Hierarchical aggregation

Defer to later
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Pre-decision state: we see the demands

$300

$150

$350

$450

Approximate dynamic programming

ˆ( , )t t

TX
S D

t
 

  
 
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We use initial value function approximations…

0 ( ) 0V CO 

0 ( ) 0V MN 

$300

$150

$350

$450
0 ( ) 0V CA 

0 ( ) 0V NY 

Approximate dynamic programming

ˆ( , )t t

TX
S D

t
 

  
 
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… and make our first choice:  

$300

$150

$350

$450

0 ( ) 0V CO 

0 ( ) 0V CA 

0 ( ) 0V NY 

Approximate dynamic programming
1x

( )
1

x
t

NY
S

t
 

   

0 ( ) 0V MN 
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Update the value of being in Texas.

1( ) 450V TX 

$300

$150

$350

$450

0 ( ) 0V CO 

0 ( ) 0V CA 

0 ( ) 0V NY 

Approximate dynamic programming

( )
1

x
t

NY
S

t
 

   

0 ( ) 0V MN 

© 2018 W.B. Powell



Now move to the next state, sample new demands and make a new 
decision

$600

$400

$180

$125

0 ( ) 0V CO 

0 ( ) 0V CA 

0 ( ) 0V NY 

1( ) 450V TX 

Approximate dynamic programming

1 1
ˆ( , )

1t t

NY
S D

t 

 
   

0 ( ) 0V MN 
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Update value of being in NY

0 ( ) 600V NY 

$600

$400

$180

$125

0 ( ) 0V CO 

0 ( ) 0V CA 

1( ) 450V TX 

Approximate dynamic programming

1 ( )
2

x
t

CA
S

t

 
   

0 ( ) 0V MN 
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Move to California.

$150

$400

$200

$350

0 ( ) 0V CA 

0 ( ) 0V CO 

1( ) 450V TX 

Approximate dynamic programming

0 ( ) 600V NY 

2 2
ˆ( , )

2t t

CA
S D

t 

 
   

0 ( ) 0V MN 
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Make decision to return to TX and update value of being in CA

$150

$400

$200

$350

0 ( ) 800V CA 

0 ( ) 0V CO 

1( ) 450V TX 

0 ( ) 500V NY 

Approximate dynamic programming

2 2
ˆ( , )

2t t

CA
S D

t 

 
   

0 ( ) 0V MN 
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Updating the value function:

1

2

2 1 2

Old value:
     ( ) $450

New estimate:
ˆ      ( ) $800

How do we merge old with new?
ˆ      ( ) (1 ) ( ) ( ) ( )

                   (0.90)$450+(0.10)$800
                   $485

V TX

v TX

V TX V TX v TX 





  



Approximate dynamic programming
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An updated value of being in TX

1( ) 485V TX 

0 ( ) 0V CO 
0 ( ) 600V NY 

$275

$800

$385

$125

Approximate dynamic programming

0 ( ) 800V CA 

3 3
ˆ( , )

3t t

TX
S D

t 

 
   

0 ( ) 0V MN 

© 2018 W.B. Powell



Resource attribute:
"State" that the trucker is currently ina

decision d

da

Approximate dynamic programming
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Approximate dynamic programming

decision d’

'da
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'( )?dv a
'

'( )?dv a

Approximate dynamic programming
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1

2
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a
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 
 
 
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Approximate dynamic programming
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1( , )C a d 2( , )C a d
'
1( )V a

'
2( )V a

Approximate dynamic programming
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NE region
PA

TX

?PAv 

NEv

PA NEv v

Approximate dynamic programming
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Lookup tables–Hierarchical aggregation
Discuss:

» Curse of dimensionality for lookup tables
» Hierarchical aggregation:

• Ignoring attributes
• Aggregating attributes

Examples:
» Drugs and drug classes
» Spatial
» Temporal

© 2018 W.B. Powell



© 2018 W.B. Powell



1

2
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 
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 
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 

Approximate dynamic programming
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Lookup tables–Hierarchical aggregation
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Lookup tables–Hierarchical aggregation

State dependent weight:
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Lookup tables–Hierarchical aggregation

Computing bias and variance
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Lookup tables–Hierarchical aggregation

Computing bias and variance:
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Lookup tables–Hierarchical aggregation
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Lookup tables–Hierarchical aggregation
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Lookup tables–Hierarchical aggregation
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Lookup tables–Hierarchical aggregation
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Lookup tables–Hierarchical aggregation
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Lookup tables–Hierarchical aggregation
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Lookup tables–Hierarchical aggregation
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Neural networks

Skip for now

© 2018 W.B. Powell Slide 208



Neural networks
Start by illustrating with linear model
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Neural networks
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Neural networks
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Neural networks
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Nonparametric methods

Definition:
» A nonparametric model has the property that as the 

amount of data goes to infinity, modeling errors go to 
zero.

Illustrate:
» K-nearest neighbor
» Kernel regression
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Nonparametric methods
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Nonparametric models
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Nonparametric methods
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Nonparametric methods

Kernels
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Approximating a function

Parametric vs. nonparametric

» Robust CFAs are parametric
» Scenario trees are nonparametric

True function

Nonparametric fit

Parametric fit

Observations

Price of product

To
ta

l r
ev

en
ue
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Nonparametric methods
Lookup table belief models (Frazier)
» Independent beliefs

» Correlated beliefs
Linear, parametric belief models (Frazier)

Nonparametric models
» Hierarchical aggregation (Mes)
» Kernel regression (Barut)

Local parametric models
» Dirichlet clouds with RBF (Jamshidi)
» KG derivation (Harvey Cheng)

Generalized linear models
» KG derivation (Si Chen)

1 2 3 4 5
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Locally parametric approximations

Dirichlet process mixtures of generalized 
linear regression models (Hannah, Blei and 
WBP, 2011).
» Very general, but very slow.
» Cannot be implemented recursively.

Dirichlet clouds using radial basis functions 
(Jamshidi and WBP, 2012)

» Local parametric approximations.
» Produces variable order approximation that 

adapts to the function.
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Locally parametric approximations
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Nonparametric methods

Discussion:
» Local smoothing methods struggle with curse of 

dimensionality.  In high dimensions, no two data points 
are ever “close.”

» Nonparametric representations are very high-
dimensional, which makes it hard to “store” a model. 
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Nonparametric methods

More advanced methods
» Deep neural networks

• Before, we described neural networks as a nonlinear 
parametric model.  

• Deep neural networks, which have the property of being able 
to approximate any function, are classified as nonparametric.

• These have proven to be very powerful on image processing 
and voice recognition, but not in stochastic optimization.

» Support vector machines (classification)
» Support vector regression (continuous)

• We have had surprising but limited success with SVM, but 
considerably more empirical research is needed.
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Week 2 - Monday

Learning diabetes medication
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Narrative
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Narrative

Type 2 diabetes: Insulin resistance
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Diabetes medications
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Basic model
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Discuss sources of uncertainty/randomness
» The truth ௫

• Prior ߤ௫ ∼ ܰሺ̅ߤ଴, തଶ,଴ሻߪ
• Prior is stored in the initial state ܵ଴

» The observation of the truth ௫
௡ାଵ

» Computing an observation:

௫
௡ାଵ

௫ ௫
௡ାଵ

» Describe how to run simulations
• Generate μ
• Generate series of ߳ଵ, … , ߳ே
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Uncertainty modeling
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Notes:
» We can think of the truth ௫ as a normally distributed 

random variable, but we might also think of it as a 
sampled set of values:

ଵ ଶ ௄

» Might assume that each is equally likely.  
» First sample a truth ௞

» Then sample the noise ௡ାଵ.  This is usually normally 
distributed, but a uniform distribution can be 
convenient if we want to avoid negative values for 

௡ାଵ.
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Designing policies
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Learning policies

Policies
» Pure exploitation – Always make the choice that appears to be the 

best.

ܺ௘௫௣௟௢௜௧ ܵ௡ ൌ ௫௡ߤ௫̅ݔܽ݉݃ݎܽ

» But we only learn about drugs we try.  The actual truth for a drug 
may be higher than our estimate.
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Evaluating policies
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Nested sampling

© 2018 W.B. Powell



Simultaneous sampling
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Extensions
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Extensions

Contextual learning
» Learning about a particular patient
» Prior comes from population data

• Let ܭ଴ be prior knowledge about response to medications.

» nth Patient walks in with attribute 
• ܽ௡ ൌ ሺݎ݁݀݊݁ܩ	ܩ௡, ܽ݃݁	ܻ௡, 	௡ሻܧ	ݕݐ݄݅ܿ݅݊ݐ݁

» Imagine that we just have gender ௡

• Sequence of states, decisions and information:

» If we use a lookup table belief model, everything we 
learn and actions we take depend on .
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Extensions

Notational note:
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Extensions
Other extensions:
» Discuss what happens when we use a vector of patient attributes 

rather than just gender.
» What if we use a linear model:
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Week 2 - Wednesday

Thompson sampling
Knowledge gradient policies
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Overview of policies
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Learning policies

Heuristic learning policies
» Pure exploitation – Always make the choice that appears to be the 

best.
» Pure exploration – Make choices at random so that you are 

always learning more.
» Epsilon-greedy

• Explore with probability     and exploit with probability
• Epsilon-greedy exploration – explore with probability                . Goes 

to zero as               , but not too quickly.

Discuss
» Convergence
» Applying to large problems

 1 
/n c n 

n 
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Learning policies

Heuristic measurement policies
» Boltzmann exploration

• Explore choice x with probability

•
» Upper confidence bounding

» Thompson sampling – Highlight this

» Interval estimation (or upper confidence bounding)
• Choose x which maximizes

'

'

( )



 



n
x

n
x

n
x

x

eP
e

( | ) arg max    IE n IE n IE n
x x xX S

0

n
xz

log( | ) arg max  
 

   
 

UCB n UCB n UCB
x x n

x

nX S
N

1ˆ ˆ( ) arg max    where ( , )    TS n n n n n
x x x x xX S N

[0,1]U 
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Thompson sampling
» Sample from the prior:

• ො௫௡ߤ ∼ ܰሺ̅ߤ௫௡, ത௫ߪௌ்ߠ
ଶ,௡ሻ

where ்ߠௌ is a tunable parameter

» Thompson sampling policy:

• ்ܺௌ ܵ௡|்ߠௌ ൌ ො௫௡ߤ௫ݔܽ݉݃ݎܽ

» Notes:
• Enjoys good optimality properties
• Easy to implement, popular in internet applications
• Suited to applications with high volumes of data (e.g. choosing 

news articles).
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The knowledge gradient

Offline learning/final reward
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Knowledge gradient

» Discuss ̅ߤ௫ᇱ௡ାଵሺݔሻ as the estimated updated belief if we run experiment ݔ	.
» Think of this estimate as looking one step into the future.

» Think about how we might estimate the expectations using simulation:

» Review how means are updated given estimates in ܵ௡ (which contains ̅ߤ௫௡) 
and the observation ௫ܹ

௟|௞ for a truth ߤ௫௞ and noise ߳௟

» Remember that ߤ௫௞ is a possible true value of ߤ, not the estimate. We have 
an estimate, but the random outcome W comes from the truth.

 , 1
| ' ' ' 'max ( ) | maxKG n n n n

x W x x x xx S     

, 1 |
' ' ' '

1 1

1 1 max ( | , ) max
K L

KG n n n l k k l n
x x x x x x x

k l

x S W
K L

    

 

    

© 2018 W.B. Powell



Ranking and selection

Knowledge gradient policy

» We want to measure the weighted area under the curve 
for option 5 that is over the value for option 4.  

1 2 3 4 5
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The knowledge gradient

Derivation
» Notation

» We update the precision using

» In terms of the variance, this is the same as

2

1

Precision (inverse variance) of our estimate  of the value of .

Precision of the measurement noise ( 1/ )

Measurement of  in iteration 1 (unknown at )

n n
x x

W
W

n
x

x

w x n n

 

 




 

 

1   n n W
x x    

     1 1 12, 1 2, 2

2,
2, 1

2, 21 /

n n
x x W

n
n x

x n
x W

  


 

  



 



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The knowledge gradient

Derivation
» The change in variance can be found to be

» Next compute the normalized influence:

» Let

» Knowledge gradient is computed using  

2, 1

2, 2, 1

2,

2 2,

|

1 /

  

 


 





   
 




 n n n n
x x x

n n
x x

n
x

n
W x

Var S

( ) ( ) ( )       ( ) Cumulative standard normal distribution
                                         ( ) Standard normal density
f      

 
    



 KG n n
x x xf   
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The knowledge gradient
The normal distribution

Computing the cdf
» Matlab – normcdf(x,mu,sigma)
» Excel – normdist(x,mu,sigma,prob)  z = standard normal
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The knowledge gradient

Knowledge gradient

1 2 3 4 5

' 'max

Normalized distance to best (or second best)

 



 





n n
n x x x x
x n

x

n
x

x

5
KG
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KG calculations

» To link to spreadsheet, click here.

Sigma^n Decision & $\mu^n$ & $\beta^n$ & $\beta^{n+1}$ & $\sigmatilde$ & $max_x' x'$ & $\zeta$ & $f(z)$ & $\nu^{KG)_x$

5.00 1 & 3.0 & 0.0400 & 1.0400 & 4.9029 & 5 & -0.4079 & 0.2277 & 1.1165

8.00 2 & 4.0 & 0.0156 & 1.0156 & 7.9382 & 5 & -0.1260 & 0.3391 & 2.6920

8.00 3 & 5.0 & 0.0156 & 1.0156 & 7.9382 & 4.5 & -0.0630 & 0.3682 & 2.9232

9.00 4 & 4.5 & 0.0123 & 1.0123 & 8.9450 & 5 & -0.0559 & 0.3716 & 3.3241

10.00 5 & 3.5 & 0.0100 & 1.0100 & 9.9504 & 5 & -0.1507 & 0.3281 & 3.2646
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Knowledge gradient

The S-curve effect
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S-curve

The marginal value of information
» Imagine that we are choosing between an uncertain 

alternative we can measure, and a certain one. Click 
here for spreadsheet.
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S-curve

The marginal value of information
» Imagine that we are choosing between an uncertain 

alternative we can measure, and a certain one. Click 
here for spreadsheet.
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S-curve

The KG(*) policy
» Assume that we are going to make enough 

measurements to maximize the average value of an 
alternative:
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S-curve
The KG(*) policy
» The KG(*) policy is just like the KG policy with one twist…
» Instead of updating the precision with

௡ାଵߚ ൌ ௡ߚ ൅ ௐߚ

» … we use instead
௡ାଵߚ ൌ ௡ߚ ൅ ௐߚ∗݊

» What we are doing is pretending that the experiment is more 
precise than it is.

» As an alternative, we can introduce a tunable parameter ߬:
௡ାଵሺ߬ሻߚ														 ൌ ௡ߚ ൅ ௐߚ߬

» Now let ߥ௫
௄ீ,௡ሺ߬ሻ be the knowledge gradient computed using 

precision ߬ߚௐ instead of ߚௐ.  Now we have a one-step lookahead
policy, but with a parameter ߬ that now has to be tuned just as we 
did with the earlier heuristic policies.

» When the value of information is not concave, this can be quite 
valuable.
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Comparison of policies on health application
» Patients arrive at random with a set of characteristics a
» Choice x is a medical decision
» y = 1 if medical episode is a “success”, 0 otherwise. 
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Week 3 - Monday

KG for online learning
Bernoulli belief model

Stochastic shortest paths - I
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Knowledge gradient

Online learning/cumulative reward
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Knowledge gradient
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Knowledge gradient
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Knowledge gradient
Notes:
» Asymptotically finds optimal arm as 
» Knowledge gradient seems to be the only policy with distinct 

forms for offline (final reward) and online (cumulative reward):

Offline learning
, ,( )     KG OL n n KG n

x x xN n,KG n
x

Online learning

1 
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Knowledge gradient
Discounted finite horizon

Discounted infinite horizon

Tunable versions:
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Knowledge gradient

Knowledge gradient policy
» For finite-horizon on-line problems:

» For infinite-horizon discounted problems:

Compare to Gittins indices for bandit problems

…interval estimation

… and UCB

, ,( )     KG OL n n KG n
x x xN n

, ,

1
  


  


KG OL n n KG n
x x x

( , )    Gittins n
x x Wn

1 log4    UCB n
x x n

x

n
N

,
   IE n n n

x x xz
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Knowledge gradient

KG versus interval estimation
» Recall that with IE, you choose the alternative with the 

highest:
,IE n n IE n

x x x    
Tunable parameter

IE beats KG

IE

KG

IE parameter z

O
pp

or
tu

ni
ty

 c
os

t
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Lookahead learning model

Beta-Bernoulli belief
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Learning using decision trees

Decision tree without learning



Learning using decision trees

Some vocabulary:
» Square nodes are:

• Decision nodes – Links emanating from the squares are 
decisions

• Also represents the state of our system (it implicitly captures 
all the information we need to make a decision).

• Also known as the “pre-decision state.”
» Circle nodes are:

• Outcome nodes – Links emanating from circles represent 
random events.

• Represents the state after a decision is made.
• Also known as the “post-decision state.”

» Nodes in a decision tree always imply the information in the 
entire path leading up to the node.

» We receive a reward whenever we sell.



Learning using decision trees

Rolling back the tree



Choose 
hitter

A

B

C

Hit?

1

0

1

0

1

0

Choose 
hitter

Hit?

.360

.640

.333

.667

.318

.682

.366

.333

.318

.356

.333

.318

.360

.500

.318

.360

.250

.318

.360

.333

.348

.360

.333

.304

293

Hidden in each node is the 
updated belief state after new 
observations are made.

We could assume that we do 
not learn, but here we are 
learning, and new 
observations produce updated 
estimates of probabilities.



A

B

C

1

0

1

0

1

0

.366

.333

.318

.356

.333

.318

.360

.500

.318

.360

.250

.318

.360

.333

.348

.360

.333

.304

.360

.640

.333

.667

.318

.682

294



A

B

C

1

0

1

0

1

0

.366

.356

.500

.360

.360

.360

.360

.640

.333

.667

.318

.682

295



A

B

C

.720 =
.360(1+.366)+
.640(0+.356)

.740

.678

Notes:
» We choose player B, who 

does not have the highest 
average.

» Discuss the impact of the 
uncertainty about player B.

» What if all the players had 
100’s of at bats?



0/1 outcomes
» Does an internet customer click on a link or buy a 

product.
» Did the baseball player get a hit?
» Did the drug work for the patient?
» Did the student accept our offer of admission?
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Multi-step lookahead policies

Learning with a beta-Bernoulli model
» Each experiment has two outcomes:

» Beta distribution of belief on success probability ୶

» Updating equations

© 2018 W.B. Powell

1 1 If success 
0 Otherwise

n
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Continue

Stop

Decision         Outcome         Decision        Outcome

Continue1
1
2

W

wp




Stop

0

0

1
1

a

b

=

=

0

0

2
1

a

b

=

=

0

0

3
1

a

b

=

=

0

0

1
2

a

b

=

=

0

0

2
2

a

b

=

=

Continue

Stop

0

0

2
2

a

b

=

=

0

0

1
3

a

b

=

=

0
1
2

W

wp





1
2
3

W

wp





0
1
3

W

wp





1
1
3

W

wp





0
2
3

W

wp





Continue

Stop

0

0

3
2

a

b

=

=

0

0

2
3

a

b

=

=

1
2
4

W

wp





0
2
4

W

wp





Continue

Stop

0

0

4
1

a

b

=

=

0

0

3
2

a

b

=

=

1
3
4

W

wp





0
1
4

W

wp





As a decision tree (some states are duplicated)
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Continue

Stop

Decision         Outcome         Decision        Outcome

Continue1
1
2

W

wp




Stop

0

0

1
1

a

b

=

=

0

0

2
1

a

b

=

=

0

0

3
1

a

b

=

=

0

0

1
2

a

b

=

=

Continue

Stop

0

0

2
2

a

b

=

=

0

0

1
3

a

b

=

=

0
1
2

W

wp





1
2
3

W

wp





0
1
3

W

wp





1
1
3

W

wp





0
2
3

W

wp





Continue

Stop
0

0

2
3

a

b

=

=

1
2
4

W

wp





0
2
4

W

wp





Continue

Stop

0

0

4
1

a

b

=

=

0

0

3
2

a

b

=

=

1
3
4

W

wp





0
1
4

W

wp





As a dynamic program (duplicate states removed)
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Decision         Outcome     Decision      Outcome      Decision
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Discrete MDPs

Decision trees:
» Discuss the concept of a “state” in a decision tree.
» Implicit in a decision node is the entire history leading 

up to the decision, which is unique.
» We may not need the entire history, but we do not need 

to articulate this.
» The complexity of a decision tree is independent of the 

complexity of the state variable.  Instead, it depends on 
the number of possible decisions (actions) and 
outcomes.
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Decision        Outcome     Decision      Outcome      Decision      Outcome

Decision node
Outcome node

S S S



© 2018 W.B. Powell



Shortest path example

Optional – if time
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306

Finding the best path

Figure out 
Manhattan:
» Walking
» Subway/walking
» Taxi
» Street bus
» Driving

Paths may  be 
intertwined
» Trying one path may 

inform you about the 
performance of other 
paths.
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Finding the best path

Finding the best path to work
» Four paths, but everyone time I drive on one, I sample a 

new time.
» I want to choose the path that is best on average.
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Information acquisition
The shortest path game:  
» Starting with the estimates at the top, choose paths so 

that you discover the best path.
Path

1 2 3 4 Chosen path
25.00 24.00 22.00 20.00 1
18.49 24.00 22.00 20.00 1
12.11 24.00 22.00 20.00 1
23.92 24.00 22.00 20.00 4
23.92 24.00 22.00 27.76 3
23.92 24.00 16.31 27.76 3
23.92 24.00 32.95 27.76 1
28.46 24.00 32.95 27.76 2
28.46 24.09 32.95 27.76 2
28.46 27.85 32.95 27.76 4
28.46 27.85 32.95 24.76 4
28.46 27.85 32.95 32.77
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Information acquisition
The shortest path game:  
» Starting with the estimates at the top, choose paths so 

that you discover the best path.
Path

Day 1 2 3 4 Chosen path
1 25.00 24.00 22.00 20.00
2     
3     
4     
5     
6     
7     
8     
9     

10     
11     
12     
13     
14     
15     
16     
17     
18     
19     
20     

© 2018 W.B. Powell



Information acquisition
The shortest path game:  
» Starting with the estimates at the top, choose paths so 

that you discover the best path.
Path

Day 1 2 3 4 Chosen path
1 25.00 24.00 22.00 20.00
2     
3     
4     
5     
6     
7     
8     
9     

10     
11     
12     
13     
14     
15     
16     
17     
18     
19     
20     
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Finding the best path
What do we know?
» The real average path times:

» Mean time
• Path 1 20 minutes
• Path 2 22 minutes
• Path 3 24 minutes
• Path 4 26 minutes

• Errors are +/- 10 minutes
» What we think:

• Path 1 25 minutes
• Path 2 24 minutes
• Path 3 22 minutes
• Path 4 20 minutes

» We act by choosing the path that we “think” is the best.  The only 
way we learn anything new is by choosing a path.

© 2018 W.B. Powell



Finding the best path

Illustration of calculations:

Means 20 22 24 26 25 24 22 20
Spread 20 6
Stepsize 0.1 3

Day 1 2 3 4 Path 1 Path 2 Path 3 Path 4
1 16.91 17.29 14.43 33.46 25.00 24.00 22.00 20.00
2 20.49 12.90 30.19 16.43 25.00 24.00 22.00 26.73
3 20.77 22.57 32.90 17.61 25.00 24.00 24.73 26.73
4 22.50 18.69 25.67 16.72 25.00 23.64 24.73 26.73
5 19.08 16.38 19.15 25.18 25.00 22.65 24.73 26.73

Paths 1

Actual travel times


Estimated travel times


True average travel times Initial estimates of  travel times
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Finding the best path

0.00
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Finding the best path

0.00

5.00

10.00

15.00

20.00

25.00

30.00
1 3 5 7 9 11 13 15 17 19 21

Iteration

Ti
m

e

Path 1
Path 2
Path 3
Path 4

© 2018 W.B. Powell



Finding the best path
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Finding the best path
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Stochastic shortest paths I
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Narrative
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A deterministic shortest path problem
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Basic model

Stochastic network – costs revealed after 
decisions are made
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The objective function

» In other words, we can think of this as a well defined problem 
where we call a black box solver.  This could be a linear 
programming solver, or a shortest path algorithm.
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Modeling uncertainty
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Modeling uncertainty

» Discuss modeling the uncertainty of the realizations:
• Data driven modeling
• Empirical distributions
• Moment fitting for parametrics (e.g. normal)
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Designing policies
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Notes:
» This basic problem is just a deterministic shortest path 

problem, which we can solve using the generic 
backward DP method we introduced at the beginning.

» The policy is optimal, since we are solving the original 
problem.  This means we do not have to do tuning or 
policy evaluation.
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Week 3 - Wednesday

Stochastic shortest paths

© 2018 W.B. Powell Slide 332



Stochastic shortest paths II

Adaptive routing
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From last time - deterministic

From deterministic to stochastic
» Pure deterministic

• ௜ݒ ൌ min
௝
ሺܿ௜௝ ൅ ௝ሻݒ

» Stochastic, see costs after making decision

• ௜ݒ ൌ min
௝
ሺܿ̂௜௝ܧ ൅ ௝ሻݒ

or
• ௧ܸ ܵ௧ ൌ min

௝
ሼܿ̂௜௝ܧ ൅ ௧ܸାଵሺܵ௧ାଵሻ|ܵ௧ሽ

– Explain that ܵ௧ is state after “t” link transitions.

» Stochastic – see costs before making a decision

• ௧ܸ ܵ௧ ൌ minE
௝

ሼܿ̂௜௝ ൅ ௧ܸାଵሺܵ௧ାଵሻ|ܵ௧ሽ

• ௧ܸ ܵ௧ ൌ min
௝
ሺܿ̂௜௝ ൅ ሼܧ ௧ܸାଵሺܵ௧ାଵሻ|ܵ௧ሽሻ

– Note that ܿ̂௜௝ is not random given ܵ௧
© 2018 W.B. Powell



The state variable

Illustrating state variables
» A deterministic graph
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The state variable

Illustrating state variables
» A stochastic graph
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The state variable

Illustrating state variables
» A stochastic graph
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tt t t N j j

S N c 
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
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But ܵ௧ାଵ is random when we are at time ݐ! Need to introduce
an expectation:



Finding a policy
» We could try using Bellman’s equation, but now the transition 

from ܵ௧ to ܵ௧ାଵ is stochastic because of revealing the new link 
times, so we have to write Bellman’s equation as:
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Challenges:
» Computing Bellman’s equation for a single state is hard 

enough.
» We have to compute it for each state ௧.  But instead of 

just being anode, it is now a four dimensional vector.  
In our network example, our state was:

» If we discretize costs into, say, 20 buckets, then our 
state space would be number of nodes.

» This is just not going to work.

     , ,, 6, 12.7,8.9,13.5
tt t t N j j

S N c 
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Solution approach:
» Introduce post-decision state ௧

௫ the state immediately 
after a decision has been made.

» In our network example above, the post-decision state 
when we are at ௧:

» Note that we are still at node 6, but we have made the 
decision to go to node 9 (but have not yet arrived 
there).  So we do not yet know the costs on the links out 
of node 9.

  6, 12.7,8.9,13.5 (9)x
t tS S  
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Bellman’s original equation:

From pre- to post-decision state:

From post- to pre-decision state:

This expectation is still hard to compute, but we 
have tricks…
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We are going to use an approach called 
“approximate dynamic programming”
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Steps (create notation board to review all notation)
» Use തܸ௧

௫,௡ିଵ to make a decision.  Imagine we are at node ݅௧௡ at time 
݄ݐ݊ while we are simulating the ,ݐ path.

݅௧ାଵ௡ ൌ ሺܿ̂௜௝	௝ݔܽ݉݃ݎܽ ൅ തܸ௧௝
௫,௡ିଵሻ

» This tells us which node to go to, arriving at time ݐ ൅ 1.
» When we arrive at the next node ݅௧ାଵ௡ , we then randomly sample 

the costs on links out of node ݅௧ାଵ௡ . This avoids having to 
enumerate all possible costs.

» Compute
ො௧,௜೟೙ݒ
௡ ൌ ܿ̂௜೟೙,௝	௝ݔܽ݉ ൅ തܸ௧௝

௫,௡ିଵ

» Now update the previous, post-decision state:

തܸ
௧ିଵ,௜೟షభ

೙
௫,௡ ൌ 1 െ ߙ തܸ

௧ିଵ,௜೟షభ
೙

௫,௡ିଵ ൅ ො௧,௜೟೙ݒߙ
௡
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Basic idea
» Use the value function approximations around the post-

decision state ௧௝
௫,௡ିଵ to create a policy to determine 

what to do next.
» As you transition to a pre-decision state (that is, you 

reveal the costs), then obtain a sampled estimate of the 
value of the pre-decision state ௧,௜೟

೙
௡ .

» Use this to update the previous post-decision state.
» This is known as (single pass) approximate value 

iteration.
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Stepsizes

Stepsizes:
» Approximate value iteration requires updates of the 

form:

1
1 1 1 1 1 1 ˆ( ) (1 ) ( )n x n x n

t t n t t n tV S V S v 
       

Old estimate New observationUpdated estimate

The stepsize
“Learning rate”

“Smoothing factor”
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Stepsizes
Single state, single action Markov chain
» Updating – receives reward=1 at last node. All other rewards = 0. 

» Same as adding up random rewards with mean of 1.  Noise may be 
zero, or quite high.

0 0 0 0 0
0 1 2 3 4 5

1



Stepsizes

Bound on performance using 1/n:

210 410 610 810 1010 1210

Single state, single action

0 1
n

n

cV cg
g

¥

=

= =
-å

1

1 1

ˆ
ˆ(1 )

n n

n n n
n n

v c v
v v v

g

a a

+

+ +

= +

= - +



Stepsizes

Some basic tricks:
» Use a constant stepsize, but you have to tune.
» Harmonic stepsize, but again – careful tuning.
» Use a stepsize = 1 for T iterations (T = horizon), then 

switch to harmonic.
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Stepsize policies

BAKF stepsize rule (from chapter 6)

» Properties:
• With static mean, ߙ௡ ൌ

ଵ
௡

• With no noise, ߙ௡ ൌ 1
• At all times, ߙ௡ ൒

ଵ
௡
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Stepsizes

Single pass version
» For the single-pass version, stepsizes are tricky.  
» I recommend using a stepsize of for L steps, 

where L is roughly the length of a path.
» Then switch to something smaller – perhaps 0.20, but 

the choice depends on how much noise there is in the 
costs.

• Less noise, increase ߙ toward 1.
• More noise, decrease ߙ toward 1/݊.

» More sophisticated: BAKF
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A double-pass version
» The single pass version, where we update as we 

progress forward, can exhibit slow backward 
communication.  

» A different strategy is to simulate the full path forward 
without doing any updating.

» Then do a backward pass, retracing steps along the 
same pass while computing:

௧,௜೟
೙

௡
௝ ௜೟

೙,௝ ௧,௜೟శభ
೙

௡

» Finally update as we did before:
• തܸ

௧ିଵ,௜೟షభ
೙

௫,௡ ൌ 1 െ ߙ തܸ
௧ିଵ,௜೟షభ

೙
௫,௡ିଵ ൅ ො௧,௜೟೙ݒߙ

௡
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Stepsizes

Double pass version
» Harmonic stepsize rule likely to be best.
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The policy

» Regardless of strategy, when we are done, the policy 
looks like

గ
௧ ௝ ௜௝ ௧௝

௫,௡ିଵ

» The performance of the policy depends on the 
algorithmic strategies used to compute the value 
function approximations.
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Q-learning
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Q-learning

Mouse in a maze problem
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Q-learning

AlphaGo
» Much more complex state 

space.
» Uses hybrid of policies:

• PFA
• VFA
• Lookahead (DLA)
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Q-learning

Basic Q-learning algorithm
» Basic update:

where

» Given a state ௡ and action ௡, we simulate our way to 
state . 

» Need to determine:
• State sampling process/policy
• Action sampling policy

1
'

1
1 1

ˆ ( , ) ( , ) max ( ', ')

ˆ( , ) (1 ) ( , ) ( , )

n n n n n n
a

n n n n n n n n n
n n

q s a C s a Q s a

Q s a Q s a q s a


 




 

 

  

 1' , ,M n n ns S s a W 
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Q-learning

Some terms from reinforcement learning:
» “Behavior policy” is the policy used to choose actions

• E.g. these are actions observed by a real system

» “Target policy” is the policy that we are trying to learn, 
which is to say the policy we want to implement.

» When the target policy is different from the behavior 
policy, then this is termed “off policy learning”

In this course
» The “learning policy” is the policy (often called an 

algorithm) that learns the value functions (or Q-factors)
» The “implementation policy” is the policy determined 

by the value functions (or Q-factors).
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Q-learning

Learning policy
» This is the policy that determines what action to choose 

as a part of learning the Q-factors.
»

ܽ௡ ൌ ௔ᇲݔܽ݉݃ݎܽ തܳ௡ ,௡ݏ ܽᇱ

» Other policies that involve exploration:
• Epsilon-greedy – Choose greedy policy with probability ߳, and 

explore with probability 1 െ ߳.
• Policies based on upper confidence bounding, Thompson 

sampling, knowledge gradient, …
• This is learning with a physical state.
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Q-learning

State sampling policies
» Trajectory following

௡ାଵݏ ൌ ܵெ ,௡ݏ ܽ௡,ܹ௡ାଵ

• Helps	to	avoid	sampling	states	that	never	happen
• Problem	is	that	a	suboptimal	policy	may	mean	that	you	are	
not	sampling	important	states.

» Exploration
• Pick a state at random	

» Hybrid
• Use trajectory following with randomization, e.g.

௡ାଵݏ ൌ ܵெ ,௡ݏ ܽ௡,ܹ௡ାଵ ൅ ߳௡ାଵ
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Q-learning
Implementation policy
» This is the policy we are going to follow based on the Q-factors:

ሻݏగሺܣ ൌ ௔ᇱݔܽ݉݃ݎܽ തܳ௡ሺݏ, ܽᇱሻ

The value of the implementation policy:

» or

The goal is to find an effective learning policy so that we 
obtain the best implementation policy.

© 2017 Warren B. Powell
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Q-learning

Convergence rates:
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Q-learning
On vs off-policy learning:
» On-policy learning – Behavior according to the policy dictated by 

the Q-factors::

» Off-policy learning:
• Sample actions according to a learning policy (called “behavior 

policy” in the RL literature). This is the policy used for learning the 
implementation policy (called the “target policy” in the RL literature).

• Needs to be combined with a state sampling policy.

'
1

1 1

1

From a state ,  choose action

    argmax ( , ')

Now go to state :

    ( , , )

Where  is observed or sampled from some distribution.

n

n n n
a
n

n M n n n

n

s

a Q s a

s

s S s a W

W



 






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Q-learning
Model-free vs. model-based
» Model-based means we have a mathematical statement of how the 

problem evolves that can be simulated in the computer.
» Model-free refers to a physical process that can be observed, but 

where we do not have equations describing the evolution over 
time.

• The behavior of a human or animal
• The behavior of the climate
• The behavior of a complex system such as a chemical plant

» Q-learning is often described as “model free” because it can be 
learned while observing a system.

» The resulting policy does not require a model:

• ሻݏగሺܣ ൌ ௔ݔܽ݉݃ݎܽ തܳ௡ሺݏ, ܽሻ
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Q-learning

Notes
» Lookup table belief models are most popular, but do 

not scale (limit of 3 dimensions).
» Various smoothing strategies have been suggested 

(basically nonparametric statistics), but still limited to 3 
dimensions.  

» Need to be very careful with stepsizes.  Q-learning is a 
form of approximate value iteration where the 
backward learning is slowed by the use of stepsizes.
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Q-learning
Max operator bias:
» Second issue arises when there is randomness in the reward.
» Imagine that we are purchasing energy at a price ݌௧ which evolves 

randomly from one time period to the next.
» Imagine buying and selling energy using real time prices:
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Q-learning

Max operator bias (cont’d)
» This introduces noise in ௡ ௡ ௡

» Finding the max over a set of noisy estimates ௡ ௡ ௡

introduces bias in the estimates ௡ିଵ ᇱ ᇱ .  This bias 
can be quite large.

» Testing on roulette 

1
'

1
1 1

ˆ ( , ) ( , ) max ( ', ')

ˆ( , ) (1 ) ( , ) ( , )

n n n n n n
a

n n n n n n n n n
n n

q s a C s a Q s a

Q s a Q s a q s a


 




 

 

  
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Q-learning
Roulette
» Optimal solution is not to play – optimal value of game is zero
» Q-learning over 10,000 iterations
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Q-learning
Roulette
» Optimal solution is not to play – optimal value of game is zero
» Q-learning over 10,000 iterations
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Roulette
» Optimal solution is not to play – optimal value of game is zero
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Policy evaluation
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Notes:
» Policies based on value function approximations should 

be good, but are not optimal.
» We have seen different strategies:

• Forward pass, backward pass
• Choice of stepsize formulas

» To find the best algorithmic strategy, we need to 
evaluate the performance of the policy by simulating it.

௞ ௞
௧

௞ గ
௧

்

௧ୀ଴

గ ௞ ௞
௄

௞ୀଵ© 2018 W.B. Powell



Week 4 - Monday

Dynamic shortest paths
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Narrative
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The google maps story:
» Use current estimates of 

travel times on links to find 
the best path at a time t.

» As time passes, google gets 
updated information on 
travel times.

» The shortest path may 
change over time since costs 
are dynamic (and of course 
stochastic).

» We want to model this 
process.
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Basic model
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Problem variations
» Deterministic base model

• We assume the real problem does not change over time.

» Stochastic base model
• Use static point estimates of costs that do not change over 

time, but we experience actual costs as we traverse links.
• Use estimates of costs that are updated as we traverse links.  

Estimates of costs evolve over time, but are not time 
dependent.

• Use time-dependent estimates of costs that evolve as time 
passes.
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Stochastic, dynamic lookahead
» We could use a stochastic lookahead model.  This 

comes in two flavors:
• Arc costs are known after we make a decision – This is a 

deterministic shortest path problem that we can solve as a 
linear program or a classical deterministic shortest path 
problem.

• Arc costs are known before we make a decision – Now we 
would have to use approximate dynamic programming to solve 
the lookahead model.  This then  has to be re-optimized as the 
mean arc costs are updated.

» We are going to design a policy where we traverse the 
network repeatedly, sampling arc costs as we proceed.
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The state variable
A stochastic network, costs revealed as we arrive to a 
node:
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Modeling:
» State variable (iteration n, time t)

• ܴ௧௡ ൌ ݁݀݋݊	ݐ݊݁ݎݎݑܿ ൌ ݅௧௡	during pass ݊
• ௧௡ܫ ൌ ݊݋݅ݐܽ݉ݎ݋݂݊݅ ൌ ܿ௧̅௜௝௡ ൌ ݐ	݁݉݅ݐ	ݐܽ	ݏݐݏ݋ܿ	݂݋	ݏ݁ݐܽ݉݅ݐݏ݁

during pass ݊
• ܵ௧௡ ൌ ሺܴ௧௡, (௧௡ܫ

» Decisions

௧,௜೟
೙,௝=1 if we traverse ௧

௡ at time 
• We want a policy ܺ௧గ ܵ௧ ൌ ௧,௜೟೙ୀ௜,௝ݔ

గ
௜௝

for all links ݅, ݆.

» Costs
• ܿ̂௧௜௝ ൌActual realization of costs at time ݐ to traverse ሺ݅, ݆ሻ
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Modeling:
» Objective function

• Cost per period

୲ ୲
గ

௧ ௧
గ

௧
்

௧

௧,௜೟
೙,௝

గ

௜,௝
௧௜௝

Costs incurred at time t.
• Total costs:

min
గ
ॱ∑ CሺS୲, X୲గ ܵ௧ ሻ்

௧ୀ଴

» This is the base model.
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A policy based on a lookahead model
» At each time we are going to optimize over an 

estimate of the network that we are going to call the 
lookahead model.

» Notation: all variables in the lookahead model have 
tilde’s, and two time indices.

• First time index, ݐ, is the time at which we are making a 
decision.  This determines the information content of all 
parameters (e.g. costs) and decisions.

• A second time index, ݐ′, is the time within the lookahead
model.

» Decisions
• ෤௧௜௝ݔ ൌ 1 if we plan on traversing link ݅, ݆ in the lookahead

model.
• ܿ̃௧௜௝ ൌ Estimated cost at time ݐ of traversing link ሺ݅, ݆ሻ in the 

lookahead model. © 2018 W.B. Powell



A policy based on a lookahead model
» Static lookahead problem (one set of costs for the entire 

network.

• min
௫
∑ ܿ̃௧௜௝ݔ෤௧௜௝௜௝

» Dynamic lookahead problem (costs depend on the time 
that we arrive at the link):

• min
௫
∑ ∑ ܿ̃௧,௧ᇲ,௜௝ݔ෤௧,௧ᇲ,௜௝௜௝
்
௧ᇱୀ௧
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The state variable
A static, deterministic network
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Time dependent representation

t

t + 1

t + 2

t + 3
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A time-dependent, deterministic network



The base model
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Time dependent representation
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A time-dependent, deterministic lookahead network
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' 1t t 

' 2t t 

' 3t t 

' 4t t 



The base model
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Time dependent representation
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A time-dependent, deterministic lookahead network
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The base model

t 1t  2t  3t 

.  .  .  .

Time dependent representation
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A time-dependent, deterministic lookahead network

Th
e 

lo
ok

ah
ea

d
m

od
el

't t

' 1t t 

' 2t t 

' 3t t 

' 4t t 



Notes:
» I suspect that google maps uses a static lookahead, 

since these can be solved much more quickly.
• This means if you are traveling from Connecticut to Princeton, 

passing New York City, leaving at 3pm, the algorithm will use 
estimates of going through New York at 3pm, rather than at 
5pm.

» Deterministic, dynamic networks are much larger, since 
you have a cost for every link, for every point in time.

» Stochastic, dynamic networks are even harder than 
deterministic, dynamic networks.
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Forecasts of travel times

» Evolution of costs:
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» Can also think of this as a linear program.
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Imagine that the lookahead is just a black box:
» Solve the optimization problem

» subject to

» This is a deterministic shortest path problem that we 
could solve using Bellman’s equation, but for now we 
will just view it as a black box optimization problem.

( ) arg min    
i

n n
t t tij tij

i N j N

X S c xp

+Î Î

= åå  

,

,

, ,

1   Flow out of current node where we are located

1    Flow into destination node 

 0  for all other nodes. 

n
ti j

j

i r
i

i j j k
i k

x

x r

x x

=

=

- =

å

å

å å





 

© 2018 W.B. Powell



Simulating a lookahead policy

, ,
0 ,

, ', 1, ', 2, ',

We would like to compute

ˆ     ( )

but this is intractable.
Let  be a sample realization of costs 

ˆ ˆ ˆ     ( ), ( ), ( ),...

Now simulate the policy

     

T

t ij t t ij
t i j

t t ij t t ij t t ij

F X S c

c c c

p p

w
w w w

=

+ +

= åå

, ,
0 ,

1

ˆ ˆ( ) ( ( )) ( )

Finally, get the average performance
1 ˆ     ( )

T
n n n

t ij t t ij
t i j

N
n

n

F X S c

F F
N

p p

p p

w w w

w

=

=

=

=

åå

å

Talk through how this 
works.
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Discuss:
» Make distinction between sampled costs ௧௜௝ and 

forecasted costs ௧௜௝

» Both are updated with time and from one iteration to 
another.
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Policy for stochastic lookahead
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Solving a stochastic lookahead
» Assume that the travel gets to see the costs out of a 

node once she arrives at the node.
» Further assume that we have a forecast, but model the 

uncertainty around the forecast.
» We would have to us approximate dynamic 

programming to solve the stochastic shortest path 
problem.

» This is computationally very cumbersome – unlikely to 
ever be used in practice!
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Notes:
» The deterministic lookahead is still a policy for a 

stochastic problem.
» Can we make it better?

Idea:
» Instead of using the expected cost, what about using a 

percentile.
» Use pdf of ௜௝ to find percentile (e.g. ).  Let 

௜௝
௣ The percentile of ௜௝

» Which means ௜௝ ௜௝
௣
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The percentile policy.
» Solve the linear program (shortest path problem):

» subject to

» This is a deterministic shortest path problem that we 
could solve using Bellman’s equation, but for now we 
will just view it as a black box optimization problem.

( | ) arg min ( )     (Vector with 1 if decision is to take ( , ))
i

n p
t t tij tij tij

i N j N

X S c x x i jp q q
+Î Î

= =åå  

, ,
1   Flow out of current node where we are located

1    Flow into destination node 

 0  for all other nodes. 

n
tt i j

j

tir
i

tij tjk
i k

x

x r

x x

=

=

- =

å

å

å å





 
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Simulating a lookahead policy

, ', 1, ', 2, ',

, ',
0 ,

Let  be a sample realization of costs 
ˆ ˆ ˆ( ), ( ), ( ),...

Now simulate the policy

ˆ ˆ( ) ( ) ( ( ) | )

Finally, get the average performance
1 ˆ( ) (

t t ij t t ij t t ij

T
n n

t t ij t t
t i j

n

c c c

F c X S

F F
N

p p

p p

w
w w w

w w w q

q w

+ +

=

=

=

åå

1

)
N

n=
å
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Policy tuning
» Cost vs. lateness (risk)
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Week 4 - Wednesday

Modeling
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Modeling frameworks

State variables
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The state variables

What is a state variable?
» Surprisingly, the academic community has generally 

avoided defining a state variable. 
» Bellman’s classic text on dynamic programming (1957) 

describes the state variable with:
• “… we have a physical system characterized at any stage by a 

small set of parameters, the state variables.”

» The most popular book on dynamic programming 
(Puterman, 2005, p.18) “defines” a state variable with 
the following sentence:

• “At each decision epoch, the system occupies a state.”

» Needless to say, these are not “definitions” in any 
formal sense of the word.
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The state variables

What is a state variable?
» Wikipedia:

• “State commonly refers to either the present condition of a 
system or entity”  or….

• A state variable is one of the set of variables that are used to 
describe the mathematical ‘state’ of a dynamical system

» Kirk (2004), an introduction to control theory, offers 
the definition:

• A state variable is a set of quantities                           which if  
known at time            are determined for            by specifying 
the inputs for the system for          .

• True, but too vague to be useful.

» What was the state variable for our cash balance 
problem?

1 2( ), ( ),...x t x t
0t t 0t t

0t t
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The state variables

Dimensions of a state variable:
» I often find it useful to use three perspectives of a state 

variable:
• Physical state

– This is a snapshot of the state of the physical system at a 
point in time

• Information state
– This is any information needed that is not in the physical 

state that we need to model the system
• Belief/knowledge state

– This captures what we believe (in the form of probability 
distributions) about unobservable parameters.

» The issue of Markovian vs. history dependent systems 
arises when people equate state with physical state.  
Different communities handle this issue differently.

tR

tI

tK
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The state variables
The physical state
» What is the price of the stock (right now)?
» At what node are you located on a graph?
» How much inventory do you have in stock?
» These are all variables indexed by t.

The information state
» We use this to include all the information other than what is in the 

physical state:
• Your model that forecasts future weather, demands, stock prices.
• Any history (variables index by t-1, t-2, …) needed to make decisions, 

compute costs or model the future.
The belief state
» This consists of probability distributions about unknown parameters

• How many books will I sell at price p?
• What is the average global temperature?
• How will a patient respond to a particular medication?

» Each of these are unknown parameters.  We might assume that we 
model our belief using normal distributions.  Our belief state would 
include the normality assumption along with means and variances.



The state variable

Illustrating state variables
» A deterministic graph

1

2

3

4

5

6

7

8

9

10

11

12.6

8.4

9.2 3.6

8.1

17.4

15.9

16.5 20.2

13.5

8.9
12.7

15.9

2.34.5

7.3

9.6
5.7

?tS  ( ) 6t tS N 
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The state variable

Illustrating state variables
» A stochastic graph

1

2

3

4

5

6

7

8

9

10

11

3.6

8.1

13.5

8.9

12.7
12.6

8.4

9.2

15.9

?tS 
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The state variable

Illustrating state variables
» A stochastic graph

1

2

3

4

5

6

7

8

9

10

11

3.6

8.1

13.5

8.9

12.7
12.6

8.4

9.2

15.9

?tS       , ,, 6, 12.7,8.9,13.5
tt t t N j j

S N c 

tR


tI

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The state variable

Illustrating state variables
» A stochastic graph with left turn penalties

1

2

3

4

5

6

7

8

9

10

11

3.6

8.1

13.5

8.9

12.6

8.4

9.2

15.9

?tS       , , 1, , 6, 12,7,8.9,13.5 ,3
tt t t N j tj

S N c N  

tR


tI


12.7( .7)
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The state variable

Illustrating state variables
» A stochastic graph with generalized learning

1

2

3

4

8

9 11

3.6

8.1

13.5

8.9

12.7
12.6

8.4

9.2

15.9

?tS 
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5

6
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The state variable

Illustrating state variables
» A stochastic graph with generalized learning

1

2

3

4

8

9 11

3.6

8.1

13.5

8.9

12.7
12.6

8.4

9.2

15.9

?tS 

10

5

6

7

  , ,, ,                  
tt t t N j j

S N c

tR


tI
 

tK
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The state variable

Variant of problem in Puterman (2005):
» Find best path from 1 to 11 that minimizes the second 

highest arc cost along the path:

» If the traveler is at node 9, what is her state?

1 3

2

4

6

5

7

8

8

12
12

14

8
7

3

11 
16

11

8

9

8

10

1
12

4

5
10

15

8
15

( , highest,second highest) (9,15,12)t tS N ?tS 
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The state variable

Classes of state variables
» Technically these are nested sets….

» … but we treat them as if they are distinct.

tR

Resource/physical state

tI

Information state

tK

Knowledge/belief state
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The state variables

Let’s illustrate our new notation with a new 
optimization problem… selling a stock.

1

Let  be the price of the stock at time . One way to model
the evolution of our stock price is using

ˆ         
ˆIn this representation, we view  as the exogenous information.

We would write

t

t t t

t

p t

p p p
p

 

ˆ  as a random variable (that is, it is random
ˆbefore time ), and ( ) as a sample realization when we are 

following sample path 

t

t

p
t p 


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The state variables

Selling a stock

1

When should we sell our stock?  It makes sense to sell when the 
price gets too much higher than a long term trend.
Estimate the trend using
          (1 )
For this problem, our state variable

t t tp p p   

 
 is

     , ,     1 if we are still holding the stock, 0 otherwise
Let

1 If we sell at time  (requires 1)
      ( )

0 Otherwise                                       
One possible rule for 

t t t t t

t
t

S p p R R

t R
X S

 


 


selling the stock might be to use
       ( ) 1 if 
So our policy  represents both this type of rule, plus
the parameter .

t t tX S p p 



  
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The state variables

We can use different ways for tracking prices:
» Instead of using the smoothing

» … we used a moving average over the last three 
periods:

» In this case, what is the state of our system?

1(1 )t t tp p p   

 1 2
1
3t t t tp p p p   
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The state variables

Moving average pricing problem 
» State variable

» Transition function

» Compare this state and transition with the first pricing 
problem using exponentially weighted prices.

1 2( , , , )t t t t tS p p p R 

1 1

1

1 1 1 1

ˆ

( , , , )

t t t

t t t

t t t t t

p p p
R R x
S p p p R

 



   

 

 





The state variable

Two definitions:

1) The state  is a function of history that, combined 
with the exogenous information, is necessary and 
sufficient to calculate cost function, transition 
function, and decision function (policy)  from time t 
onward.

2) The state      is a function of history that, combined 
with the exogenous information, is necessary and 
sufficient to calculate costs, constraints and 
transitions,  from time t onward.

» Using these definitions, all properly modeled problems 
are Markovian!

tS

tS
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The state variables

There are two types of state variables
» The initial state      - This includes:

• Static information that does not vary over time
– The tax rate on long term capital gains.
– The amount of energy lost when being stored in a battery
– The speed of an aircraft

• Probabilistic information about unobservable parameters
– Distribution of the price of a stock in 6 months
– Distribution of the possible functions relating demand to price

» Dynamic information that varies over time -
• The demand for a product
• The price of a stock

» By convention,     only includes dynamic information.  
Static information is captured implicitly in     .

© 2018 W.B. Powell
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The state variables

The state variable (dynamic information) comes in 
three flavors:
» Endogenously controllable

• The cash in a mutual fund
• The water in a reservoir (which can include exogenous rainfall)

» Exogenous information
• The weather
• The price of a stock (assuming I cannot influence the market)
• The number of patients needing blood

» Exogenous information that can be endogenously 
influenced

• The price of a stock if I am a big player
• The rate of new HIV infections (if I am working on policies to 

reduce transmission)
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The state variables

To illustrate 
» Consider our pricing problem where our decision uses 

the three most recent prices. The state variable is:

» So what if we chose to write it as:

• Or

» What if we write it as

• What is wrong with this?  It has all the information we need.

1 2( , , , )t t t t tS p p p R 

1( , , )t t t tS p p R

1 2( , , )t t t tS p p p 

1 2 3( , , , , )t t t t t tS p p p p R  
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The state variables

An energy storage problem
» In the battery arbitrage problem, we can store energy in 

a battery from the grid when prices are low, or sell back 
to the grid when prices are high.

» Let

» We might make decisions using

Our decision depends on 

max

Purchase price for electricity from the grid
How much we decide to buy (>0) or sell (<0) between t and t+1.
Amount of energy in the battery at time 

Capacity of our battery

t

t

t

p
x
R t

R







 max 1arg max ( )
t t

t t t t tR x R R
x p x V R x   
   

and .t tp R



Modeling frameworks

Decision variables
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The decision variables

There are three common notational systems for 
decisions:

© 2018 W.B. Powell

Computer science
     Discrete action
Control theory
     Low-dimensional continuous vector
Operations research
     Usually a discrete or continuous but high-dimensional
             vector of dec

t

t

t

a

u

x






isions.



The decision variables

Notes
» It is extremely important that making a decision at time 

t can only use information in the state      at time t.

A definition of a “decision”
» An endogenously controllable information class.

How do we make decisions?
» We use policies, which are rules for making decisions. 

We will use notation such as:

Here,      is a label that determines the type of function.
© 2018 W.B. Powell

tS

( ) The policy for determining an action 
( )  The policy for determining a control 
( ) The policy for determining a decision

A s a
U s u
X s x
















The decision variables

Defining decisions
» In some settings (e.g. finance), it is relatively easy to 

identify decisions:
• What stock to buy?
• How much to allocate into different assets?
• What price to sell a stock?

» In more complex settings (business, policy), it is easier 
to identify goals (improve cost/service, improve health 
coverage), but it is not always easy to identify 
decisions.

• How should Amazon improve its profits?
• How should we increase health coverage?

We know the goals, but we do not know how…
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The decision variables

Take a look at the decisions spreadsheet you 
compiled over the summer:

» Click here for sheet.
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Modeling frameworks

Exogenous information
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Exogenous information

Guessing what is happening in the real world 
» Is the stock market going (further) down?
» What do you think?
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Exogenous information

Guessing what is happening in the real world 
» What about the price of the barrel of crude oil?
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Exogenous information

Often, we need to estimate what will happen in the future to make a decision now.
Let:
       Our  of the customer demand in future time period .

Our  of the market price at time 
t

t

D forecast t
p forecast t



      
 

1 1 2 2

.
The future looks like:

      , , , ,..., ,

We say that ,  is the  arriving at time .  It is sometimes useful to
have a single variable to represent the new information arriving to

t t

t t

D p D p D p

D p information t

t

the system at 
time .  There is not standard notation for modeling information.  Some people let:

The information arriving in time .
 represents a realization of the information that arrives in t

t

t
t




ime period .  t
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Exogenous information
We need a system for indexing time.  In particular, it is 
important to know the mapping between discrete and 
continuous time.

1t  2t  3t 
4t 

0t  1t  2t  3t  4t 

1D̂ 2D̂ 3D̂ 4D̂

0 0,R y 1 1,R y 2 2,R y 3 3,R y 4 4,R y

Continuous
time

Discrete
time

It is useful to think of information as arriving continuously over time. 
Functions (states, decisions) are measured at a point in time.

At time t, anything  t’ <= t  is known, anything  t’ > t  is unknown.



Exogenous information

 1 2

All the information arriving would then be:

         , ,..., ,...

 is not a random variable (although some people treat it as one).  We sometimes
need a random variable which is a function provid

t

t

   





ing the information that 
arrive during time period .  If we do not have a specific variable such as a 
price, quantity or demand, we can use the generic notation:

 The information arriving in tt

might
t

W 

t

ime .

We use  because it "looks like" .  We can also write:

 ( )

t t

t

t

W

W



 



Exogenous information

 

 

For our example, we would write:
,

In the future, we do not know what might happen.  Assume that the only type of new information 
 arriving is customer demands.  That is, W .

Assume that there 

t t t

t t

W D p

D





are only 10 possible sets of demands that might happen in the future:

 D1 D2 D3 D4 D5 D6 D7 D8 D9

1 18 16 13 10 17 6 4 15 16
2 12 7 17 15 5 3 4 14 8
3 6 18 7 9 1 13 4 4 7
4 2 11 16 16 1 2 13 0 13
5 18 5 0 6 10 17 8 3 2
6 3 18 5 20 13 16 18 11 10
7 12 14 4 11 19 3 20 19 18
8 6 15 15 14 2 7 14 1 11
9 19 10 5 19 13 14 16 11 17
10 18 15 14 4 6 17 16 10 9

It is absolutely standard notation to index these outcomes by  (don't ask why). The set
of outcomes (the sample space) is referred to as   So an element  refers to a 
particular set of potential 


 

outcomes.



Exogenous information
We would say that  is a random variable because we do not know the demand  right now.
We might, for example, assume that  follows some probability distribution so that we can describe
the range of

t t

t

D D
D

 possible outcomes.

Sometimes we need to refer to a particular realization.  For this, we let:
( )  A sample realization of the demand at time .

( ) is not a random variable.  Let's say =6.  Then, 
t

t

D t
D


 



   
    (6)tD  6 3 18 5 20 13 16 18 11 10

 1D 2D 3D 4D
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Exogenous information

At this point, we have:
» Illustrated some actual stochastic optimization 

problems
» Reviewed the core dimensions of a problem
» Illustrated some policies
» Hinted at how you can find the best policy.

» But we have brushed by some concepts that deserve a 
little more time.



Modeling frameworks

Transition function
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The transition function

The transition function captures the evolution over 
time:

» The transition function goes by many names:

 1 1, ,M
t t t tS S S x W 

• System model
• Plant model
• Plant equation
• State equation
• Law of motion

• State equation
• Transition law
• Transfer function
• “Model”
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The transition function

The transition function captures the evolution over 
time:

» At time t:

 1 1, ,M
t t t tS S S x W 

1

 is known (deterministic)
 is a deterministic function of 

 is random

t

t t

t

S
x S
W 
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The transition function

Two frameworks:
» Model-based 

• This is where we have a set of equations that describe the 
transition.

• In computer science, it refers to problems where the one-step 
transition matrix is known.

» Model-free
• Here, we do not know the transition function.
• Typical for complex problems (describing human behavior, the 

economy, climate, a complex physical problem)
• In this case, we simply observe the next state without knowing 

how we got there.
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The transition function

Illustrations
» Our deterministic shortest path problem

» The stochastic shortest path problem
1

 = node = 
Decision 1

t

ij

t

S i
x

S j





  

  
1

1 1

ˆ = ,

Decision 1

ˆ = ,

t t ij j

ij

t

t t jk k

S R c

x

R j

S R c


 




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The transition function

Illustrations
» The first pricing problem

• State variable

• Transition function

( , , )t t t tS p p R

 
1 1

1 1

1

ˆ

1
t t t

t t t

t t t

p p p
p p p
R R x

 
 

 



 

  

 



Modeling frameworks

Objective function
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The objective function

Types of objectives:
» Rewards, profits, revenues, contributions (business)
» Gains, losses (engineering)
» Strength, conductivity, diffusivity (materials science)
» Stability
» Tolerance, toxicity, effectiveness (health)
» Risk, volatility (finance)
» Utility (finance)
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The objective function

Objective functions
» Ways of writing objective functions:

» The most general is

where decisions are given by

1

 or ( )  Linear or nonlinear cost (deterministic)

( , ) Function does not depend on state, but does depend
                       on noisy implementation 

( , ) Cost/contribution determinis









t t

n n

t t

c x f x

F x W
W

C S x

1

1

tic function of state and action
( , , ) Cost/cont. depends on state, action and random information.
( , , ) Cost/cont. depends on state, action and next observed state








t t t

t t t

C S x W
C S x S

1
1( , , )    or    ( , , ) n n n

t t tC S x W C S x W 


( )        or        ( )n n
t tx X S x X S  
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The objective function

Objective functions
» Final-reward version – Just look at the performance of 

the final implementation decision:

» Cumulative reward version – You have to add up the 
rewards as we progress:

or:

 ,
0max ( , ) |


NF X W S

1
1

0
0

max ( ( ), ) |







 
 
 

N

n n

n

F X S W S

1 0
0

max ( , ( ), ) |
 



 
 
 


T

t t t t t
t

C S X S W S
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Our most general form (up to the expectation)

The objective function

© 2018 W.B. Powell

1 0
0

max ( , ( ), ) |
 



 
 
 


T

t t t t t
t
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The objective function

Ways to perform an evaluation:
» Offline learning (learning in a simulator)

• This is where you learn from a simulated system, usually on 
the computer (for our field).

• Strengths:
– Can evaluate many policies in a relatively short period of 

time.
• Weaknesses:

– Good computer simulators can be difficult to build (can 
take years)

– Despite this, you still have to live with your modeling 
assumptions, in particular about uncertainty.
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The objective function

Ways to perform an evaluation:
» Online learning (learn as you go)

• This is where we implement a policy in the field, and watch 
how well it works.

• Strengths:
– You do not need to live with simplified models of 

complex phenome.
– You can experience sources of uncertainty that you cannot 

even identify.
• Weaknesses:

– Very slow!  Takes a year to simulate a year.
– Very hard to compare new policies.
– You have to live with your mistakes.
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The objective function

Characteristics of the objective function
» Analytical behavior 

• Concave/convex, unimodal, monotone,  smooth,…

» Computational cost:
• Fractions of a second – Analytical functions
• Minutes – Computer simulations
• Hours – Laboratory experiments/computer simulations
• Days (or longer) – Laboratory/field experiments
• Weeks to months – Field experiments

» Startup/switching costs
• What is involved to observe function for different inputs? Is 

there a cost to switch to different inputs?

» Experimental noise (low to high noise, nature of noise)
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The objective function

There are different uncertainty that we can:
» Expectations

» Risk measures

» Worst case (“robust optimization”)

min ( , )x F x W

 
 

2min ( , ) ( , )

min ( , )           Convex/coherent risk measures
x

x

F x W F x W f

F x W


 


 



 

�

min max ( , )x w F x w
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Modeling 
Deterministic 
» Objective function

» Decision variables:

» Constraints: 
• at time t

• Transition function

Stochastic
» Objective function

» Policy

» Constraints at time t

» Transition function

» Exogenous information
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Week 4 - Wednesday

Policies
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Designing policies

We have to start by describing what we mean by a 
policy.
» Definition:

A policy is a mapping from a state to an action.  
… any mapping.

How do we search over an arbitrary space of 
policies?
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Designing policies

“Policies” and the English language

Behavior Habit Procedure
Belief Laws/bylaws Process
Bias Manner Protocols
Commandment Method Recipe
Conduct Mode Ritual
Convention Mores Rule
Culture Patterns Style
Customs Plans Technique
Dogma Policies Tenet
Etiquette Practice Tradition
Fashion Prejudice Way of life
Formula Principle
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Review of policies in previous problems
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Start:
» List all the different policies covered in the class with 

some explanation (all boards)
» End with bulleted list on the left-most boards 
» Erase remaining boards
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Asset selling
» Sell signal:

» or

» or
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Adaptive market planning

Stepsize policies
» Harmonic stepsize formula (deterministic

» Kesten’s rule (stochastic)

» Discuss:
• Scaling
• Handling bias (learning) vs. noise (smoothing)
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Choosing diabetes medication
» Upper confidence bounding policies

» Interval estimation
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Shortest paths – static/stationary
» Deterministic, or stochastic (but we see costs after we 

choose the link):

» Stochastic (we see costs before we make a decision)

గ
௧ ௝ ௜௝ ௧௝

௫,௡ିଵ
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Knowledge gradient (one step lookahead)

» Discuss ̅ߤ௫ᇱ௡ାଵሺݔሻ as the estimated updated belief if we run experiment ݔ	.
» Think of this estimate as looking one step into the future.

» Think about how we might estimate the expectations using simulation:

» Review how means are updated given estimates in ܵ௡ (which contains ̅ߤ௫௡) 
and the observation ௫ܹ

௟|௞ for a truth ߤ௫௞ and noise ߳௟

» Remember that ߤ௫௞ is a possible true value of ߤ, not the estimate. We have 
an estimate, but the random outcome W comes from the truth.

 , 1
| ' ' ' 'max ( ) | maxKG n n n n

x W x x x xx S     

, 1 |
' ' ' '

1 1

1 1 max ( | , ) max
K L

KG n n n l k k l n
x x x x x x x

k l

x S W
K L

    

 

    
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Imagine that the lookahead is just a black box:
» Solve the optimization problem

» subject to

» This is a deterministic shortest path problem that we 
could solve using Bellman’s equation, but for now we 
will just view it as a black box optimization problem.

( ) arg min    
i

n n
t t tij tij

i N j N

X S c xp

+Î Î

= åå  

,

,

, ,

1   Flow out of current node where we are located

1    Flow into destination node 

 0  for all other nodes. 

n
ti j

j

i r
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i j j k
i k

x

x r

x x

=

=

- =

å

å

å å





 

© 2018 W.B. Powell



The percentile policy.
» Solve the linear program (shortest path problem):

» subject to

» This is a deterministic shortest path problem that we 
could solve using Bellman’s equation, but for now we 
will just view it as a black box optimization problem.

( | ) arg min ( )     (Vector with 1 if decision is to take ( , ))
i

n p
t t tij tij tij

i N j N

X S c x x i jp q q
+Î Î

= =åå  

, ,
1   Flow out of current node where we are located

1    Flow into destination node 

 0  for all other nodes. 

n
tt i j

j

tir
i

tij tjk
i k

x

x r

x x

=

=

- =

å

å

å å





 
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Erase boards.  Put this list of policies on left boards:
» Sell if price is above a number
» Buy low, sell high
» Stepsize policies
» Upper confidence bounding
» Interval estimation
» Value functions for shortest paths
» Approximate value functions (shortest path)
» Knowledge gradient
» Dynamic shortest paths
» Paramterized stochastic shortest path
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Four classes of policies
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Designing policies

Two strategies for designing policies

1) Policy search – Search over a class of functions for 
making decisions to optimize some metric.

2) Lookahead approximations – Approximate the impact 
of a decision now on the future. 

  0( , )
0

max , ( | ) |f f

T

t t tf F
t

E C S X S S
 


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

*
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Designing policies
Policy search:
1a) Policy function approximations (PFAs)

• Lookup tables 
– “when in this state, take this action”

• Parametric functions
– Order-up-to policies: if inventory is less than s, order up to S.
– Affine policies -
– Neural networks

• Locally/semi/non parametric
– Requires optimizing over local regions

1b) Cost function approximations (CFAs)
• Optimizing a deterministic model modified to handle uncertainty 

(buffer stocks, schedule slack)

( )
( | ) arg max ( , | )

t t

CFA
t t tx

X S C S x



 


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X
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t tx X S 

( | ) ( )PFA
t t f f t

f F
x X S S  



  
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Designing policies
Lookahead approximations:
2a) Policies based on value function approximations (VFAs)

• Using pre-decision state:

• Using post-decision state

2b) Direct lookaheads (DFAs)
• Optimizing some approximation of the future (might be 

deterministic, might be stochastic).  A deterministic lookahead
might be written

  1 1( | ) arg max ( , ) ( ) |VFA
t x t t t t tX S C S x V S S   

 ( | ) arg max ( , ) ( )VFA x x
t x t t t tX S C S x V S  

, 1 ,
' ', ,..., ' 1
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t t t t t H

T
LA D
t t t t tt ttx x x t t

X S C S x C S x
 



 

   
 
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The ultimate lookahead policy is optimal
*
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Designing policies
Lookahead approximations – Approximate the impact of a 
decision now on the future:
» An optimal policy (based on looking ahead):

2a) Approximating the value of being in a downstream state using 
machine learning (“value function approximations”)
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Designing policies
Lookahead approximations – Approximate the impact of a 
decision now on the future:
» An optimal policy (based on looking ahead):

2a) Approximating the value of being in a downstream state using 
machine learning (“value function approximations”)
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Designing policies
Lookahead approximations – Approximate the impact of a 
decision now on the future:
» An optimal policy (based on looking ahead):

2a) Approximating the value of being in a downstream state using 
machine learning (“value function approximations”)
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Designing policies

The ultimate lookahead policy is optimal

» 2b) Expectations and max over policies are not 
computable. Instead, we have to solve an 
approximation called the lookahead model:

» A lookahead policy works by approximating the 
lookahead model.
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Designing policies

The ultimate lookahead policy is optimal

Expectations that we 
cannot compute

Maximization that we 
cannot compute



Designing policies
Types of lookahead approximations 
» One-step lookahead – Widely used in pure learning 

policies:
• Bayes greedy/naïve Bayes
• Thompson sampling
• Value of information (knowledge gradient)

» Multi-step lookahead
• Deterministic lookahead, also known as model predictive 

control, rolling horizon procedure
• Stochastic lookahead:

– Two-stage (widely used in stochastic linear programming)
– Multistage

» Monte carlo tree search (MCTS) for discrete action 
spaces

» Multistage scenario trees (stochastic linear 
programming) – typically not tractable.



Lookahead policies

Lookahead models use five classes of 
approximations:
» Horizon truncation – Replacing a longer horizon problem 

with a shorter horizon
» Stage aggregation – Replacing multistage problems with 

two-stage approximation.
» Outcome aggregation/sampling – Simplifying the 

exogenous information process
» Discretization – Of time, states and decisions
» Dimensionality reduction – We may ignore some variables 

(such as forecasts) in the lookahead model that we capture 
in the base model (these become latent variables in the 
lookahead model).



These policies fall into four main groups:
» Policy function approximations (CFAs) –

parameterized functions that map state to action:
• Asset selling policies
• Adaptive marketing planning (gradient-based stochastic 

optimization)

» Cost function approximations (CFAs) – These are 
parameterized optimization problems

» Policies based on value function approximations 
(VFAs) – Make a decision using an estimate of the 
value of a downstream state.

» Direct lookaheads (DLAs) – We optimize over a future 
to determine what we should do right now.
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Put four classes of policies on middle boards
» Policy search on top board
» Lookaheads on bottom board

Draw lines from list on left to the four classes
Notes:
» Our reason for the four classes is purely computational.
» We could just do policy search if we could search over 

the ultimate family of functions
• E.g. neural networks – problem is that it does not capture 

structure.  Illustrate with shortest path problem.

» We could just do lookahead, if we could just compute 
that messy lookahead function.
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Features of policies
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Hybrid policies
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CFA with PFA

Lookahead with PFA
» Tree search with VFA terminal reward

Lookahead with CFA
» Shortest path with parameterized cost
» Deterministic lookahead with parameterized constraints

VFA with PFA
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Fitted VFA with policy search
» Fit a value function using sampled estimates of the value of being 

in a state. Use this to fit a parametric model.

» Then do policy search
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Policy search vs. Lookahead
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Policy search class
» Strengths

• As a rule simpler than lookaheads – sometimes dramatically 
simpler.  For this reason, these are popular in practice.

• Able to capture insights and intuition

» Weaknesses
• Typically parametric, which has to be designed by a human.
• Tuning:

– Tuning in a model – this means you have to design a 
realistic model.

– Tuning in the real world – Slow, and you have to suffer 
your errors.
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Lookahead class
» Strengths

• Reduced or no tuning.
• Direct lookaheads produce complex behaviors.  
• This is what you do when all else fails, and all else often fails.

» Weaknesses
• Requires:

– Solving a direct lookahead model (can be computationally 
expensive).

– … or approximating the lookahead model using a value 
function (this can be difficult and computationally 
challenging).

• The lookahead model is… a model.  Just as tuning needs a 
model, lookaheads need either an explicit model (the 
lookahead) or a source of observations (e.g. for fitting value 
functions).
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Policy search class
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Policy search class

Parameterized policies may be
» Pure PFAs – Some parameterized policy that maps state 

to action.

» CFAs – Parameterized optimization models such as
• Interval estimation
• Upper confidence bounding
• Parameterized lookaheads, as we did with our parameterized 

policy for dynamic shortest paths 

» As long as it is a parameterized policy గ
௧ , then 

we have to search over using

 
0

max ( ) , ( | )
T

t
t t t

t
F C S X S

   


 
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Notes:
» All policy search policies (PFAs and CFAs) require 

tuning parameters.
» There are two broad strategies for tuning parameters:

• Derivative-based – This draws on the adaptive market planning 
work.

• Derivative free – This draws on the diabetes example.

» In other words, we have a sequential decision problem 
(tuning parameters) to solve our sequential decision 
problem.  
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Policy function approximation
Maximizing revenue
» ܦ ݌ ൌ ଴ߠ െ ଵ௣ߠ
» ܴ ݌ ൌ ܦ݌ ݌ ൌ ݌଴ߠ െ ଶ݌ଵߠ

To maximize revenue:

» ௗோሺ௣ሻ
ௗ௣

ൌ ଴ߠ െ ݌ଵߠ2 ൌ 0

» ∗݌ ൌ ఏబ
ଶఏభ

Now assume we have estimates ̅ߠ௡ of 
the parameters ߠ଴ and ߠଵ after n 
observations. Tendency will be to 
sample near the middle. To encourage 
exploration, add a noise term
» ݌ ߪ ൌ ఏబ

ଶఏభ
൅ ߝ ,ሺ0ܰ~ߝ ଶሻߪ

» ߪ is a tunable parameter for the policy
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Policy function approximation

Asset selling
» Sell on drops

» Need to tune ௟௢௪

© 2018 W.B. Powell



Cost function approximations

Lookup table
» We can organize potential catalysts into groups
» Scientists using domain knowledge can estimate 

correlations in experiments between similar catalysts.



500

Cost function approximations

Correlated beliefs: Testing one material teaches us about other 
materials

1 2 3 4 4 5



Cost function approximations

Cost function approximations (CFA)
» Upper confidence bounding

» Interval estimation

» Boltzmann exploration (“soft max”)
• Choose x with probability:

log( | ) arg max  
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Cost function approximations

Picking ூா means we are evaluating each choice 
at the mean. 

1 2 3 4 4 5
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Cost function approximations

Picking ூா means we are evaluating each choice 
at the 95th percentile. 

1 2 3 4 4 5



Cost function approximations
Optimizing the policy
» We optimize ߠூா to maximize:

where

Notes:
» This can handle any belief model, 

including correlated beliefs, nonlinear 
belief models.

» All we require is that we be able to 
simulate a policy.  
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Cost function approximations

DemandsDrivers



Cost function approximations

t t+1 t+2

The assignment of drivers to loads evolves over time, with new loads 
being called in, along with updates to the status of a driver.



Cost function approximations

A purely myopic policy would solve this problem 
using

where

What if a load it not assigned to any driver, and has been 
delayed for a while?  This model ignores the fact that we 
eventually have to assign someone to the load.

1 If we assign driver  to load 
0 Otherwise                              

Cost of assigning driver  to load  at time 

tdl

tdl

d l
x

c d l t


 




min x tdl tdl
d l

c x



Cost function approximations

We can minimize delayed loads by solving a 
modified objective function:

where

We refer to our modified objective function as a cost 
function approximation.

How long load  has been delayed by time 
Bonus for moving a delayed load

tl l t




 min x tdl tl tdl
d l

c x



Cost function approximations

We now have to tune our policy, which we define 
as:

We can now optimize    , another form of  policy search, 
by solving

 ( | ) arg mint x tdl tl tdl
d l

X S c x   

0
min ( ) ( , ( | ))

T

t t t
t

F C S X S 
  



 




( , | )t tC S x 



Evaluating policies
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Policy search class

Finding the best policy
» We need to maximize

» We cannot compute the expectation, so we run simulations:

DischargeCharge

 
0

max ( ) , ( | )
T

t
t t t

t
F C S X S

   


 
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There are two settings for doing policy search:
» Offline

• In a computer simulation
• In a lab where we do not mind making mistakes
• We look to optimize the performance of the final design after a 

series of experiments

» Online
• This means in the field, where we care about how well we do 

while we are learning.
• We look to optimize performance along the way, which means 

we are maximizing cumulative reward.

» Caution: “offline” and “online” are terms used in the 
machine learning community:

• “offline” means batch learning
• “online” means continuous updating
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Offline (“final reward”) objective
» The final reward process works as follows:

• States, decisions and exogenous information evolve according 
to

ሺܵ଴, ,଴,ܹଵݔ ܵଵ, …,ଵ,ܹଶݔ ܵ௡, ,௡,ܹ௡ାଵݔ … ሻ

• Decisions are made according to a policy ݔ௡ ൌ ܺగ ܵ௡ .
• States are updated using

ܵ௡ାଵ ൌ ܵெሺܵ௡, ௡,ܹ௡ାଵሻݔ

• After ܰ experiments, we call our final decision ݔగ,ே, since it 
depends on our policy ߨ and the budget ܰ.

• Once we have the final design, we then have to stop and test 
the design using new observations that we call ෡ܹ .
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The value of the policy
» We can start by writing

గ గ,ே

» … but this is not very clear.  
» There are up to three different sources of uncertainty:

• The initial state ܵ଴, which might have a Bayesian prior about 
the performance of the different diabetes drugs.

• The observations ܹଵ,ܹଶ,… ,ܹே

• The observations made during the final testing ෡ܹ .
» We can write the value of a policy more clearly as

గ
ௌబ ௐభ,ௐమ,…,ௐಿ|ௌబ ௐ෡ |ௌబ

గ,ே

» This is better, but we won’t really understand it until we 
know how to compute it.
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The value of the policy (cont’d)
» To compute

గ
ௌబ ௐభ,ௐమ,…,ௐಿ|ௌబ ௐ෡ |ௌబ

గ,ே

» We have to simulate the expectations.  Let’s break 
down each one:

ௌబ: Imagine that ଴ includes a Bayesian prior such as 
the belief about how a patient responds to a diabetes 
medication.  Let ௫ ௫∈௑ be the truth of the 
performance of each drug .  Let’s just sample 

samples of the vector to get 
ଵ ଶ ௞ ௄ samples of what each of the 

truths might be, and let’s let ଴
௞
଴

௞ୀଵ
௄

be the prior 
probabilities on these samples (perhaps 1/K).
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The value of the policy (cont’d)
» To compute

గ
ௌబ ௐభ,ௐమ,…,ௐಿ|ௌబ ௐ෡ |ௌబ

గ,ே

ௐభ,ௐమ,…,ௐಿ|ௌబ: Given ଴ means picking one of the 
௞

௫
௞

௫∈௑ as the true truth for each drug.  Now 
let’s try drug ௡ after the nth trial, and then 
observe

௫
௡ାଵ

௫
௞

௫
௡ାଵ

where ௫
௡ାଵ is the noise in an observation.  

» Let ଵ ଶ ே be a sequence of 
realizations.  Again assume we have a series of samples 
that we will call ଵ ଶ ሺℓሻ ሺ௅ሻ a sample 
of all the observations (actually a sample of ).
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The value of the policy (cont’d)
» To compute

గ
ௌబ ௐభ,ௐమ,…,ௐಿ|ௌబ ௐ෡ |ௌబ

గ,ே

ௐ෡ |ௌబ: At this point we have our final design గ,ே

which depends on the truth ௞ and the experimental 
outcomes ଵ ଶ ௅. We write this as గ,ே .

» Now we have to test it by observing a new outcome 
Again assume we sample this, and observe 

ଵ ଶ ௠,…, ெ outcomes.
» Now simulate గ using

గ ଵ
௄

ଵ
௅

ெ
௠ୀଵ

௅
௟ୀଵ

௄
௞ୀଵ

గ,ே ௠
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Online (“cumulative reward”) objective
» This is how we evaluated our diabetes policy.  Rather 

than evaluating at the end, we evaluate as we proceed, 
which makes the formula a bit simpler.

» The expected performance of a policy would be written
గ

ௌబ ௐభ,ௐమ,…,ௐಿ|ௌబ
గ ௡

௫೙
௡ାଵேିଵ

௡ୀ଴

» Using samples to approximate the expectations is just 
as we did for the offline case.  The only difference is 
that we sum our performance, and we do not have to 
separate the “learning” from the “evaluating.”

» A more difficult issue is how we do learning in a field 
situation.  This is active research!
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Tuning environments
» In a simulator

• Requires building a mathematical model of the dynamic 
process and, most important, the uncertainties.

• Your policy will only be as good as your model of uncertainty.

» In the real world
• No longer need a stochastic model…
• But it takes a day to simulate a day.  This can be very slow.
• Examples:

– FAA
– Grid operators
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Lookahead policies

Value function approximations
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Designing policies
Lookahead approximations – Approximate the impact of a 
decision now on the future:
» An optimal policy (based on looking ahead):

2a) Approximating the value of being in a downstream state using 
machine learning (“value function approximations”)

  
  

 

*
1 1

1 1

( ) arg max ( , ) ( ) | ,

( ) arg max ( , ) ( ) | ,

arg max ( , ) ( )

t

t

t

t t x t t t t t t

VFA
t t x t t t t t t

x x
x t t t t

X S C S x V S S x

X S C S x V S S x

C S x V S

 

 

 

 

 





*
' ' ' 1

' 1
( ) arg max ( , ) max ( , ( )) | | ,

 
 

            
t

T

t t x t t t t t t t t
t t

X S C S x C S X S S S x 
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ADP for trucking

Our optimization problem at time t looks like:

» We had to develop novel machine learning strategies to 
estimate this function, since the attribute space was 
very large.

( ) max ( , )            x
t t x t t t ta ta

a
V S C S x v R



 
   

 


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Pre-decision state: we see the demands

$300

$150

$350

$450

Nomadic trucker illustration

ˆ( , )t t

TX
S D

t
 

  
 
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We use initial value function approximations…

0 ( ) 0V CO 

0 ( ) 0V MN 

$300

$150

$350

$450
0 ( ) 0V CA 

0 ( ) 0V NY 

Nomadic trucker illustration

ˆ( , )t t

TX
S D

t
 

  
 
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… and make our first choice:  

$300

$150

$350

$450

0 ( ) 0V CO 

0 ( ) 0V CA 

0 ( ) 0V NY 

Nomadic trucker illustration
1x

( )
1

x
t

NY
S

t
 

   

0 ( ) 0V MN 
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Update the value of being in Texas.

1( ) 450V TX 

$300

$150

$350

$450

0 ( ) 0V CO 

0 ( ) 0V CA 

0 ( ) 0V NY 

Nomadic trucker illustration

( )
1

x
t

NY
S

t
 

   

0 ( ) 0V MN 
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Now move to the next state, sample new demands and make a new 
decision

$600

$400

$180

$125

0 ( ) 0V CO 

0 ( ) 0V CA 

0 ( ) 0V NY 

1( ) 450V TX 

Nomadic trucker illustration

1 1
ˆ( , )

1t t

NY
S D

t 

 
   

0 ( ) 0V MN 
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Update value of being in NY

0 ( ) 600V NY 

$600

$400

$180

$125

0 ( ) 0V CO 

0 ( ) 0V CA 

1( ) 450V TX 

Nomadic trucker illustration

1 ( )
2

x
t

CA
S

t

 
   

0 ( ) 0V MN 
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Move to California.

$150

$400

$200

$350

0 ( ) 0V CA 

0 ( ) 0V CO 

1( ) 450V TX 

Nomadic trucker illustration

0 ( ) 600V NY 

2 2
ˆ( , )

2t t

CA
S D

t 

 
   

0 ( ) 0V MN 

© 2018 W.B. Powell



Make decision to return to TX and update value of being in CA

$150

$400

$200

$350

0 ( ) 800V CA 

0 ( ) 0V CO 

1( ) 450V TX 

0 ( ) 500V NY 

Nomadic trucker illustration

2 2
ˆ( , )

2t t

CA
S D

t 

 
   

0 ( ) 0V MN 
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Updating the value function:

1

2

2 1 2

Old value:
     ( ) $450

New estimate:
ˆ      ( ) $800

How do we merge old with new?
ˆ      ( ) (1 ) ( ) ( ) ( )

                   (0.90)$450+(0.10)$800
                   $485

V TX

v TX

V TX V TX v TX 





  



Nomadic trucker illustration
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An updated value of being in TX

1( ) 485V TX 

0 ( ) 0V CO 
0 ( ) 600V NY 

$275

$800

$385

$125

Nomadic trucker illustration

0 ( ) 800V CA 

3 3
ˆ( , )

3t t

TX
S D

t 

 
   

0 ( ) 0V MN 
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Notes:
» This is an example of forward approximate dynamic 

programming.  
» We can execute this in two ways:

• A pure forward pass (which is what we just showed) – You 
step forward in time, and as you do so, you obtain updated 
estimates of the value of being in a state based on downstream 
value function approximations.  This is called bootstrapping.

• A two-pass method – Here, you simulate forward using the 
value functions to define the policy, and then do a backward 
pass to update value functions (if you are familiar with SDDP, 
this is just what is done in SDDP).

» We are using a lookup table value function 
approximation (there are other options).
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Approximate value iteration

Step 1: Start with a pre-decision state 
Step 2: Solve the deterministic optimization using

an approximate value function:

to obtain     . 
Step 3: Update the value function approximation

Step 4: Obtain Monte Carlo sample of               and
compute the next pre-decision state:

Step 5: Return to step 1. 

, 1 ,
1 1 1 1 1 1 ˆ( ) (1 ) ( )n x n n x n n

t t n t t n tV S V S v 
       

 1 ,ˆ min ( , ) ( (        , )   )n n n M x n
t x t t t t t tv C S x V S S x 

n
tS

( )n
tW 

1 1( , , ( ))n M n n n
t t t tS S S x W  

Simulation

Deterministic
optimization

Recursive
statistics

“on policy learning”

nx
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With luck, your objective function improves
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Notes:
» This method used a pure lookup table value function 

approximation, which works if the number of “states” is 
small.

» Even here, we have avoided the issue of exploration.  
You may need to visit a state (e.g. “Minnesota”) just to 
learn about this.

» The need to explore is reduced if you use a statistical 
model of the value function that generalizes learning.  
E.g. visiting Connecticut (a state in the northeastern 
U.S.) teaches us something about other states in the 
northeast.
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Lookahead policies

Direct lookaheads
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Lookahead policies:
» Lookahead policies are based on some sort 

approximation of the impact of a decision now on the 
future.

» Lookahead policies have two general characteristics:
• They require little or no tuning.
• They are almost always harder to compute than the PFA/CFA 

policies, and are sometimes much harder.
• … but tuning can be hard too.
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Designing policies

The ultimate lookahead policy is optimal

» 2b) Instead, we have to solve an approximation called 
the lookahead model:

» A lookahead policy works by approximating the 
lookahead model.

*
' ' ' 1

' 1
( ) arg max ( , ) max ( , ( )) | | ,

 
 

            
t

T

t t x t t t t t t t t
t t

X S C S x C S X S S S x 

*
' ' ' , 1

' 1
( ) arg max ( , ) max ( , ( )) | | ,

t

t H

t t x t t tt tt tt t t tt t
t t

X S C S x C S X S S S x





 

            


      
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Lookahead policies

Planning your next chess move:

» You put your finger on the piece while you think about 
moves into the future.  This is a lookahead policy, 
illustrated for a problem with discrete actions.



Lookahead policies

Decision trees:



Lookahead policies

Lookahead models use five classes of 
approximations:
» Horizon truncation – Replacing a longer horizon problem 

with a shorter horizon
» Stage aggregation – Replacing multistage problems with 

two-stage approximation.
» Outcome aggregation/sampling – Simplifying the 

exogenous information process
» Discretization – Of time, states and decisions
» Dimensionality reduction – We may ignore some variables 

(such as forecasts) in the lookahead model that we capture 
in the base model (these become latent variables in the 
lookahead model).
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Lookahead policies

Lookahead policies are the trickiest to model:
» We create “tilde variables” for the lookahead model:

» All variables are indexed by t (when the lookahead
model is being generated) and t’ (the time within the 
lookahead model).

 

, '

, '

, , 1 ,

Approximated state variable (e.g coarse discretization)
Decision we plan on implementing at time '  when we are

          planning at time ,  ' , 1,...,

, ,...,

t t

t t

t t t t t t t H

S
x t

t t t t t H

x x x x 





  







   


, '

, '

, '

Approximation of information process
Forecast of costs at time '  made at time 

Forecast of right hand sides for time '  made at time 

t t

t t

t t

W
c t t

b t t









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Lookahead policies

We can use this notation to create a policy based 
on our lookahead model:

» Simplest lookahead is deterministic.

*
' ' ' , 1

' 1
( ) arg max ( , ) max ( , ( )) | | ,






 

       
  
 


    

t H

t t t t tt tt tt t t t t
t t

X S C S x C S X S S S x 

Restricted/simplified set of policies

Simplified/discretized set of state variables

Simplified/discretized set of state variables

Sampled set of realizations (or deterministic);
Aggregated staging of decisions and information

Limited horizon
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Lookahead policies

Deterministic lookahead

Stochastic lookahead (with two-stage 
approximation)

' '
' 1

( ) arg max ( , ) ( , )
T

LA D
t t tt tt tt tt

t t

X S C S x C S x

 

    
xtt , xt ,t1,..., xt ,tT

' '
' 1

( ) arg max ( , ) ( ) ( ( ), ( ))
t

T
LA S
t t tt tt tt tt

t t
X S C S x p C S x



  

 

   


    
xtt , xt ,t1,..., xt ,tT

Scenario trees
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Lookahead policies

Lookahead policies peek into the future
» Optimize over deterministic lookahead model

The real process

.  .  .  .

Th
e 

lo
ok

ah
ea

d
m

od
el

t 1t  2t  3t 

© 2018 W.B. Powell



Lookahead policies

Lookahead policies peek into the future
» Optimize over deterministic lookahead model

The real process
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Lookahead policies

Lookahead policies peek into the future
» Optimize over deterministic lookahead model

The real process
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Lookahead policies

Lookahead policies peek into the future
» Optimize over deterministic lookahead model

The real process
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Designing policies
Types of lookahead approximations 
» One-step lookahead – Widely used in pure learning 

policies:
• Bayes greedy/naïve Bayes
• Thompson sampling
• Value of information (knowledge gradient)

» Multi-step lookahead
• Deterministic lookahead, also known as model predictive 

control, rolling horizon procedure
• Stochastic lookahead:

– Two-stage (widely used in stochastic linear programming)
– Multistage

» Monte carlo tree search (MCTS) for discrete action 
spaces

» Multistage scenario trees (stochastic linear 
programming) – typically not tractable.
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Choosing policies
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Modeling sequential decision problems
First build your model
» Objective function

» Policy

» Constraints at time t are built into the policy

» Transition function captures behavior over time

» Exogenous information (including initial state).

  0
0

max , ( ) |
T

t
t t t

t
E C S X S S

 


 
 
 


( )  = feasible regiont t t tx X S  

 1 1, ,M
t t t tS S S x W 

0 1 2( , , ,..., )TS W W W

:X S  

© 2018 W.B. Powell Slide 556



Designing policies
» Does the way of making decisions seem to have a natural 

structure? Suggests PFA.
• E.g. buy low, sell high
• This can lead to a natural parameterization

» For more complex problems (e.g. shortest paths) does there appear 
to be an obvious parameterization that leads to more robust 
decisions? Suggests CFA

• Allowing extra time when planning a trip
• Maintaining minimum inventories when allocating supplies for 

emergencies
» Does the value of being in a state in the future have an obvious 

structure that can be exploited? Suggests VFA
• The value of being at node

» Is there information about the future that we need to use? Suggests 
DLA

• Forecasts of travel times, demands, prices
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Issues in designing policies
» Simplicity

• Everyone likes a simpler function over a more complicated one.  It is 
easier to understand and implement.

• Simpler policies are more transparent.
• Lower risk that you can get it to work “well enough.”

» Computational complexity
• Google limits policies to 50 milliseconds.
• For a grid operator, the limit of 3 hours of CPU time solve a large 

integer program limits their options for handling uncertainty.
» Data requirements

• A properly tuned policy may work well over time without requiring 
all the data needed for a lookahead model.

» Robustness
• Avoiding the risk of failures is a major issue.

» Performance
• And of course, everyone wants a policy where they do better.
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decision 
processes
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analysis

Stochastic 
control

Simulation 
optimization

Dynamic
Programming

and
control

Optimal 
learning

Bandit
problems
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Multi-armed bandits
/optimal learning

Reinforcement
learning/ADP

Stochastic search

Simulation
optimization

Stochastic 
programming

Optimal controlMarkov decision
processes

Lookahead policies 
(DLAs)

Stochastic 
gradients

© Warren Powell 2017

Ranking and
selection

Policy search
(PFAs)

Cost function
approx. (CFAs)

Value function 
approx. (VFAs)



Week 5 – Monday

Energy storage I
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Presentation on energy storage in Brazil
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The Brazilian Electricity Sector

Energy mix, grid operation and challenges 
for integrating intermittent sources to the 

system 



Brazilian Energy Mix



Brazilian Energy Mix

Source: Adapted from ONS 
(2018).

Capacity (MW) per type –
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Brazilian Energy Mix

Source: Adapted from EPE (2018).
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2014 Brazilian drought
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Intermittent generation

Source: Adapted from EPE (2018).

Generation in Northeastern Subsystem



Current storage options

Hydro with reservoirs
Thermo fuel

Source: Adapted from EPE (2018).
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Energy Storage Systems

Energy storage systems can help mitigating wind
intermittence

Source: DOE (2010).



Narrative
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An energy storage problem

Consider a basic energy storage problem:

» We are going to show that with minor variations in the 
characteristics of this problem, we can make each class 
of policy work best.
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There are many variations of “storage problems.”
» Inventory planning at Amazon (or any retailer)
» How much cash to keep in a mutual fund.
» How much blood to keep in a blood bank.
» How many vaccines to keep in inventory
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Basic model
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An energy storage problem

A model of our problem

» State variables

» Decision variables

» Exogenous information

» Transition function

» Objective function

© 2018 W.B. Powell



An energy storage problem

State variables

» We will present the full model, accumulating the 
information we need in the state variable.

» We will highlight information we need as we proceed. 
This information will make up our state variable.

E

G

B

L
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An energy storage problem

Decision variables

» Constraints;

E

G

B

L

 , , , , ,EL EB GL GB BL
t t t t t tx x x x x x
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An energy storage problem

Exogenous information

E

G

B

L

 
' '

' '

ˆ Change in energy from wind between 1 and 

Noise in the price process between 1 and 

Forecast of demand  provided by vendor at time 

 Provided exogenously

Differenc

t
p

t
D

tt t

D D
t tt t t
D
t

E t t

t t

f D t

f f






 

 





 e between actual demand and forecast

tW






 




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An energy storage problem

Transition function

E

G

B

L

1 1

1 0 1 1 2 2 1

1 1

1

ˆ

ˆ

Provided exogenously

t t t
p

t t t t t

t t t
L

t
battery battery
t t t

E E E

p p p p

D D D

f

R R x

   
 

   

 



 

   

 



 
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An energy storage problem

Objective function

E

G

B

L

 ( , ) GB GL
t t t t tC S x p x x 

1 0
0

min ( , ( ), ) |   
T

t t t t t
t

C S X S W S
 



 
 
 

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An energy storage problem

State variables
» Cost function

» Decision function
Constraints:

» Transition function

Price of electricitytp 

Needed if we use a lookahead policyL
tf 

1 0 1 1 2 2 1
p

t t t t tp p p p         

 1 2, , , ( , , ), L
t t t t t t t tS R E L p p p f 
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Designing policies

PFA for:
a) Simple battery arbitrage

b) More complex storage problem
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Policy function approximations

Battery arbitrage – When to charge, when to 
discharge, given volatile LMPs

© 2018 W.B. Powell



0.00

20.00

40.00

60.00

80.00

100.00

120.00

140.00

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 51 53 55 57 59 61 63 65 67 69 71

Grid operators require that batteries bid charge and 
discharge prices, an hour in advance.

We have to search for the best values for the policy 
parameters 

Discharge
Charge

Charge Dischargeand . 

Policy function approximations
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Policy function approximations

Our policy function might be the parametric 
model (this is nonlinear in the parameters):

charge

charge discharge

charge

1 if 
( | ) 0 if 

1 if 

t

t t

t

p
X S p

p




  



 
  
 

Energy in storage:

Price of electricity:
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Policy function approximations

Finding the best policy
» We need to maximize

» We cannot compute the expectation, so we run simulations:

DischargeCharge

 
0

max ( ) , ( | )
T

t
t t t

t
F C S X S

   


 
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Policy function approximations

Performing policy search
» Searching for the best values of is its own sequential 

decision problem.
» There are two settings for doing policy search:

• Offline using a simulator
– 1) Using real data – this would be a “data-driven” 

simulator
– 2) Using observations from a mathematical model (see 

lecture for next week)
• Online in the field

– Need a policy that learns while earning
– This is the setting of multiarmed bandit problems
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Week 5 – Wednesday

Energy storage II
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Policy search for PFAs

Derivative-based stochastic search
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Cost function approximations
Optimizing the policy
» We optimize ߠூா to maximize:

» Policy search matters:

 ( | ) arg max        ( , )n IE n IE n IE n n n n
x x x x xx X S S        

 ,max ( ) ,IE
IE NF F x W


  

R
eg

re
t  

   
   

  



Policy function approximations

Derivative-based
» Consider basic newsvendor problem

» If we can compute the gradient

» Then we can use a stochastic gradient algorithm
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Policy function approximations

Derivative-based
» In our newsvendor problem, we are optimizing over .  

Now, we are optimizing over .  We might write our 
problem as

గ
ௐ

గ
௧

గ
௧

்

௧ୀ଴
where  ௧ାଵ

ெ
௧

గ
௧ ௧ାଵ

» In practice, we often cannot compute gradients.
» Instead, try using numerical derivatives.
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Derivative-based stochastic search

Finite differences
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Derivative-based stochastic search

Finite differences
» We can just simulate the policy (even in a spreadsheet):

charge

charge discharge

charge

1 if 
( | ) 0 if 

1 if 

t

t t

t

p
X S p

p




  



 
  
 



Derivative-based stochastic search

Finding the best policy
» We need to maximize

» We cannot compute the expectation, so we run simulations:

DischargeCharge

 
0

max ( ) , ( | )
T

t
t t t

t
F C S X S

   


 



Simulating the numerical derivative

© 2017 Warren B. Powell

 

1 2

1 1

0

Let  be a sample path of ( ), ( ),... with a sequence

of states ( ) ( ( ), ( ( ) | ), ( )).
Let

     ( , ) ( ), ( ( ) | )

Now compute the stochastic numerical derivative using

 

M
t t t t t

T

t t t
t

W W

S S S X S W

F C S X S



 

  

    

    

 





 

( , ) ( , )   ( )

We are writing this assuming that ( , ) and ( , ) 
are both computed with the same sample path . This is best,
but not required, and not always possible.  

F Fg

F F

 

 

    


    


 






Derivative-based stochastic search

Finite differences

© 2017 Warren B. Powell

Replace ݔ௡ with ߠ௡



Finite-difference estimate of derivative
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602 602

Stochastic gradient algorithm

Steepest ascent for a deterministic problem

1x

2x

1 ( )n n n nf      



603 603

Stochastic gradient algorithm

How a stochastic gradient algorithm may behave

1x

2x

1 1( , )n n n n nf W      



Notes:
» The profit function is not concave in .
» Standard practice is to run stochastic gradients from 

multiple starting points and pick the best final solution.
» Slides that follow show different initial values of , and 

then the final after running a stochastic gradient 
algorithm.

» We will return to these results later.
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Improvement between final solution and initial starting 
point
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Policy search for PFAs

Derivative-free stochastic search
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Derivative-free policies

Derivative-free
» Here, we are going to assume that we can only choose 

among a set of finite alternatives

» Since we no longer have a gradient, we need some 
other rule, or policy, for choosing

where
• ܵ௡ is our “state of knowledge” 
• ߠ is a set of tunable parameters 

» Throughout, this works just like our previous 
algorithms where we were searching for the best .

© 2016 W.B. Powell

1 2
( , ,..., )

M
  

( | )    is our "learning parameter"n nS   



Note:
» Everything in this section is the same as what we saw earlier for 

the diabetes problem.
» The difference is that instead of finding the best drug ݔ, we are 

looking for the best tunable parameter ߠ to optimize our policy 
ܺగሺܵ௡|ߠሻ for finding the best drug.

» So, we still need a policy for choosing the best drug, but in this 
section, we are looking for the best policy to find the drug.

» This means we are going to take all of our methods for finding ݔ, 
and replace them with methods for finding ߠ.

» We are going to be finding a policy Θగሺܵ௡|ߣሻ for finding ߠ௡.  This 
policy will have its own learning parameter that we are going to 
call ߣ (for learning… got it?).  

» This means we need a policy Θగሺܵ௡|ߣሻ to learn the best parameter 
ߠ that determines the performance of the policy ܺగሺܵ௡|ߠሻ.
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Derivative-free policies

The belief model:
» Start by assuming that we generate a discrete set of 

possible values of 

» Assume we have some belief about our function (say, 
lookup table).  Using a Bayesian model, we assume we 
have a distribution of belief about 
given by

where ఏ
଴ is the precision in our estimate ఏ

଴ of the value 
of .              

 1 2, ,..., M   

 0 0( , ) ,F W N      



Derivative-free policies

Belief state for ranking and selection
» S is our “state of knowledge”

1 2 3 4 5

5
n

5
n

 2,
5 5 5,n nS N  

 1 5,...,n n nS S S

Slide 616

Different values of ߠ



Derivative-free policies

Updating beliefs
» After n experiments, our belief is ఏ ఏ

௡
ఏ
௡

» Assume that based on this belief, we choose ௡

to run for our next experiment (experiment n+1), and we 
observe

» We update our beliefs using

» This is our transition function                                   for 
our state of knowledge using a lookup table belief model.

» We could use other (e.g. parametric) belief models.

 ,n n
x x xN  

1 1
n n
n nW
 

   

1
1

1

n n W n
n

n W

n n W

W  




 

  
 

  











 
1 1( , , )n M n n nS S S W 



Derivative-free policies

Notes:
» With derivative-based optimization, we have tended to 

use the language of algorithms:
• Choosing a decent vector
• Choosing a stepsize rule

We then study the behavior of this “algorithm.”
» With derivative-free optimization, we have to use a 

belief model that captures what we know about a 
problem, and a policy that guides us in how to make the 
next decision.

» In practice, we model both using the language of 
finding the best “policy.”



Derivative-free policies

Derivative-free policies
» Some examples of policies are:

• Interval estimation:

• Upper confidence bounding

• Thompson sampling:

 ( , ) arg max      Std. dev. of IE n IE n IE n n nS            

ˆ ˆ( ) arg max      ( , )TS n n n n nS N         

log( , ) arg max      No. of times  is tested.UCB n UCB n UCB n
xn

nS N
N 



   
 

     
 



Derivative-free policies

How do we find the best policy?
» We use our objective function

» However, this compact form is not very useful.  We 
need to go back to the full form:

» Now, we just simulate each policy, generating many 
sample paths and taking an average.

» The first formulation is the most compact, but you need 
to understand that it translates to the nested 
formulation.

    1 , 1 ,
, , 1

0,..., | ,..., |
max ( , ) | | ,..., |N N N N

N N N
W W W W W

F W W W S 
 

  
    

 ,
0max ( , ) |NF W S

 



Tests of a derivative-free policy search procedure
» Work of Michael Li ‘20
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Closing notes:
» Making decisions over time, under uncertainty, is the 

universal problem.  Absolutely guaranteed you will 
have to do this in a professional setting.

» “Policy search” policies are the simplest, so they are the 
ones that you are going to most likely encounter in 
practice (or which you might make up on your own).

» The price of simplicity is tunable parameters.  
Sometimes it takes a little time to recognize them, but 
they are there.

» Tuning is hard.
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Designing policies

CFA (illustrative)
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A type of CFA
» Myopic policy:

గ
௧ ௫ ௧ ௧

» Parameterized myopic:
గ

௧ ௫ ௧ ௧ ௙ ௙ ௧ ௧௙∈ி

where we might have

௙ ௙ ௧ ௧ ଵ ௧ ଶ ௧
ଶ

ଷ ௧ ସ ௧
ଶ

ହ ௧ ௧
௙∈ி

» We then have to tune by solving

 
0

max ( ) , ( | )
T

t
t t t

t
F C S X S

   


 
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Notes
» The policy does not attempt to do any form of explicit 

lookahead.  We will do this later.

Derivative-free stochastic search
» Use same search methods as with basic PFA.  The 

presence of the “arg max” within the policy does not 
affect how you perform policy search.  
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Optimizing storage

For benchmark datasets, see:  http:www.castlelab.princeton.edu/datasets.htm

Myopic policyPercent of optimal
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Optimizing storage

For benchmark datasets, see:  http:www.castlelab.princeton.edu/datasets.htm

Myopic policy
LSAPI

Percent of optimal
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Optimizing storage

For benchmark datasets, see:  http:www.castlelab.princeton.edu/datasets.htm

Myopic policy
LSAPI
LSAPI-Proj

Percent of optimal
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Policy search

For benchmark datasets, see:  http:www.castlelab.princeton.edu/datasets.htm

Policy search.Percent of optimal
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Designing policies

Review from last week
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An energy storage problem

Consider a basic energy storage problem:

» We are going to show that with minor variations in the 
characteristics of this problem, we can make each class 
of policy work best.
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Policy function approximations

Battery arbitrage – When to charge, when to 
discharge, given volatile LMPs
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Grid operators require that batteries bid charge and 
discharge prices, an hour in advance.

We have to search for the best values for the policy 
parameters 

Discharge
Charge

Charge Dischargeand . 

Policy function approximations
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Policy function approximations

Our policy function might be the parametric 
model (this is nonlinear in the parameters):

charge

charge discharge

charge

1 if 
( | ) 0 if 

1 if 

t

t t

t

p
X S p

p




  



 
  
 

Energy in storage:

Price of electricity:
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Policy function approximations

Finding the best policy
» We need to maximize

» We cannot compute the expectation, so we run simulations:

DischargeCharge

 
0

max ( ) , ( | )
T

t
t t t

t
F C S X S

   


 
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Derivative-free policies

Derivative-free policies
» Some examples of policies are:

• Interval estimation:

• Upper confidence bounding

• Thompson sampling:

 ( , ) arg max      Std. dev. of IE n IE n IE n n nS            

ˆ ˆ( ) arg max      ( , )TS n n n n nS N         

log( , ) arg max      No. of times  is tested.UCB n UCB n UCB n
xn

nS N
N 



   
 

     
 



A type of CFA
» Myopic policy:

గ
௧ ௫ ௧ ௧

» Parameterized myopic:
గ

௧ ௫ ௧ ௧ ௙ ௙ ௧ ௧௙∈ி

where we might have

௙ ௙ ௧ ௧ ଵ ௧ ଶ ௧
ଶ

ଷ ௧ ସ ௧
ଶ

ହ ௧ ௧
௙∈ி

» We then have to tune by solving

 
0

max ( ) , ( | )
T

t
t t t

t
F C S X S

   


 
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Designing policies

VFA-backward MDP
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A storage problem

Bellman’s optimality equation

  1 1( ) min ( , ) ( ( , , ) |
tt x t t t t t t tV S C S x V S S x W S   X 

wind
t
grid

t
load
t
battery
t

E

P

D

R

 
 
 
 
 
  

wind battery
t

wind load
t
grid battery
t
grid load
t

battery load
t

x

x

x

x

x











 
 
 
 
 
 
 
  

1

1

1

ˆ

ˆ

ˆ

wind
t

grid
t

load
t

E

P

D







 
 
 
 
  
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Optimizing a one-dimensional problem

Backward dynamic programming in one dimension
1 1 1

max

Step 0:  Initialize ( ) 0 for 0,1,...,100
Step 1:  Step backward , 1, 2,...
     Step 2: Loop over 0,1,...,100

          Step 3: Loop over all decisions ( )
              

T T T

t

t t t

V R R
t T T T

R

R R x R

   
  


   

 
100

max
1

0

 Step 4: Take the expectation over exogenous information:

                     Compute ( , ) ( , ) (min , ) ( )

               End step 4;
          End Step 3;
          Find 

W
t t t t t t

w

t

Q R x C R x V R R x w P w

V




   

*

*( ) max ( , )

          Store ( ) arg max ( , ).  (This is our policy)

     End Step 2;
End Step 1;

t

t

t x t t

t t x t t

R Q R x

X R Q R x




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Optimizing a multi-dimensional problem

 

1 1Step 0:  Initialize ( ) 0 for all states.
Step 1:  Step backward , 1, 2,...
     Step 2: Loop over = , , ,   (four loops)
          Step 3: Loop over all decisions  (all dimensions)

  

T T

t t t t t

t

V S
t T T T

S R D p E
x

  
  

 

  1 1 1 2 3 1

ˆ ˆˆ             Step 4: Take the expectation over each random dimension , ,

               Compute ( , ) ( , )

                                             , , ( , , ) ( ,

t t t

t t t t

M W
t t t t

D p E

Q S x C S x

V S S x W w w w P w w 

 


1 2 3

*

100 100 100

2 3
0 0 0

*

, )

               End step 4;
          End Step 3;
          Find ( ) max ( , )

          Store ( ) arg max ( , ).  (This is our policy)

     End Step 2;
End Step

t

t

w w w

t t x t t

t t x t t

w

V S Q S x

X S Q S x

  





  

 1;

Dynamic programming in multiple dimensions
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Dynamic programming

Notes:
» There are potentially three “curses of dimensionality” 

when using backward dynamic programming:
• The state variable – We need to enumerate all states.  If the 

state variable is a vector with more than two dimensions, the 
state space gets very big, very quickly.

• The random information – We have to sum over all possible 
realizations of the random variable.  If this has more than two 
dimensions, this gets very big, very quickly.

• The decisions – Again, decisions may be vectors (our energy 
example has five dimensions).  Same problem as the other two.

» Some problems fit this framework, but not very.  
However, when we can use this framework, we obtain 
something quite rare: an optimal policy.
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Dynamic programming

Strategies for computing/approximating value 
functions:
» Backward dynamic programming

• Exact using lookup tables
• Backward approximate dynamic programming:

– Linear regression
– Low rank approximations

» Forward approximate dynamic programming
• Pure forward pass (online or offline)
• Double pass – Forward simulation with backward learning
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Week 6 – Monday

Energy storage III
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Designing policies

VFA-backward ADP
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Backward ADP

Classical backward dynamic programming
» Uses lookup table representations of value functions
» Assumes the one-step transition matrix can be 

computed (which is also lookup table).
» “Dynamic programming” does not suffer from the curse 

of dimensionality (as we show below), but lookup 
tables do.

» There are three curses of dimensionality, but often it is 
the state variable that causes the most problems.

» Before we jump to forward ADP, consider doing 
backward ADP.
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Backward ADP

Backward approximate dynamic programming
» Basic idea is to step backward in time, just as we do 

with classical backward dynamic programming.
» Instead of looping over all the states, loop over a 

random sample (much smaller than all states).
» Now, use the sample of values and states to produce an 

approximate value function:

௧ ௧ ௧ ௧ଵ ଵ ௧ ௧ଶ ଶ ௧ ௧ଷ ଷ ௧ …
» Features ௙ ௧ might be

• Energy in storage ܴ௧, price ݌௧, energy from wind ܧ௧,…
• Square of any of the above
• Any cross products
• Any other transformations you think might capture the 

behavior.
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Backward ADP

Optimizing a multi-dimensional problem

 

1 1Step 0:  Initialize ( ) 0 for all states.
Step 1:  Step backward , 1, 2,...

ˆ     Step 2: Loop over a random sample of states = , , ,   (one loop)
          Step 3: Loop over all decisi

T T

t t t t t

V S
t T T T

s R D p E

  
  

 

1

ons  (all dimensions)
ˆ ˆˆ               Step 4: Take the expectation over each random dimension , ,

ˆ ˆ               Compute ( , ) ( , )

ˆ                                             

t

t t t

t t t t

M
t

x

D p E

Q s x C s x

V S

 

  
1 2 3

100 100 100

1 1 2 3 1 2 3
0 0 0

, , ( , , ) ( , , )

               End step 4;
          End Step 3;

ˆ ˆ ˆ          Find ( ) max ( , )

     End Step 2;
ˆ ˆ     Use sampled ( ) '  to find an app

t

W
t t t

w w w

t t x t t

t t

s x W w w w P w w w

v s Q s x

v s s


  





  

roximate ( ).
End Step 1;

tV s
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Notes:
» You can replace the triple sum over the three random 

variables with a random sample.
» Let ଵ ଶ ௞ ௄ where ௞ is a random 

sample of the random variables ଵ ଶ ଷ
where
• ଵݓ ൌ ,෡ܦ
• ଶݓ ൌ ,̂݌
• ଷݓ ൌ ෠ܧ

» Now approximate the value of the state-action pair 
using

• ܳ ,௧ݏ̂ ௧ݔ ൌ ܥ ,௧ݏ̂ ௧ݔ ൅ ଵ
௄
∑ തܸ௧ାଵሺܵ௧ାଵ ൌ ܵெሺ̂ݏ௧, ,௧ݔ ௞௄ݓ
௞ୀଵ ሻሻ

» You will need to test different values of to find the 
smallest value that produces a high quality policy.
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Notes:
» We have been using backward ADP for the past few 

years with surprisingly good results – around 95 
percent of the optimal policy computed using classical 
backward MDP.

» Backward ADP can be quite fast.  In one application, it 
reduced CPU times from a month for classical 
backward MDP, to 20 minutes, with a solution only 4-5 
percent below optimal.

» We have no theory to support these results.
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Designing policies

VFA-forward ADP exploiting convexity
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Exploiting concavity
» For a single storage device, we can optimize the decision to 

store/charge/discharge by fixing the VFA, simulating forward in 
time, and then asking what we would do with a marginal increment 
of energy in storage.
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Exploiting concavity

Derivatives are used to estimate a piecewise linear 
approximation, where we maintain concavity at each step.

( )t tV R

tR

Slide 672

Function

Slopes



Exploiting concavity

Maintaining monotonicity in the slopes

( )t tV R

tR
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Slopes

ൈ Sampled slope

Updated estimate



Exploiting concavity

Maintaining monotonicity in the slopes.
» If there is a montonicity violation, keep smoothing the observation to the 

left (or right as necessary) until monotonicity is restored.

( )t tV R

tR
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Slopes

ൈ Sampled slope

Updated estimate

ൈ



Exploiting concavity

Derivatives are used to estimate a piecewise linear 
approximation, where we maintain concavity at each step.

( )t tV R

tR
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Forward ADP exploiting concavity
» If our only state variable is energy in the battery, we 

can exploit this when computing the value function 
approximation.

» Results are consistently near optimal:

© 2018 W.B. Powell
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Benchmarking of ADP

» Backward ADP is first four lines:
• Lookup = lookup table approximation for VFA
• Linear = linear model
• .01 or .10 refers to the discretization
• Backward MDP (which produced optimal policy) took over 10 

hours to compute.
© 2018 W.B. Powell



Slides that follow illustrate exploiting concavity 
on a network of storage devices for the grid.
We will revisit this method later in the course to 
show that we can use this method to solve high-
dimensional problems.
For now, we are just showing off.
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Grid level storage Imagine 25 large storage devices spread around the PJM grid:
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Grid level storage Imagine 25 large storage devices spread around the PJM grid:
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Value function approximations
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Exploiting concavity

Derivatives are used to estimate a piecewise linear 
approximation

( )t tV R

tR
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Grid level storage

Congested grid:
» Green and blue circles indicate energy storage



SMART-Solar

Congested grid:
» Green and blue circles indicate energy storage



Notes:
» There are many “resource allocation problems” where 

the state variable is a quantity ௧ giving the quantity of 
resources (energy in storage, water in a reservoir, 
money held in cash in a mutual fund).

» We can exploit convexity (concavity if maximizing) to 
get very accurate approximations of value functions.

» This logic scales to high dimensions, where ௧ ௧௜
where ௧௜ is the number of resources of “type” , where 

might be:
• Location of resources (warehouse, battery, …)
• Blood type
• Type of asset money is invested in.
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Designing policies

VFA-forward ADP
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Approximate value iteration

Step 1: Start with a pre-decision state 
Step 2: Solve the deterministic optimization using

an approximate value function:

to obtain     . 
Step 3: Update the value function approximation

Step 4: Obtain Monte Carlo sample of               and
compute the next pre-decision state:

Step 5: Return to step 1. 

, 1 ,
1 1 1 1 1 1 ˆ( ) (1 ) ( )n x n n x n n

t t n t t n tV S V S v 
       

 1 ,ˆ min ( , ) ( (        , )   )n n n M x n
t x t t t t t tv C S x V S S x 

n
tS

( )n
tW 

1 1( , , ( ))n M n n n
t t t tS S S x W  

Simulation

Deterministic
optimization

Recursive
statistics

nx
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Approximate policy iteration

Forward ADP using general statistical models 
(ignores problem structure)
Approximation methods
» SVR - Support vector regression with Gaussian radial 

basis kernel
» LBF – Weighted linear combination of polynomial basis 

functions
» GPR – Gaussian process regression with Gaussian RBF
» LPR – Kernel smoothing with second-order local 

polynomial fit
» DC-R – Dirichlet clouds – Local parametric regression.
» TRE – Regression trees with constant local fit.
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Notes:
» None of these statistical models explicitly captures 

structure such as convexity/concavity.
» We ran thousands of iterations to test all of these 

machine learning methods to approximate the value 
function.

» The results were then compared against an optimal 
policy using value functions computed using classical 
MDP.
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Energy storage applications

SVR - Support vector regression
GPR - Gaussian process regression
LPR – kernel smoothing 
DC-R – local parametric regression 
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A tale of two distributions
» The sampling distribution, which governs the 

likelihood that we sample a state.
» The learning distribution, which is the distribution of 

states we would visit given the current policy

Approximate policy iteration

State  S

( )V s

1( )V s
2 ( )V s
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Forward ADP

The story changes when we exploit structure…
» The value function is concave in the resource variable.
» But we have no structural properties with respect to the 

other dimensions of the state variable.
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Designing policies

Direct lookahead
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Parametric cost function approximation

An energy storage problem:

The state of our system is given by:

ܵ௧ ൌ ܴ௧, ,௧ܧ ௧ܲ, ,௧ܦ ௧݂
ா

where
ܴ௧ ൌEnergy in storage
௧ௐܧ ൌEnergy available from wind
௧ܲ ൌGrid price
௧ܦ ൌDemand
௧݂
ா ൌ ௧݂௧ᇲ

ா , ᇱݐ ൒ ,ݐ = Forecasts
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Parametric cost function approximation
Forecasts evolve over time as new information arrives:

Actual

Rolling forecasts, 
updated each 
hour.







Forecast made at 
midnight:
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Parametric cost function approximation

Benchmark policy – Deterministic lookahead

' ' ' '

' ' '

max
' ' '

' ' '
arg

' '
arg

' '

wd rd gd D
tt tt tt tt

rd rg
tt tt tt

wr gr
tt tt tt
wr wd E
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tt tt
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tt tt
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 

 

 
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Lookahead policies

Lookahead policies peek into the future
» Optimize over deterministic lookahead model

The real process
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Lookahead policies

Lookahead policies peek into the future
» Optimize over deterministic lookahead model

The real process
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Lookahead policies

Lookahead policies peek into the future
» Optimize over deterministic lookahead model

The real process
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Lookahead policies

Lookahead policies peek into the future
» Optimize over deterministic lookahead model

The real process
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Hybrid policies

Simulating the policy:
» Let be a simulation of our policy following 

sample path 

where

௧ାଵ
ெ

௧ ௧
గ

௧ ௧ାଵ

 
0

( ) ( ), ( ( ))
T

t t t
t

F C S X S  


 
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Designing policies

Hybrid – parameterized lookahead
(CFA/DLA)

© 2018 W.B. Powell Slide 706



Parametric cost function approximation

Parametric cost function approximations
» Replace the constraint 

with:
» Lookup table modified forecasts (one adjustment term for 

each time in the future):

» Exponential function for adjustments (just two parameters)

» Constant adjustment (one parameter)

't t  

' ' ' '
wr wd E
tt tt t t tt
x x f  

'
wr
tt
x '

wd
tt
x

2 ( ' )

' ' 1 '

t twr wd E
tt tt tt
x x e f  

' ' '
wr wd E
tt tt tt
x x f 
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Hybrid policies

Optimizing the CFA:
» Let              be a simulation of our policy given by

» We then compute the gradient with respect to 

» The parameter     is found using a classical stochastic 
gradient algorithm:

We tested several stepsize formulas and found that ADAGRAD 
worked best:

( , ) ( , )F F      

( , )F  

 
0
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t t t
t

F C S X S    


 

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F       
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Simulating the numerical derivative

© 2017 Warren B. Powell

 

1 2

1 1

0

Let  be a sample path of ( ), ( ),... with a sequence

of states ( ) ( ( ), ( ( ) | ), ( )).
Let

     ( , ) ( ), ( ( ) | )

Now compute the stochastic numerical derivative using
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We are writing this assuming that ( , ) and ( , ) 
are both computed with the same sample path . This is best,
but not required, and not always possible.  
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Perfect forecasts:
» When the forecast is perfect, the optimal coefficients ߠ ൌ 1.
» Below we fix all ݏߠ ൌ 1, but then vary each ߠ௜ one at a time.
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Notes
» In the slides that follow, we optimized the , fixed 

each ௜ to the optimized point we found, and then 
varied each ௜, one at a time.

» The results were somewhat unexpected…
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One-dimensional contour plots – perfect forecast
௜ for i=1,…, 8 hours into the future.



One-dimensional contour plots-uncertain forecast
௜ for i=1,…, 8 hours into the future.



One-dimensional contour plots-uncertain forecast
௜ for i=9,…, 15 hours into the future



















Any policy may work best
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An energy storage problem

Consider a basic energy storage problem:

» We are going to show that with minor variations in the 
characteristics of this problem, we can make each class 
of policy work best.
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An energy storage problem

We can create distinct flavors of this problem:
» Problem class 1 – Best for PFAs

• Highly stochastic (heavy tailed) electricity prices
• Stationary data

» Problem class 2 – Best for CFAs
• Stochastic prices and wind (but not heavy tailed)
• Stationary data

» Problem class 3 - Best for VFAs
• Stochastic wind and prices (but not too random)
• Time varying loads, but inaccurate wind forecasts

» Problem class 4 – Best for deterministic lookaheads
• Relatively low noise problem with accurate forecasts

» Problem class 5 – A hybrid policy worked best here
• Stochastic prices and wind, nonstationary data, noisy forecasts.
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An energy storage problem
The policies
» The PFA:

• Charge battery when price is below p1
• Discharge when price is above p2

» The CFA
• Optimize over a horizon H; maintain upper and lower bounds (u, l) 

for every time period except the first (note that this is a hybrid with a 
lookahead). 

» The VFA
• Piecewise linear, concave value function in terms of energy, indexed 

by time.
» The lookahead (deterministic)

• Optimize over a horizon H (only tunable parameter) using forecasts of 
demand, prices and wind energy

» The lookahead CFA
• Use a lookahead policy (deterministic), but with a tunable parameter 

that improves robustness.
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PFA:

CFA:
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VFA:
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DLA:
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Hybrid DLA-CFA
» Use the DLA with two new constraints:

» These are designed to avoid allowing the storage to hit 
upper and lower bounds so that it can respond to 
sudden bursts or gaps in the energy from wind.
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An energy storage problem

Each policy is best on certain problems
» Results are percent of posterior optimal solution

» … any policy might be best depending on the data.
Joint research with Prof. Stephan Meisel, University of Muenster, Germany.
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An energy storage problem

From the paper:
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Extension

Active learning
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An energy storage problem

Types of learning:
» No learning ( ᇱ are known)

» Passive learning (learn from price data)

» Active learning (“bandit problems”) – What we learn 
depends on the decisions ௧

ீ஻

1 0 1 1 2 2 1
p

t t t t tp p p p         

1 0 1 1 2 2 1
p

t t t t t t t tp p p p         

1 0 1 1 2 2 3 1
GB p

t t t t t t t t t tp p p p x           
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An energy storage problem

Transition function
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Learning in stochastic optimization

Updating the demand parameter
» Let ௧ାଵ be the new price and let

» We update our estimate ௧ using our recursive least 
squares equations:
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1
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An energy storage problem

Types of learning:
» No learning ( ᇱ are known)

» Passive learning (learn from price data)

» Active learning (“bandit problems”) – What we learn 
depends on the decisions ௧
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Buy/sell decisions
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Revenue management
Earning vs. learning

» You earn the most 
with prices near the 
middle.

» You learn the most 
with extreme prices.

» Challenge is to strike 
a balance.
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Notes
» We started with a pure stochastic optimization problem with no 

learning.
» The previous slide (optimizing prices) is a pure learning problem.
» We can also have a mixed problem.
» With the last model, our decisions to charge/discharge energy 

from/to the grid affects our learning of ̅ߠ௧ଷ.
» The model (e.g. state variables) are the same.
» We would expect the choice of best policy (or the best parameters 

for a parameterized policy) would change when there is active 
learning, but how much depends on the relative value of 
information.

© 2018 W.B. Powell



Extension

Learning
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Week 6 – Wednesday

Midterm
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