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Week 0 - Wednesday

Introduction
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Some administrative 1ssues
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Administration
I

® Distribute course questionnaire
® When to hold office hours?

» Monday afternoon and evening — how many cannot
make one of these two slots.

» For the first problem set, we need to set up a session to
introduce students who need 1t to github and the python
library. Please sign up on the doodle poll.

® Ask questions 1n class!!
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[llustrations of sequential decision
problems
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Learning the market in Africa
N

® How do African consumers
respond to energy pricing
strategies for recharging cell
phones?

» Cell phone use is widespread in
Africa, but the lack of a reliable
power grid complicates recharging
cell phone batteries.

» A low cost strategy is to encourage
an entrepreneurial market to
develop which sells energy from
small, low cost solar panels.

» We do not know the demand curve,
and we need to learn it as quickly
as possible.

Cell Charging Challenges:
Using Optimal Learning to Determine
the Profitability of a Solar Mobile
Charging System in Africa

Interim Progress Report

Megan J. Wong
1/31/2011
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Revenue management
L

@ Earning vs. learning
Prior belief about demand function

» You want to maximize D @) =6 +E'p

.,

revenues, but you do not N
know how demand “
responds to price.

R'(p)=p(8& +&

D(p) D(p)

> - >

p p
You earn the most with You learn the most by sampling

prices near the middle, but endpoints, but then you do not
you do not learn anything. earn anything.



Health applications
N

® Health sciences

» Sequential design of
experiments for drug discovery

» Drug delivery — Optimizing the
design of protective
membranes to control drug
release

» Medical decision making —
Optimal learning for medical
treatments.
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Drug discovery

® Optimizing the configuration of molecules

H Br (;.:H3

F X N.

Cl CH3
Br

| Y x HCI

Me

Design of effective policies can
accelerate the search process for
new drugs.

Performance under best possible

Number of molecules tested
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Accessibility of an RNA molecule

@ Can we efficiently learn the accessible regions of an
RNA molecule?

* The accessibility of a region of
an RNA molecule mediates
Interaction with other molecules.

~+ Depends on how you define
Interactions, resulting in several

Mechanically ~ methods for accessing
accessible  accessibility.
i region « Mechanical
prg%tieocrfeg |  Energetic

inaccessible

Image courtesy Adams et al., RNA (2004) . o5 b el Contreras Group, UT Austin



Binding Probe/Reporter Complex

New Methodology: attempt to bind probe/reporter complex with
fluorescent marker. If bound, we observe strong fluorescence

signal.
Probe/Reporter

If a probe cannot
bind, then we get no
fluorescence signal,

Indicating

inaccessmw;

If probe can bind,
we get fluorescence
signal, indicating
accessibility.

Image courtesy Adams et al., RNA (2004)
© 2018 WB. Powell Contreras Group, UT Austin



Knowledge Gradient scores
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Energy arbitrage

@ Battery arbitrage — When to charge, when to
discharge, given volatile LMPs

ERCOT (Texas) price data
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Policy function approximations
N

® Grid operators require that batteries bid charge and
discharge prices, an hour in advance.

140.00

120.00

100.00

80.00

ischarge 0009 ’A
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QCharge _H /
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® We have to search for the best values for the policy
parameters 6" and 6"
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Energy storage

® How much energy to store in a battery to handle the
volatility of wind and spot prices to meet demands?

Wind speed

Demand
ey fi
. Ilﬁ‘a'm '.II

\ ||Im\JII 1III| | *'\ J".'"Hv;ﬁ'l

I'l.,a’U 1\ h) HJ 1"&_

Electricityprices
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Energy usage management
N

® Chilled water management at Princeton University

» Major i1ssue 1s how much to store in chilled water tank

8,584 TonHrs

Capacity (Calc)

[TES Chillers] Total Tons 0.00 ktons

Flow 3177 gpm Tank ChargeRate (by chir flow) 0.00 ktons
Storage 21,132 TonHrs

23613 Tons Difference going to HX 0.00 ktons
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Energy usage management

L
@ Real time spot prices
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Planning cash reserves
N

® How much money should we hold in cash given variable
market returns and interest rates to meet the needs of a
business?

© 2018 W.B. Powell
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Logistics Rival
Wal-Mart, which until recently had only one company-owned U.5. distribution center dedicated to web
arders, is trying to catch up with Amazon’s network of more than 40 warehouses across the country.

Opening of Amazon's distribution centers

L 1997-2000 = 2001-10 = 2011-12 © 2013-14
o Wash.
NH
Qt':ll"ll"l.
) Pa. '--.:I"'ﬁu )
: New. Ind i T
2 2 . ) 1Del,
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q. Ariz. ol ﬂ :
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MNate: Locations of 2013-14 conters
are approdimate Q

Source: MWPYL International

The Wall Street Jourmal
Powell

Walmart dlstrlbutlon
network
» Extensive retail network

» Limited need for
distribution centers

» Increasing role of internet
sales



Amazon

® First supply chain logistics
conference 1n 2015
® Still running off of

spreadsheets developed by
Jett Bezos

® Numerous 1nstances where
uncertainty 1s an important
element.

® Exclusively using
deterministic optimization
tools at that time.

amazon

Supply Chain |
Optimization Summit

g
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Supply chain management
|

® Amazon-UPS meltdown, Christmas, 2013

» Amazon promised 2-day service (based on UPS service
guarantees). UPS was overwhelmed.

NEW REPUBLIC UPS Shipping Delays Show Perils of
Stores Overpromising

Mary Schlangenstein, Leslie Patton and A lex Barinka
December 26, 2013 — 519 PM EST

dMazon.com

A

DECEMBER 26, 2013

If the Private Sector Is So Great, Why Did UPS
Botch Christmas?

A corrective for market triumphalists (Corrects 22nd paragraph to show UPS did make most of 1ts delivenies.)

Dec. 26 (Bloomberg) — The failure of United Parcel Service Inc. and FedEx Corp. to deliver packages in

By Alec MacGillis ¥ @AlecMacGillis tume for Chrnistmas has exposed the penls of retailers promising to get last-minute gifts to customers.

Photo: Lionel Bonaventure/ AFP/Geatiy
Chains from Kohl’s Corp. to Amazon com Inc. to 1-800-Flowers com Inc. offered gift cards and refunds
At the heart of the great big pile-on of ridicule for the flawed healthcare.govrolloutthe  ;fier angry shoppers took to social media to vent their frustrations at the missed shipments. On its website,

past few months was a large helping of private-sector triumphalism. Justimagine, the  UPS said the volume of last-minute air packages exceeded its capacity to process them.
chorus went, if tech giants like Amazon or Google had been in charge of the Web site

instead of those clueless, fusty bureaucrats - first, the problems would not have
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That’'s Logistics: Without Tim Cook, iIPad would
cost $5,000

@ Like 1,973 people like this,

Before becoming the CEO of Apple last year, Tim Cook was known as the “logistics kKing” of the
company. MacTrast.com pointed to an article on Business Insider that may demonstrate just how

much: “If it werent for Tim Cook, the iPad would cost $5,000"
3 Follow @macgasm 117K followers

© 2016 W.B. Powell



Global logistics

® Apple, Inc.

U0 DIRCOY ENTAY INDUCTION AVAILABLE
o CONNECTIONS




Fleet management

® Fleet management problem
» Optimize the assignment of drivers to loads over time.

» Tremendous uncertainty in loads being called in

© 2018 W.B. Powell



Real-time logistics
N

® Uber

»

» Drivers are encouraged to enter or leave

Provides real-time, on-demand
transportation.

the system using pricing signals and
informational guidance.

® Decisions:

»

»

»

»

»

How to price to get the right balance of
drivers relative to customers.

Assigning and routing drivers to
manage Uber-created congestion.

Real-time management of drivers.
Pricing (trips, new services, ...)

Policies (rules for managing drivers,
customers, ...)

© 2018 W.B. Powell
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Effect of Current Decision

on the Future
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Cost function approximations
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Optimizing over time
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Optimizing over time
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Optimizing over time
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Matching buyers with sellers

® Now we have a logistic curve for
each origin-destination pair (i,))

Buyer Seller

05 +0; p+05a

Y —
Pl(p.al )=

Probability of success
(=] (=]

® Number of offers for each (i,)) pair
is relatively small.

@ Need to generalize the learning
across hundreds to thousands of
markets.

2 24 28 32 36 4 44 48 52 56 6 64 68 72 76 8 84 88 92 96 10



_ An energy generation portfolio
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The PJM planning process

Day-ahead planning (slow — predominantly steam)

>
Intern;ediate—term planning (fast — gas turbines)
Real-time planning (economic dispatch)
9
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The PJM planning process

® The day-ahead unit commitment problem
Midnight Midnight

Noon

Noon

Midnight

Midnight

Noon

Noon
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The PJM planning process

® Intermediate-term unit commitment problem
1:00 pm 2:00 pm 3:00 pm

1:15 pm 1:45 pm 2:15pm  2:30 pm
1:30 ‘ ‘

| |
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The PJM planning process

® Intermediate-term unit commitment problem
1:00 pm 2:00 pm 3:00 pm

1:15 pm 1:45 pm 2:15pm  2:30 pm
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The PJM planning process

® Intermediate-term unit commitment problem

Commitment 2:00 pm 3:00 pm
1:15 pm decisions
X ) < ¢ |
M 7, Turbine 2
Ramping, but < P
no on/off P .
decisions. T . Turbine 3
/ Turbine 1

Notification time




Electricity

® The PJM power grid

© 2016 W.B. Powell



Emergency storm response
L

HURRICANE CENTRAL & Hurricane Sandy
SANDY THREAT ||\|DEX

ALER » Once in 100 years?

Syraéuse Bo:‘:tfm

New York » Rare convergence of events

Pittsb h
[ EJurg

on Wahgeten » But, meteorologists did an
e S amazing job of forecasting
nginggm: westhes the Storm.

;;;;;;;;

a The power grid

» Loss of power creates
cascading failures (lack of
fuel, inability to pump water)

» How to plan?

» How to react?

© 2016 WiBS



Hurricane Florence Targets Carolinas, Appalachians With Potentially
Catastrophic Flooding, Destructive Winds; Hurricane Warning Issued
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Problem Description - Emergency Storm Response

Building
@ Ho
3 Transformer
@) : Protective D
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E Roadway




Emergency storm response
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Emergency storm response
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Modeling

e —
® “To do good modeling, all you have to do 1s listen.”
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Carrie Hillebrand

Khyati Agrawal

when to book a flight pay the least

Another rich problem - how to do
learning, how is the optimal
solution affected by exogenous
information....

Hunter Johnson

Determine if the intern programs at top paying firms (Google,
Microsoft, Facebook) are a good return on investment, and how
much money should they spend on their interns

Determining if the intern program
is @ good return is a metric, not a
decision. Is the decision how much
to spend? Are there any decisions
affecting how the decision is run?

Sarah Cheng

How to invest effectively to profit off of Trump's twitter posts

Investing from twitter feeds is a
nice problem. | supervised a senior
thesis on this which might be a
good starting point.

Millian Gehrer

In a restaurant / hotel with a reservation system, how long to
wait before giving table / room to a current customer if the
customer with the reservation doesn't show up

| might tweak this to more of an
overbooking policy, similar to what
airlines use. Or, simply how many
tables to allocate to reservations
vs. walk-ins.

Gregory Kernisan

which medical treatment to give a patient

This is a great learning problem.

Daniel Girshik

Which keywords you should pick in order to boost traffic to a
website (Search engine optimization, or SEQ)

Great problem - real challenge
here is coming up with the belief
model.

Selina Pi

If owning a home, when is the optimal point to refinance

problem of pricing generators. To
find the price, you have to solve
the problem of when to sell.

How to incentivize customer service reps to optimize customer
satisfaction and ultimately revenue (i.e. comparing bonuses tied
to customer satisfaction, bonuses tied to quality of interactions
monitored by a manager, or no bonus)

Great context! These are nice
learning problems.

In Venture Canital. which companies and in which industrv

Good problem - hard part is
modeling the belief about the
company. Some VCs will even
imbed people within a company to
learn more about the management
team (this would also he a




Modeling frameworks
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Modeling stochastic, dynamic problems

® Before we can solve complex problems, we have
to know how to think about them.

Min E {2 cx}
Ax=Dh

> } _
x20 Organize class
C

libraries, and set up
ommunications and
databases

—

Mathematician

Software

® The biggest challenge when making decisions
under uncertainty is modeling.
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e —
® Canonical modeling frameworks

» Statistics

* Nonlinear model: y = f(x|0)
 Linear model: y = 6y + 0;¢,(x) + 0,5 (x) + -

» Linear programming
e min cx

X
Subjectto Ax = b, x = 0.

» Markov chains
o P(S™L =5'IS" =)

» Sequential decision problems lack a standard canonical
framework.
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Modeling dynamic systems
N

® Almost all sequential decision problems can be
modeled using five core components:

» State variables
 What is in the state variable? What do we need to know at
time t?

» Decision variables
 What are our decisions?

» Exogenous information
« What do we learn for the first time between t and t+1?

» Transition function
 How does the problem evolve from t to t+1.

» Objective function
« What are we minimizing and how?

© 2018 W.B. Powell
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® Board setup:

» List all five elements across upper two boards

» Then work through each element providing notation
and description.

» Erase and do uncertainty modeling on left, then design
policies on the right.

» For asset selling, start over with all five elements, and
move organically through the problem.

© 2018 W.B. Powell



Modeling dynamic problems

B ]
® The state variable:

Controls community
X, ="Information state"
Operations research/ MDP/Computer science
S, =(R,,1,, B, ) = System state, where:
R, = Resource state (physical state)
Location/status of truck/train/plane
Energy 1n storage
|, = Information state
Prices
Weather
B, = Belief state ("state of knowledge")
Belief about traffic delays

o RN 0By s of cauingt




Modeling

There are five basic elements to an sequential decision problem. We encourage readers to
flip to next chapter which illustrates this framework 1n the context of a simple asset selling
problem in section 2 for a simple motivating application.

State variables - The state S; of the system at time ¢ is a function of history which, com-

bined with a policy and exogenous information, contains all the information that is
necessary and sufhcient to model our system [rom time £ onward. This means it has to
capture the information needed to compute costs/contributions, constraints on deci-
sions, and the evolution of this information over time in the transition function (these
are the equations that describe how the state vanables evolve), all defined below. In
fact, 1t 1s often best to write out the objective function (with costs/contributions), the
constraints for the decisions, and the transition function, and then return to define the
state variables.
We distinguish between the initial state Sy and the dynamic state S; for ¢ > 0. The
initial state contains all deterministic parameters, initial values of dynamic param-
eters, and, in some settings, initial probabilistic beliefs about unknown parameters.
The dynamic state S; contains all information that is evolving over time. Note that
the initial state S;; may include some deterministic parameters that do not change
over time, which means these would be excluded from the dynamic state variable.
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® State variables (cont’d)

There are three types of information in S;:

e The physical state, /i, which in most (but not all) applications is the state
variable that 1s being controlled. /; may be a scalar, or a vector with element
Iy; where 1 could be a type of resource (e.g. a blood type) or the amount of
inventory al location 1.

e Other information, /;, which 1s any information that 1s known deterministically
not included i f;. The information state often evolves exogenously, but may
be controlled or at least influenced by decisions (e.g. selling a large number of
shares may depress prices).

e The beliefl state 5;, which contains information about a probability distribu-
tion describing some unknown parameter. Thus, B; could capture the mean
and vanance of a normal distribution. Alternatively, it could be a vector of
probabilities that evolve over time.

We note that the distinction of “physical state™ K, versus “other information™ [,
15 somewhat imprecise, but there are many problems that involve the management
of physical (and financial) resources where the state of the physical resources (in-
ventories, location of a vehicle, location and speed of a robot) is a natural “state
variable™ (in fact, a common error 1s to assume that the state of physical resources

© 2018 W.B. Powell
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® State variables (cont’d)

1s the only state varables). By contrast, the “other information™ [; 1s literally any
other information that does not seem to belong in ;. For example, fi; might be the
amount of money in a cash account, while /; might be the current state of the stock
and bond markets.

The state S; is sometimes referred to as the pre-decision state because it is the state
just before we make a decision. We sometimes find it useful to define a post-decision
state S| which is the state immediately afier we make a decision, before any new
information has arrived, which means that S is a deterministic function of S; and ;.
For example, in a basic inventory problem where 1, || = max{0, Il; +x; — fh 1t
the post-decision state would be S} = R} = R, + x,;, which is the state after we
have implemented our decision but before any new information (which would be the
demands [); 1) arrive. Post-decision states are often simpler, because there may be
information in S; that is only needed to make the decision x; (we will see this in
chapter 5). However, there are other situations where we place an order x4+ at time
t to be implemented at time ¢’ > t. In the case of these lagged decisions, we would
have to keep these decisions in the state variable at time £ + 1.
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Modeling

dynamic problems

® Decisions:

Markov decision processes/Computer science
a, = Discrete action

Control theory
U, = Low-dimensional continuous vector

Operations research

X, = Usually a discrete or continuous but high-dimensional

vector of decisions.

At this point, we do not specify how to make a decision.
Instead, we define the function X ”*(S) (or A*(S) or U”*(9)),

where 7 specifies the type of policy. "7z" carries information

about the type of function f, and any tunable parameters 8 c ®"
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Decision variables - Decisions are typically represented as a; for discrete actions, 1y
for continuous (typically vector-valued) controls, and x; for general continuous or
discrete vectors. We use x; as our default, but there are situations where a; 1s useful
when actions are discrete.

Decisions may be binary (e.g. for a stopping problem), discrete (e.g. an element
of a finite set), continuous (scalar or vector), integer vectors, and categorical (e.g.
the attributes of a patient). We note that entire fields of research are sometimes
distinguished by the nature of the decision variable.

We assume that decisions are made with a policy, which we might denote X™(5;)
(if we use x; as our decision), A™(S;) (if we use a;), or U™ (S5;) (if we use wuy).
We assume that a decision z; = X7(S;) is feasible at time t. We let “x” carry
the information about the type of function f € F (for example, a linear model
with specific explanatory variables, or a particular nonlinear model), and any tunable
parameters § € 9/,

© 2018 W.B. Powell



The decision variables
]

@ Styles of decisions

» Binary
Xe X = {0,1}
» Finite
Xe X ={1,2,..., I\/I}
» Continuous scalar
Xe X = [a,b]
» Continuous vector
X=(X,..., X ), X, €R
» Discrete vector
X=(X,.er X )» X, €Z
» Categorical
X=(a,...,a,), a 1sa category (e.g. red/green/blue)

© 2018 W.B. Powell



Modeling dynamic problems
|

® Exogenous information:

W, = New information that first became known at time t

9 = (F’ép[st’f)t’EAt)

N

R = Equipment failures, delays, new arrivals
New drivers being hired to the network
[St = New customer demands
’ P, = Changes in prices
Iét = Information about the environment (temperature, ...)

Note: Any variable indexed by t is known at time t. This convention,
which is not standard in control theory, dramatically simplifies the
modeling of information.

7 Below, we let w represent a sequence of actual observations W, ,W,,....

W, (@) refers to a sample realization of the random variable W,.
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Exogenous information - We let W; be any new information that first becomes known
at time 7 (that 1s, between £ — 1 and £). When modeling specific variables, we use
“hats™ to indicate exogenous information. Thus, J’:}; could be the demand that arose
between £ — 1 and £, or we could let p; be the change in the price betweenf — 1 and
L.

The exogenous information process may be stationary or nonstationary, purely ex-
ogenous or state (and possibly action) dependent. We let w represent a sample path

Wi,..., Wy, where w € () represents one sample path of the exogenous informa-
tion. Often, we will create a set {2 with a set of discrete samples that we might
represent using (wq, wo, ..., 2x).

© 2018 W.B. Powell



Modeling dynamic problems

B ]
® The transition function

M
A Sty =97 (S, X, Wiyy)
R,=R+Xx+R,  Inventories
Pa =P T P Spot prices
D.=D, + D,,  Marketdemands
>
Also known as the:
“System model” “Transfer function”
“State transition model” “Transformation function”
“Plant model” “Law of motion”
“Plant equation” “Model”
“State equation” “transition function”

For many applications, these equations are unknown. This

IS known @52‘6Wéifgeo%gﬁynamic programdiii%e



Transition function - We denote the transition function by
‘ql,ll :;{;h{{thxhiri’lil}} (]l)

where SM(-) is also known by names such as system model, plant model, plant
equation and transfer function. Equation (1.1) 1s the classical form of a transition
function which gives the equations from the pre-decision state S; to pre-decision
state Spy1. We can also break down these equations into two steps: pre-decision
to post-decision S}, and then the post-decision S¥ to the next pre-decision S, 4.
The transition function may be a known set of equations, or unknown, such as when
we describe human behavior or the evolution of CO2 in the atmosphere. When
the equations are unknown the problem 1s often described as “model free” or “data
driven.”

Transition functions may be linear, continuous nonlinear or step functions. When
the state S; includes a beliefl state B, then the transition function has to include the
frequentist or Bayesian updating equations.

Given a policy X™(S;), an exogenous process W; and a transition function, we can
write our sequence of states, decisions, and information as

T r ¥ 1 L r ¥
[:Sr{],.'l‘?“, f‘}“ . HrII . 51, Ir. 51 . H",g.l_ I A PR . H"'j', 51'}.

Below we use time £ when modeling in the context of a process that 1s evolving
over ime. We also use £ as our default index when there 1s no context. However,
we use Ileration n when there 1s some other process such as running experiments
or performing simulations. If we use n, then we will write states, decisions and

information as 8™, z™ and W™ ',
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Modeling stochastic, dynamic problems
N

® Objective functions

» Performance metrics:

Rewards, profits, revenues, costs, contributions, rewards
(business)

Gains, losses (engineering)

Strength, conductivity, diffusivity (materials science)
Tolerance, toxicity, effectiveness (health)

Stability, reliability (engineering)

Risk, volatility (finance)

Utility (economics)

Errors (machine learning)

Time (to complete a task)

© 2018 W.B. Powell



Modeling stochastic, dynamic problems
N

® Objective functions

» Uncertainty metrics:
* Expectations
* Risk measures

— Variance
— Quantiles max_ @ F(z,W)
— Expected semi-deviations
— Var, CVaR, ...
* Robust (worst-case) max min @ F(z,w)
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Modeling stochastic, dynamic problems
N

@ Objective functions
» Cumulative reward (“online learning”)

T
max E{th (SU Xtﬂ(St)ﬂth) | So}
t=0

* Policies have to work well over time.
» Final reward (“offline learning”)

max ]E{F(x”"\' W) SO}

« We only care about how well the final decision x™" works.

» Risk

max ,O{C(Soa Xo (So)),C(S,, X[ (5))),--, C(Sr, X7 (Sr)) | So}



e ——
® The modeling process:

» The narrative
 This 1s a plain English description of the problem. This should
be fairly short, but should give the audience a sense of the
problem.

» The model

* This consists of the five elements:

States Decisions Exogenous Transition Objective
information function function

» The modeling process
* Filling in the elements of the model is not linear. State
variables are built up as part of the process.
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The modeling process
|

® Modeling real applications

» I conduct a conversation with a domain expert to fill in
the elements of a problem:

State
variables

Decision
variables

Vv

\

New
information

\

Transition
function

\

Objective
function

\

Performance metrics

How the state variables evolve

What we didn’t know
when we made our decision

What we control

What we need to know
(and only what we need)




Modeling

I
® Stochastic

» Objective function

® Deterministic

» Objective function

T T
min » ¢ max,, E” {th (S X7 (S)W,, ). so}
07T 1=0 t=0
» Decision variables: » Policy
(Xgsees X ) X": S X
» Constraints: » Constraints at time t
 at timet
Ax =R, X = X (S) e
X =0 t

e Transition function

Rt+1 = bt+1 + tht

» Transition function

M
Spy =9 (Sv Xt7Wt+1)
» Exogenous information

(Sy. W, W, ., W)



An asset selling problem
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B
® The narrative

We are holding a block of shares of stock, looking for an opportune time to sell. Start by
assuming that we are a small player which means it does not matter how many shares we
sell, so we are going to assume that we have just one share. If we sell at ume £, we receive
a price that varies according to some random process over time, although we do not believe
prices are trending up or down. Once we sell the stock, the process stops.
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B
® State variables

State variables

Our process has two state variables: the “physical state,” which captures whether or not we
are still holding the asset, and an “informational state™ which for this problem 1s the price
of the stock.

This means that our “physical state™ 1s given by

R — { I Il we are holding the stock at time {,

0 Il we are no longer holding the stock at tme £.

If we sell the stock, we receive the price per share of p;. This means our state variable is

Sy = (R, pe)-

» Highlight:
 Physical state R;
 Information state p;
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Decision variables

The decision varnable 15 whether to hold or sell the stock. We write this using

R 1 Il we sell the stock at time ¢,
= 0 Il do not sell the stock al iume £.

Of course, we can only sell the stock 1f we are holding the stock, so we might write a
constraint as

re < Hy.

We are going to define our policy X ™ (5;) which is going to define how we make decisions.
For example, a simple policy might be to sell if the price drops below some limit point that
we think suggests that it is starting a big decline. Thus, we could write this policy as

1 Wp, < @ and B, =1

xsell-low g 1glow) { 1 Wt=Tand R =1 (2.1)
L'D Otherwise

We would of course need to tune 67" to get the best performance within this class of policy.
A separate question 1s whether this 1s a good structure of a policy, since it 1s easy to design
others.
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® Exogenous information

The only random process in our basic model 1s the change in price. There are two ways o
write this. One 15 to assume that the exogenous information 1s the change in price. We can
write this as

Pti1 = Prel — Pt
This means that our price process 1s evolving according to
Pty1 = Pt T Pty1-

We would then write our exogenous information W, as

Wii1 = (Prya1)-

» We could drill into the probability model, but we are
going to put “uncertainty modeling” after the basic
model.
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Transition function

The transition function is the equations that describe how the state evolves. The transition
equation for K, 1s given by

Ry = Ry — x4, (2.2)

where we have the constraint that z; < K; to ensure that we do not sell the asset when we
no longer own it.

Next we have to write how the price process evolves over time. If we use the p; notation,
the transition function for the price p; would be given by

Pit1 = Pt + Prya1- (2.3)
Equations (2.2) and (2.3) make up what we call our rransition function that we write as
51{ 1 — L1J?L.f(L‘;lenI:lq!’}! H!.L{ 1}. [24)

If we use our policy X™(S;) to make decisions, and if we choose sample path w that
determines the sequence Wy, Wy, ..., Wy, then we can write a simulation of our process
as

[:S{}, I = X“ (Sr“:]', IH"'I ({d], E!'] . L1 = X“ [:Sr] }, H-'rg[:{d:], R iy A l-"l"?';'lzfa..-‘},_ 51';'}.

Note that as we write the sequence, we index variables by their information content. For
example, Sy is an initial state, and ) depends only on Sj;. By contrast, any variable indexed
by t 15 allowed to “see™ any of the outcomes of our exogenous process Wy, ..., W, but are
not allowed to see W, ;.
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Objective function

We close with the problem of determining the best policy. To start, we have to have some

I pcriormance metric, which for this problem would be how much we earn from selling our
stock. We can define a generic contribution function that we write as ('(S;, =), which
would be given by

G'I[S;,, :]‘,'p.::l = Pr.It.

In our problem, x; = () until we sell our asset, at which point we would have z;, = 1, which
is going to happen just once over our horizon. We write the dependence of C'(S;, ) to
capture the dependence on the state, which is because of the presence of the price p;.

We now want to formulate our optimization problem. If the prices were given to us in
advance, we would write

T-1
max E DTy, (2.5)
B geees BT —1

=0

where we would impose the constraints

T-—1
oo o= 1, (2.6)
t=I)
r = 1, (2.7)
Iy - 0. (28]

This 1s fine when the problem is deterministic, but how do we model the problem to handle
the uncertainty in the prices? What we do 1s to imagine that we are simulating a policy
following a sample path w of prices p1(w), p2(w), - ... Using a policy 7, we would then
generale a series of states using

f‘;rIH 1{[.0') = . 'M{St{w), X {f)lt{l'..d')), H"ft F1 (w}}

We write S;(w) to express the dependence on the sample path. We could also have written
S} (w) to express the dependence on the policy 7, but we tend to suppress this for simplicity.
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If we follow policy 7 along this sample path, we can compute the performance using

-1
F™(w) = E Pe(w) X ™ (S (w))-
t=0
This is for one sample path. We can simulate over a sample of N samplesw!, ..., w™, ..., w"
and take an average using

N
T 1 T i1
F' =~ ST ETW"). (2.9)

n—=1
Finally, we wrile out optimization problem in terms of finding the best policy, which we

can wrile

ax . 2.10
T 210

In practice we are typically using averages such as in equation (2.9) for our optimization
problem. However, this is just an approximation of taking an actual expectation, which we
will write as

N
Fro= 1&.2 Fr. (2.11)

n=1

By convention, when we write the expectation, we drop the indexing on w and instead view
F™ as a random variable, whereas '™ (w) is treated as a sample realization (this is standard
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convention, so just get used to it). Using our expectation operator, we would write our
objective function as

max E F*. (2.12)

The form in equation (2.12) (or (2.11)) 1s nice and compact. You just have to remember that
it is rarely the case that we can actually compute the expectation, so we generally depend
on simulation.

Now we are left with the problem of searching over policies. We are going to return to
this below, but for the moment, we can think of this search in two ways. First, we have to
think of different types of functions for making decisions. One example of a function is
given by the policy in 2.1, but it is not hard to think of others (for example, selling if the
price drops by too much, or goes over some upper limit). Then, we have to recognize that
functions such as 2.1 may depend on parameters, such as 6°°!'. To evaluate the policy in
(2.1) would require that we first find the best value of #%°/.
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Modeling uncertainty

© 2018 W.B. Powell Slide 83



Exogenous information
N

® Guessing what is happening in the real world

» Is the stock market going (further) down?
» What do you think?

Dow Jones Industrial Average Dow Jones Industrial Average
1 day | 5 days |1 month | 1 year 1 day | 5 day=s |1 month |1 year
1114313 #2107 +1.10% A close D9/2GZ008 11,143143 HAM0T  +1.40% A cloze D9/2G/2008
2007 2008 2008
14,000 11,500
13,000 %ﬂ\/\ 11,250
12 000 11,000
11,000 0,750
0, 000 10,500
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Exogenous information
N

® Guessing what is happening in the real world
» What about the price of the barrel of crude o1l?

Commodities Commuodities

Light sweet crude (5t :- 1l]ﬁ 99 1.03  0.95% #5814 P ET Light sweet crude (Fhamrsl 106.99 1.03 -0.95% A 504 P ET

120

125
100
W i
75
& JEnN il I
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® Exogenous information

The only random process in our basic model 1s the change in price. There are two ways o
write this. One 15 to assume that the exogenous information 1s the change in price. We can
write this as

Pti1 = Prel — Pt
This means that our price process 1s evolving according to
Pty1 = Pt T Pty1-

We would then write our exogenous information W, as

Wii1 = (Prya1)-

» We could drill into the probability model, but we are
going to put “uncertainty modeling” after the basic
model.
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Exogenous information
N

® We need a system for indexing time. In particular, it 1s
important to know the mapping between discrete and
continuous time.

Continuous P, D, b, D,
time
t=1 t=2 t=3 t=4
i A 1 "~ | 3 N A |
| | [ | |
Discrete =0 t=1 t=2 t=3 t=4
t|me S()9 XO Sl’ Xl 82 ’ X2 83 ) X3 S4, X

It is useful to think of information as arriving continuously over time.
Functions (states, decisions) are measured at a point in time.
At time t, anything t’ <=t is known, anything t’ >t Is unknown.
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Exogenous information
N

All the information arriving would then be:
w=(w,,,..,o,..)
@, 1s not a random variable (although some people treat it as one). We sometimes
need a random variable which is a function providing the information that might
arrive during time period t. If we do not have a specific variable such as a
price, quantity or demand, we can use the generic notation:
W, = The information arriving in time t.

We use W, because it "looks like" @,. We can also write:

@, =W, (w)
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42.67
46.35
43.17
45.24
47.68
4783
45.11
46.78
43.16
46.57

45.53
43.15
45.16
45.67
46.32
4470
43.67
4498
44.57
45.01

47.07
42.5]
45.37
46.18
46.14
43.05
43.14
44.53
4599
46.73

47.56
40.51
44.30
46.22
41.53
43.77
4478
4542
47.38
46.08

47.80
41.50
45.35
45.69
44.84
42.61
43.12
46.43
45.51
47.40

48.43
41.00
47.23
44.24
45.17
4432
42.36
47.67
46.27
49.14

46.93
39.16
47.35
43.77
4492
44.16
41.60
47.68
46.02
49.03

46.57
41.11
46.30
43.57
46.09
45.29
40.83
49.03
45.09
48.74

Table 2.2

Hustration ol a set of price paths.
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The real power of functions such as Norm. inv(p, j, @) is that it allows us to generate
samples of our random variable W. To do this, we use the presence of a function (again,
available in all computer packages) to generate a random variable that we call [V that is
uniformally distributed between () and 1. In Excel, this function is called Rand (). We can
then generate random observations of our normally distributed random variable W using

W = Norm.inv(U, p, o).

Table 2.1 illustrates ten observations of random variables [/ that are uniformly distributed
between () and 1, and the corresponding samples of normally distributed random variables
with mean () and vanance 1.

An alternative way that some will find more natural is to simply let W; be the new price,
in which we would write

Wit :(??Hl]-

Note that with this style, p; ;1 1s the exogenous information, but we are not writing it with a
hat. The value of the hat notation is that it tells us that a variable is determined exogenously,
rather than being a variable that depends on other random variables. We could let p;; be
the price that arrives exogenously at ime t + 1, but this then requires us to either write
P11 = Pry1,Or Just use 7, 4 as the price (rather than the more compact p, ; 1). Both styles
are correct and just depend on the preference of the modeler.

© 2018 W.B. Powell
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0.8287  0.9491
0.6257  0.3206
().9343 1.5086
0.4879  -0.0303
0.3736  -0.3223
0.8145  0.8947
0.0385 -1.7685
0.0089  -2.3698
0.9430  1.5808
0.3693  -0.3336




2.3 MODELING UNCERTAINTY

We are going to need some way to sample observations of W;. One way 1s to draw samples
from history. Imagine that we are interested in running our simulation over a period of a
year. We could think of getting 10 years of past data, and scaling it so the processes all start
al the same point. This 1s a popular and widely used method for creating samples, since it
avolds making any simplifying modeling assumptions. The drawback is that this only gives
us 10 sample paths, which may represent patterns from history that are no longer relevant.

The second strategy, which we will often use, 1s to estimate a statistical model. For our
basic model, we might assume

Pt+1 = Pt + Et41, (2.13)

where £;41 is normally distributed with mean 0 and some variance o-. In addition to
assuming that £, ; 1s normally distributed, we are also going to assume that the sequence
£1,...,Et,-..are also independent.

Equation (2.13) 1s a pretty basic price model, but it will help illustrate our modeling

framework. Below, we are going to mtroduce some extensions which include a nicher
model.
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® The probability model

The only random process in our basic model is the change in price. There are two ways to
write this. One 1s to assume that the exogenous information 1s the change in price. We can
write this as

Pti1 =  Pri1 — P
This means that our price process is evolving according to
Pry1 = Pet P

We would then write our exogenous information W, ; as

Wii1 = (Pryr)-

To simulate our process, we need to assume a probabilistic model for p, ;. A simple
model would be to assume that $; ; ; is normally distributed with mean 0 and variance 2.
Later we are going to have to simulate observations of W; ; (or p; ; ;). There are a number
ol ways to do this, but most computer languages have provided functions for doing this.
For example, Excel provides the function Norm. inv(p, 1, @), which returns the value w of
a random variable W with mean p and standard deviation o where P|W < w| = p. If we
set f = 0 and o = 1, then if p = .5 we would obtain Norm.inv(.5,0,1) = 0. Similarly,
il p = 0.975, we would obtain Norm. inv(.975,0,1) = 1.96.
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® Discuss:

» How to simulate a normally distributed random variable

» Simulating other distributions
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Evaluating policies
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® Modeling stmulations

» Introduce w notation

» Concept of a sample path
* Purely exogenous information

Wi (), Wa(w), ..., Wr(w)
 Full process with states, actions and new information.
(So, X0, W1, 81, x4, W5, 85, ..., S, X¢, Wisq, oo0)
where x; = X™(S;)
We can also write with iteration n:

SO, x0wtwlt xt, w282, ..., 8™ x™, Wt .
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2.4.1 Policy evaluation

We indicated above that we can evaluate a policy by simulating 1t using

Ziﬂz )X (St(w)).

=1l

where w 1s used to represent a sample path of realizations of whatever exogenous random
variables are used in the model. Table 2.2 illustrates a series of sample paths of prices.
For example, imagine that we are using the “sell-low” policy with #*°/' 1% — $49. Now
consider testing it on sample path w®. The result would be

-

IF'SHII Ef.:l"”.i‘[wn.}} — $41.53’

since $41.53 is the first price that falls below $42. If none of the prices fall below our sell
point, then all of our policies are designed to sell at the end.

We can then evaluate each policy (both the class of policy, and the parameters for that
class) by doing repeated simulations and taking an average. We write this as

1 <L
. E erm (mn}

=1
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Sometimes we need to express a confidence interval, since I 1s nothing more than
a statistical estimate. We would first compute an estimate of the variance of our random

variable I , which we do using

1 N
o V4 T T T 2
T = — F ' (w")—F ).

n=1

. - =1 -
We then get our estimate of the variance of our average I using

From this, we can construct a confidence interval to compare two policies which we might
call 7 and 7P, Let 1171 be the true performance of policy 7, where I is our statistical

estimate of ™. We would like to get a confidence interval for the difference p™ — p”

B

A —
Our best estimate of this difference is (F° — F ). The variance of this difference is

A B A B

Uﬂ}‘{?n _Fﬂ :}:[:5'-" }.g_l_{ﬁ.n ]JL

A 3

_— I
where we assume that the estimates /*  and I are independent, which means that each
policy 1s being tested on a different random sample of prices. When this is the case, we

would compute our confidence interval using

A

rt B _17TA T — Ay — a5y
pto—ut e\ —F +zﬂ\/{a“ 2+ (am )2 .
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A better approach 1s to use the same samples to evaluate each policy. For example,
we could test each policy on the same sample path w chosen from table 2.2). Testing our

policies this way, we would get ™ ! (w) and I ’ () (using the same set of prices py(w)),
and then compute the difference

SEN B(w) = F™ (w) — F™ ().

Now we compute the average difference

N

—A-B 1 "
51r1 — 721"”1 B(mn}}
- n=1
and the variance
1 1 N A-B
_A-B\2 _ SA-Bp, o ny i 2
(05" F) = & N_IZ{M (w™) — 81 )
n=1
A—-RB2

Note that the variance 67 will be smaller than the variance when independent samples
are used. The confidence interval for the difference would then be

—A—RB — :
sut B e (6T + z, VoA B2,
Computing confidence intervals may be useful when companng different classes of
policies. We would not use confidence intervals to decide the best parameter # that governs
a policy.
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2.4 DESIGNING POLICIES

We have already illustrated one policy in equation (2.1) which we called our “sell-low™
policy, which is parameterized by a selling point that we called #5°!' ' Clearly we can
think of other policies. One might be a “high-low™ selling policy, where we want to sell if
the price jumps too high or too low. Let ghigh—low — (glow ghigh This might be written

- - 1 I p; < 8% or p; > Ghiah
_‘X"L"'Hh j:;u](lq”ﬁ.h_ayh .ifJ'HI::I — ] “"t = T and HI. = 1 {2]4)
L 0 Otherwise

A possible objection to this policy could be that it prematurely sells a rising stock.
Perhaps we just want to sell when the stock rises above a tracking signal. First create a
smoothed estimate of the price using

pr= (1 — a)py 1 + apy. (2.15)
Now consider a tracking policy that we might write as

1 I pe = py + 52k
Xtrack(g |gtracky  — | UWt=Tand R =1 (2.16)
L 0 Otherwise

For this policy, we are going to need to tweak our model, because we now need p; in order
to make a decision. This means we would now write our state as

1{;5 — {jﬁhpt:ﬁl)'

We can write our classes of policies as the set F = { “sell—low", “high—low" | “track”}.
For each of these classes, we have a set of parameters that we can write as 6/ for f € F. For
the “sell-low” and “track” there is a single parameter, while 879" 1°% hag two parameters.

Now we can write our search over policies m € 11 in a more practical way as searching
over function classes f € F, and then searching over parameters #/ € 0/, where 67 tells
us the range of possible values (capturing at the same time the dimensionality of 6h).
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® Discuss:

» Tuning parameters of a policy 1s actually its own
sequential decision problem. ©

» For now, let’s just do an ad-hoc search. As the course
unfolds, we will be able to do a better job of this.
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The objective function
|

® Search for the best value of beta

Alpha Beta
0.1 0.60 R X C sum= 5.462638
Price Smoothed
1 8.23 8.23 1 0 0
2 7.57 8.163733 1 0 0
3 6.74 8.021005 1 0 0
4 6.22 7.840923 1 0 0
5 5.88 7.645048 1 0 0
6 5.87 7.467439 1 0 0
7 5.20 7.249638 1 0 0
8 457 6.98159 1 0 0 9.00
9 4.15 6.698608 1 0 0
10 3.62 6.390541 1 0 0 8.00
11 4.04 6.155371 1 0 0
12 3.00 5.848898 1 0 0 7.00
13 2.88 5.551598 1 0 0
14 197 519386 1 0 0 6.00
15 2.95 4.969746 1 0 0
16 3.39 4.812055 1 0 0 5.00
17 4.35 4.765712 1 0 0
18 400 4.6895 1 0 0 4.00
19 4.96 4.716665 1 0 0
20 5.06 4.751376 1 0 0 3.00
21 452 472774 1 0 0
22 5.46 4.801229 1 1 5.462638
23 4.66 4.787369 0 0 0 2.00
24 434 474304 0 0 0
25 4.16 4.684932 0 0 0 1.00
26 4.41  4.65746 0 0 0 0.00 e [ TR UT UV TV UVIVIVUUTIVITUTUTTITTOTIT
27 3.79 4.571039 0 0 0 .
28 3.50 4.463759 0 0 0 1 7 13192531374349556167 73
29 413 4.430225 0 0 0
30 3.91 4.378203 0 0 0
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® Asset selling exercise

» Click on 1image for spreadsheet

WS
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The objective function
N

@® Simulated price process

9.00
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N
2.5.1 Time series price processes

Imagine that we want a somewhat more realistic price process that captures autocorrelation
over time. We might propose that

pry1 = Gope + O1pe—1 + Oopr2 + 441, (2.17)

where we still assume that the random noise =, 1s independent (and identically distributed)
over time. We are also going to assume for the moment that we know the coefficients
0 = (b, th,02).

This change requires a subtle change in our model, specifically the state variable. We
are going to replace our old transition equation for prices, (2.3), with our new time series
model given in (2.17). To compute p; {1, it 1s no longer enough to know p;, we now also
need to know p; 1 and p; 5. Our state variable would now be given by

Sy = (Rypeype 1.0 2)-

For the policies we have considered above, this does not complicate our model very much.
Later, we are going to introduce policies where the additional variables represent a major
complication.
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® Basket of assets

» Imagine that we sell based on an index that reflects a
basket of assets, each of which are evolving on their
own.

» Now the price p; becomes a vector p; = (pg;), i =
1,..,N
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Week 1 - Monday

Adaptive market planning

N
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Narrative
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Narrative
]

3.1

NARRATIVE

There 1s a broad class of problems that involve allocating some resource to meet an uncertain
(and sometimes unobservable) demand. Examples include

Stocking a perishable inventory (e.g. fresh fish) to meet a demand where leftover
inventory cannot be held for the future.

Stocking parts for high-technology manufacturing (e.g. jet engines) where we need
to order parts to meet known demand, but where the parts may not meet required
spectfications and have to be discarded. So, we may need to order eight parts to meet
the demand of five because several of the parts may not meed required engineering
specifications.

We have to allocate time to complete a task (such as driving to work, or allocating
time to complete a project).

We have to allocate annual budgets for activities such as marketing. Left-over funds
are returned to the company.

The simplest problem involves making these decisions to meet an uncertain demand with
a known distribution, but the most common applications involve distributions that are
unknown and need to be learned. There may be other information such as the availability

Ly

A o r .= ™ wwr ™ T L1 = =7
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Narrative
]

The newsvendor problem is typically formulated in the form
max EF(x, W) = E{pmin{z, W} — cx}, (3.1)

where x 15 our decision variable that determines the amount of resource to meet the task,
and where W 1s the uncertain demand for the resource. We assume that we “purchase”
our resource at a unit cost of ¢, and we sell the smaller of :x and W at a price p (which
we assume 1s greater than ¢). The objective function given in equation (3.1) 1s called the
asymptotic form ol the newsvendor problem.

I W was deterministic (and il p > ¢), then the solution 1s easily verified to be z = W.
Now imagine that W is a random variable with probability distribution " (w) (W may
be discrete or continuous). Let FY (w) = ProblW < w| be the cumulative distribution
function. If W is continuous, and if we could compute F(x) = EF(x, W), then the
optimal solution x* would satisfy

dF'(x)

(.
i

T-i

Now consider the stochastic gradient, where we take the derivative of F'(x, W) assuming
we know W, which 1s given by

dF(z, W) p—ec T<W
i o { —i x> W {32}
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Narrative

L
Taking expectations ol both sides give

Edf"[;f:, W)

dx

= (p— c¢)Problz < W| — c¢Problz = W|
= (p—e)(1 - FY(x)) — e¢FY(x)

= (p—¢)— pF%W

= () Forx = x".

We can now solve for £’ (x*) giving

p—c
e

FW(z*) =

Thus, as ¢ decreases to (), we want to order an amount x* that will satisly demand with
probability 1. As ¢ approaches p. then the optimal order quantity will satisfy demand with
a probability approaching ().

This means that we compute (p — ¢)/p, which is a number between 0 and 1, and then
find the quantity =* that corresponds to the order quantity where the probability that the
random demand is less than =* is equal to (p — ) /p.

We have just seen two situations where we can find the order quantity exactly: when
we know W in advance (we might call this the perfect forecast) or when we know the
distribution of W. This result has been known since the 19507s, sparking a number of
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]

® Notes:

» With enough handwaving, we can boil any stochastic
optimization problem down to

EF (x, W)

» The newsvendor problem with the distribution of W 1s
known 1s an instance of a stochastic optimization
problem that we can solve exactly when we can
compute the expectation.

» In this problem, we are going to assume the distribution
of W 1s unknown, but we can adaptively set x™ and
then observe Wn*1
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Stochastic gradient algorithms
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Adaptive market planning

B ]
® Gradient-based stochastic search

» Powertul algorithm, but 1t an important class of
sequential decision problem

|
i

= 2"t Ve F(ae™, W), (3.3)

where x,, 1s known as a stepsize. This algorithm has been widely studied for its asymptotic
behavior, where 1t has been shown that we obtain asymptotic optimality

lim " = x7,
T —» 0
il the stepsize o, satislies
S TP | A (3.4)
Zf}:ﬂ = 00, (3.3)
n—1
[}
Z(uﬂ}? < oo, (3.6)
ri—1

Equation (3.5) ensures that the stepsizes do not shrink so quickly that we stall out on the
way to the optimum, while (3.6) has the effect of insuring that the variance ol our estimate
of =" does shrink to zero.
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Adaptive market planning

e ——
® Stepsize rules

» Harmonic stepsize formula (deterministic

ﬁﬁf’:'p

) step

0 (0°47) — (3.8)

» Kesten’s rule (stochastic)
SLEr f?ﬁr:.‘“
“H{ﬂ et ) fstep L Kn _ ]’ (3.9)
| KT I (VERE, WY TVER( L, W) < 0,
ko= { K" Otherwise (:10)
» Discuss:
* Scaling

* Handling bias (learning) vs. noise (smoothing)
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Adaptive market planning

® Harmonic stepsize rules

-._ *‘; P stap_y
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Figure 3.1 Harmonic stepsizes for different values of #°°°F.
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Basic model

Kesten’s stepsize rule
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Basic model
L

State variables

The state variable captures the information we have at time n that we need, along with the
policy and the exogenous information, to compute the state at time n -+ 1. For our stochastic
gradient algorithm, our state variable 1s given by

St = (z").

Decision variables

The trick with this problem 1s recognizing the decision vaniable. It 1s tempting to think that
x™ 1s the decision, but in the context of this algorithm, the real decision 1s the stepsize «,
(note: while we generally index functions and variables using counter 7 in the superscript,
we make an exception with stepsizes, since o 1s easily confused with raising « to the
power of n). As with all of our sequential decision problems, the decision (that 1s, the
stepsize) 18 determined by what 1s typically referred to as a stepsize rule, but 1s sometimes
called a stepsize policy that we denote by a™ (5™ ).

Normally we introduce policies later, but to help with the understanding the model, we
are going to start with a basic stepsize policy called a harmonic stepsize rule given by
H.‘if!.‘p

.C}.ﬂtf:p i 1

x Frar oo { qn | g* tep }

This 1s a simple deterministic stepsize rule, which means that we know in advance the
stepsize v, once we know ri. Below we introduce a more interesting stochastic stepsize
policy that requires a richer state variable.

We are also going to let X7 (5™) be the value of ™ determined by siepsize policy
a™(S™).
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Basic model
L

Exogenous information

The exogenous information is the random demand W™ " for the resource (product, time

or money) that we are trying to meet with our supply of product ™. We may assume that
we observe W™ directly, or we may just observe whether ™ << W™ orz™ = Wnth
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Transition function
The transition equation, for the setting where & 1s unconstrained, 1s given by
2" = 2™ 40,V Faz", Wt h.. (3.8)
If we require that =™ be in a set X', we write the transition equation as
"t = Ty (2™ + 0, Vo F(z™, W ']] (3.9)

where Iy |x] is the projection operator that maps = into the point in A" that is closest to .

Figure 3.1 illustrates what happens when we step from points :z; and x5 to points y; and
y2 (respectively) to points outside of a set of box constraints of the form = < w. The point
11 just violates one upper bound constraint, so we map back back to that constraint. The
point > violates the upper bound constraint in both dimensions. We fix this by mapping
each dimension of y in order, giving us the corner point.

Figure 3.2 illustrates the process of mapping back onto a budget constraint of the form
11+ x> < B. When we first step to a point y™ ! where y‘i‘“ + yg‘“ > B, we perform the
projection by subtracting a constraint 4 from each dimension. We then find 5 that brings
us back to the budget. This is very easy to do. If we have two dimensions, we first compute
the gap yi""l +y5 1 _ B, then divide by the number of dimensions (two in this example).
We then subtract this number from each dimension of y to get a vector whose sum equals
B.

The process of subtracting [ from each dimension might resultin one or more dimensions
of the updated y becoming negative. If this happens, just set each of the elements of the
updated y to zero, which then gives us another update that is now larger than B. Lock the
dimensions of the updated y that are now zero so they are no longer updated, and repeat
the process.



Derivative-based stochastic search
I

® Mappingtox; +x, < 6

yn+1 — xn + anvxF(xn,WnJrl)
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Derivative-based stochastic search

® Mapping to box constraints

y;”l =z, + aanF(mg,W"”)

./ n+1 _ [L’ln + anvxF(xIZ)Wn+l)
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Basic model
L

® Objective function

. ' . . .
In our market setting, at each 1teration we receive a net benefit given by
F(z™, W™y = pmin{z", W™} — ex™

Since we are experiencing our decisions in a market setting, we want to maximize the total
reward over some horizon. This means we need to find the best policy (which in this setting
means the best stepsize rule) by solving

N-—1
max E { Y F(X7(s™),wm 1}|5'“} . (3.10)

rnn=A(l

where S — SM(gn X 7(8™), Wnt!l) describes the evolution of the algorithm. Here,
7 refers to the type of stepsize rule (e.g harmonic vs. Kesten), and any tunable parameters
(such as §°:P),
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Basic model
L

Equation (3.14) starts with an expectation over the initial state Sp only because we might
have a distribution of belief about something. For example, we might assume that the
demand W is given by

W, = pu+eg

where £; 1s a random variable with some distribution. But what if we do not know u? We
might assume that ;: is some fixed number that is somewhere between 10 and 2(). We might
assume that j: takes on one of a set of values in (11, .. ., ik ), each with initial probability
oy — [;r;n;;}f: .- In this case, we would set Sqp — pp. and the expectation Es,, and would be
computed

E{F(x, W) F(z™N, W)

Sot = EsEw: . wwjsoEg,

Iy

k=1

Figure 3.2 illustrates different rates of convergence for different stepsize rules, showing
F(z™, W™"'') as a function of the number of iterations. If we were optimizing the final
reward in (3.14), we could just pick the line that is highest, which depends on the budget
N. If we are optimizing the cumulative reward in equation (3.13), then we have to focus
on the area under the curve, which favors rapid initial convergence.
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Modeling uncertainty

e
® Observations of W; (or W™) might come from

» Probability distributions.
 This requires that we develop a mathematical model of the
distribution of W. We will return to this topic later.

» Field observations
 We may have a dataset of observations from some exogenous
source.
* We can run our algorithms on these observations without ever
developing a mathematical model.
 This process is known as data driven.
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3.3 UNCERTAINTY MODELING

Let fW (ur) be the distribution of W (this might be discrete or continuous), with cumulative
distribution function K'Y (w) = Prob|lW < w|. We might assume that the distribution
i1s known with an unknown parameter. For example, imagine that W follows a Poisson
distribution with mean p given by

~ ., — i
fw(’-'ﬂj= # [.'r , w=0,1,2,....
w!

We may assume that we know ji, in which case we could solve this problem using the
analytical solution given at the beginning of the chapter. Assume, instead, that ju is
unknown, but with a known distribution

p"; = Problu = py|,

Note that this distribution p* = (p});* |, would be modeled in our initial state S°.
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Policies
]

® Stepsize policies
» Harmonic (deterministic)

A wide range of stepsize policies (often called stepsize rules) have been suggested in
the literature. One of the simplest and most popular is the harmonic stepsize policy given

by
ﬂ stem

fster 4 5 — 1

l:_._tnFl:l'.i-'I"J'n"lI'.IFLI:I'.'{JSIFI |ﬂ.‘|’!-€!i’.?}

Figure 3.2 illustrates the behavior of the harmonic stepsize rule for different values of 0“7,
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Policies
]

® Stepsize policies

» Kesten (stochastic

The harmonic stepsize policy is also known as a deterministic policy, because we know
its value for a given r.. The challenge with deterministic policies is that they are not allowed
to adapt to the data. For this reason, it is often useful to use a stochastic rule. One of the
earliest and simplest examples is Kesten's rule

g sEem

kEesten T | gyl
¥ (S™|07 ) = gt T K1

where K™ is a counter that counts how many times the gradient has switched direc-
tion. We determine this by asking if the product (or inner product, if = is a vector)
(VEF (™, W)U F(2™ 1, W™) < 0. If the gradient is switching directions, then it
means that we are in the vicinity of the optimum and are stepping past it, so we need to
reduce the stepsize. This formula is written

K" (3.12)

K® + 1 If (VEF(z", W) TVER (", W) <0,
K" Otherwise

Now we have a stepsize that depends on a random variable K™, which is why we call it a
stochastic stepsize rule.
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Policies
]

® Stepsize policies
» AdaGrad (stochastic)

Another stepsize rule, known as AdaGrad, is particularly well suited when = is a vector
with element x;, ¢ = 1,...,]. To simplify the notation a bit, let the stochastic gradient
with respect to element x; be given by

g = Vo, F(a" ' Wm).

Now create a [ x [ diagonal matrix " where the (4, ¢)Lh element G is given by

Tis

TiL

GE =) (gP).

=1
We then set a stepsize for the ilh dimension using

T

— 3.13
(AL G

L

where ¢ is a small number (e.g. 10 ® to avoid the possibility of dividing by zero).

» Discuss variable scaling
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Policies
]

® Simulating a policy
» Walk through steps of a simulation
» Represent a sample path of realizations as w
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L
3.5 POLICY EVALUATION

We illustrate policy iteration for both forms of the objective function given above: cumula-
tive reward, where we add up rewards incurred as we are trying each answer =™, and final
reward, where we only care about the performance of the final design, ™.

3.5.1 Cumulative reward

For a given stepsize policy o™ (S™ ), we can simulate the value of the policy. If we assume
that the true mean 18 known, we just simulate asample pathw = (W 1 (w), 'i-'l'g[;;:L ... WN (w)).
If we assume that j is unknown but where Prob|pu = p*| = pf, then we would randomly
sample a truth j(w) from the distribution p*. So, when we refer to a sample path w, we
mean a sample of anything random, whether it is u or the realizations W™ (w).

The performance of the policy from a single simulation is given by

N
FT(w) =Y F(X™(S"(w)), w™).

mn—1

We then will run K of these simulations, where w® is the kth sample path, and take an
average, giving us
— 1 .
F' = —Fr(w").
e FT (W)
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Objective function F{x™, W[”H-!J

Iteration

Figure 3.2 Plot of (=™, W™"") for different stepsize rules, illustrating different rates of
convergence.
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3.5.2 Final reward

We might pose the problem that we are able to simulate this problem in the computer
using observations of W drawn from some distribution which we would have to assume
is known (in order to draw sample realizations). Even in this setting, we cannot run an
infinite number of iterations. Assume we have a budget of N experiments, and let =™
be the solution that our algorithm produces using stepsize rule 7. The solution 2™ is a
random variable, Ilecau:%e it depends on W L ..., W¥. Once we obtain ™", we need to
test it, and we let W be the random variable we use for testing. The problem of finding the
best policy (the best stepsize rule) would then be stated

"I.:lx E{ F(J", "i‘;)lan]} — EH[]EH;*L ..... W |H|J]Ei-i;'|ﬁ'”F(J"H~hr* iT,). (3 I';}
Equation (3.13) starts with an expectation over the initial state Sy only because we might
have a distribution of belief about something. For example, we might assume that the
demand W is given by

Wy = p+eq

where £; 1s a random variable with some distribution. But what if we do not know p?
We might assume that ;2 is some fixed number that is somewhere between 10 and 20. We
might assume that . takes on one of a set of values in (jq, ..., ux ), each with probability

P = (K,

E{F(z,W)|So} = Es,Ewr,_ wn~soEgqF(E™", W)
E{F(z,W)|So} = E.Ew:__ wwEg, Fla™",W)
K
o Z J'I)J;{:EWI yaasyWH |.i‘-_r'lkEﬁ:'|pr—pk F{Iﬂih L I{"}
k=1
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Extensions

3.6 EXTENSIONS

1) Imagine that we do not know g, but let’s assume that 2 can take on one of the

values (juy, jia,. .., jtic). Let H™ be the history of observations up through the nth
experiment, and let H" be the initial empty history. We assume we start with an
initial prior probability on s« that we write as

pr = Problp = e |H"].
After we have observed W', ... W™, we would write our updated distribution as
pi = Problp — pg|H™].

We can update p™ — (p}')i_, using Bayes theorem

pitt = Probp = pp W™t —w, H" (3.14)

_ ProbWmtt = wip = p, H*|Problu = el H"] 5 |
Prob[Wn+l — w|H"| ‘

B P'f'ﬂb[ﬁ"“"’l = w|p = pg|pi (3.16)

Prub[l’V”"‘l = w|H™]

where

K
Prob[W™ ! — w|H"] = z Prob[W™ ! — w|p = pg]pk.
k=1

With this extension to the basic model, we have two probability distributions: the
belief on the true mean p, and the random demand W given p. To include this
extension, we would have to insert p™ into our state variable, so we would write

L51""- — {:ﬂﬂ‘ '.””-)q



Extensions
]

2) Imagine that our problem is to purchase a commodity (such as oil or natural gas) in
month n to be used during month n + 1. We purchase the commodity at a unit cost
¢, and sell it up to an unknown demand D! at an unknown price p"*'. We would
write our objective for this problem as

FI’I(JLH‘ wn f l} o P“ 1 ”I.:-I.:”{:”irl1 ,’JT” I]I cr™ (3 I?}

mn+1

For now, assume that p™ ' is independent of p”, and that D™ is independent of

D",

a) For the model in equation (3.17), give the state variable S™ and the exogenous
information variable W™,

b) Give the stochastic gradient algorithm for this problem, and show that it is
basically the same as the one when price was constant.
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]

3) Now assume that our objective is to optimize
F'(z™, W™ty = p"min(z", D") — cx™, (3.18)

The only difference between equations (3.18) and (3.17) is that now we get to see
the price p" before we choose our decision ™. We know this by how the price is
indexed.

a) For the model in equation (3.18), give the state variable S™ and the exogenous
information variable W".

b) Give the stochastic gradient algorithm for this problem. Unlike the previous
problem, this gradient will be a function of p™.

The situation where the gradient depends on the price p™ i1s a fairly significant
complication. What is happening here is that instead of trying to find an optimal
solution =* (or more precisely, ™), we are trying to find a function ™" (p).

The trick here is to pick a functional form for 2™ (p). We suggest two alternatives:

Lookup table - Even if p is continuous, we can discretize it into a series of discrete
prices pi1, ..., pk . where we pick the value pi. closest to a price p™. Call this
price pj.. Now think of a stochastic gradient algorithm indexed by whatever p,
is nearest to p™. We then use the stochastic gradient to update =" (p} ) using

™t I[p;:} = a"(pp) + ay Vo F" (2", W" .

Of course, we do not want to discretize p too finely. If we discretize prices
into, say, 100 ranges, then this means we are trying to find 100 order quantities
=™~ (p), which would be quite slow.
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[

Parametric model - Now imagine that we think we can represent the order quantity
™™ (p) as a parametric function

2N (pl) = b+ bip + b2p™. (3.19)

When we use a parametric function such as this, we are no longer trying to find
the order quantity =™%; instead, we are trying to find # that determines the
function (in this case, (3.19)). Our stochastic gradient algorithm now becomes

dF™(z™N (pn|om), Wntl)

H"+l . [—}'ﬂ . .
+ xy 7
ny{. . m,N njgn rn+1 TN ngn
B H“—F(IndF (=™ (p™]e™), W ) dx™ (p™|# }
dr df

Remember that 8™ is a four-element column vector, while =™ is a scalar. The
first derivative is our original stochastic gradient

dx

dF™(z™N (p|om), Wntl) B {p—c r<W

The second derivative is computed directly from the policy (3.19), which is
given by

do™ N EF'" am )

dfly

a N gn de™ N (pm|0m)
de™ ™ (p™|o0™) B . T

riﬁ (I;r""N[E-" a™)

rliﬂg
r.f:'" N [Fh ”su ]
il y
|
I}h
{;”u }H,;
0 (p™)% In p"

O LU10 VVW.D. FrOwcll
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Statistical modeling
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® Three core approximation architectures

» Lookup tables

» Parametric models
 Linear in the parameters
« Nonlinear (in the parameters)

» Nonparametric
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Approximating strategies
N

® Lookup tables

» Independent beliefs
ty *EF(X\W) X e{X,... Xy |

1
» Correlated beliefs |
* A few dozen observations can |
teach us about thousands of
points.
;

» Hierarchical models

 Create beliefs at different levels of .
aggregation and then use weighted
combinations
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Approximating strategies
N

® Parametric models

» Linear models A
(x16)=2_6,4: (%)

feF
e Might include sparse-additive, >
where many parameters are zero.

» Nonlinear models
e%+@@(@+m

l1+e
+1 if p, < O A
X ﬂ(st |0) —J 0 lf Hcharge < pt < edischarge

F(x]0)=

Oy +0,¢ (X)+...

-1 ifp, > G

 (Shallow) Neural networks, ...
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Approximating strategies

® Nonparametric models

» Kernel regression
* Weighted average of neighboring

points A A

 [imited to low dimensional P
problems

» Locally linear methods
 Dirichlet process mixtures
« Radial basis functions

» Splines

» Support vector machines

7
%
t >0

A% 9.9, 1
PN TN
B RX
)

§ % A\ O

» Deep neural networks
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Lookup tables

Frequentist
Bayesian — Independent
Bayesian - correlated
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Lookup tables

e —
® Frequentist updating - Batch

variance of W. We know from elementary statistics that we can write 4™ and 5™ using

1 n
n o = rm ;
pto= = You (3.4)
m=1
1 n
~2n rm ny2
= Wwm — ! 3.5
0 n—1 mzzl( ¥ ) ( )

The estimate p" is a random variable (in the frequentist view) because it is computed from
other random variables, namely W' W2 ... W™, Imagine if we had 100 people each
choose a sample of n observations of W. We would obtain 100 different estimates of p",
reflecting the variation in our observations of W. The best estimate of the variance of the
estimator p" is easily found to be

F2M — 15.2.:&_

n

The estimate ;™ is a random variable (in the frequentist view) because it is computed from
other random variables, namely W1t W=, . ., W™ Imagine if we had 100 people each
choose a sample of n observations of W. We would obtain 100 different estimates of p™,

reflecting the variation in our observations of W. The best estimate of the variance of the
estimator p" is easily found to be

Note that as n — 0o, 7™ — (. but 72" — 02 where o2 is the true variance of W. If o2

is known, there would be no need to com%u%ii;‘\'{]%n a%" would be given as above with

a2n 2 owell

-



Lookup tables

e —
® Frequentist updating - Recursive

The estimate ;1™ is a random variable (in the frequentist view) because it is computed from
other random variables, namely W' W2, . | W™, Imagine if we had 100 people each
choose a sample of n observations of W. We would obtain 100 different estimates of p”,
reflecting the variation in our observations of W. The best estimate of the variance of the
estimator i is easily found to be

Note that as n — oo, %™ — 0, but 62" — o2 where o7 is the true variance of W. If o2
is known, there would be no need to compute 2™ and 7> would be given as above with

('T‘.!.u — {]‘2.
We can write these expressions recursively using
ut = 1—l " +ll-'l"" (3.6)
n n B
{}.2,” i %Ilil'" - ""”_l )2 n= 2‘ (-} ?,
= ::_:;'Elr-rﬁ,n—l +%{”‘n _”ﬂ—l}'}! n>92. % B

We will often speak of our “state of knowledge™ which captures what we know about the
parameters we are trying to estimate. Given our observations, we would write our state of
knowledge as

K™ ={p™&"".n).

Equations (3.6) and (3.7) describe how our state of knowledge evolves over time.
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Lookup tables

e ——
® Bayesian — independent beliefs o
» Discuss Bayesian setting |

After observing W™+, the updated mean and precision of our estimate of x is given by

; e _ Iﬁrlpll e .-'511_ ”.’n—}—] (1’ 8}
g+ W
J.3?1-+~1 = 51‘1 —+—.,;_'3“'. (39}

Equation (3.8) can be written more compactly as
pit = (IR (R g ), (3.10)

There is another way of expressing the updating which provides insight into the structure
of the flow of information. First define

(,u",,b’") is called a "sufficient statistic" - same 72" = Var" It ”+]] (3.11)
as a state variable. = Var® [“n—l—l _ p_n] (3.12)

where Var"[:] = Var[-|W?!,...,W"] denotes the variance of the argument given the
information we have through n observations. For example,

Vurﬂ [#r11 = D
© 2018 W.B. Powell



Lookup tables

e —
® Bayesian — independent beliefs

The parameter 2" can be described as the variance of ™! given the information
we have collected through iteration n, which means the only random variable is W"*1,
Equivalently, %™ can be thought of as the change in the variance of p™ as a result
of the observation of W"+1, Equation (3.12) is an equivalent statement since, given the
information collected up through iteration n, p" is deterministic and is therefore a constant.
We use equation (3.12) to offer the interpretation that 52" is the change in the variance of
our estimate of the mean of .

It is possible to write %" in different ways. For example, we can show that

g = g —ghtt (3.13)
(G.Q.ﬂ }
= 5 (3.14)
.I. + in* /gz.n
Equations (3.14) and (3.15) come directly from (3.13) and (3.9), using either variances or
precisions.
Just as we let Var™[-] be the variance given what we know after n measurements, let E"
be the expectation given what we know after n measurements. That is, if W1, ..., W™ are

the first n measurements, we can write

Etuttl = E(u"t|Wi,.. ., W) =u®,

© 2018 W.B. Powell



Lookup tables

e —
® Bayesian updating — correlated beliefs

B EXAMPLE 3.1

We are interested in finding the price of a product that maximizes total revenue. We
believe that the function R(p) that relates revenue to price is continuous. Assume
that we set a price p™ and observe revenue R™*! that is higher than we had expected.
If we raise our estimate of the function R(p) at the price p", our beliefs about the
revenue at nearby prices should be higher.

B EXAMPLE 3.2

We choose five people for the starting lineup of our basketball team and observe total
scoring for one period. We are trying to decide if this group of five people is better
than another lineup that includes three from the same group with two different people.
If the scoring of these five people is higher than we had expected, we would probably
raise our belief about the other group, since there are three people in common.

B EXAMPLE 3.3

A physician is trying to treat diabetes using a treatment of three drugs, where she
observes the drop in blood sugar from a course of a particular treatment. If one
treatment produces a better-than-expected response, this would also increase our

belief of the response from other treatments that have one or two drugs in common.
© 2018 W.B. Powell



Lookup tables

® Bayesian updating — correlated beliefs

Let ;7' be our belief about alternative x after n measurements. Now let

Cov"(ptg, pty) = the covariance in our belief about ¢, and 1.

We let X" be the covariance matrix, with element £3, = C'ov™(f1z, tyy). Just as we defined
the precision 3 to be the reciprocal of the variance, we are going to define the precision
matrix B™ to be

B" — {'Zn)—l.

Let e, be a column vector of zeroes with a 1 for element z, and as before we let W1 be
the (scalar) observation when we decide to measure alternative z. We could label W +!
as W1 to make the dependence on the alternative more explicit. For this discussion, we
are going to use the notation that we choose to measure =™ and the resulting observation
is W1 If we choose to measure =™, we can also interpret the observation as a column
vector given by W™ 'e,.. Keeping in mind that 4™ is a column vector of our beliefs
about the expectation of ,., the Bayesian equation for updating this vector in the presence
of correlated beliefs is given by

p,“+1 s (Bnel )—I (Bn#ﬂ & II.j;H" Ii’ﬂl-l_le;r" ) . (3 1?)
where B"*1 is given by

Bl = (B™+8Wesm(en)T). (3.18)
© 2018 W.B. Powell



Lookup tables

e —
® Bayesian updating — correlated beliefs

Let AW = o, = 1/8" be the variance of our measurement W"*!. We are going to
simplify our notation by assuming that our measurement variance is the same across all
alternatives z, but if this is not the case, we can replace A" with A}V throughout. Using
the Sherman-Morrison formula, and letting » = 2™, we can rewrite the updating equations

ds
i ﬁrn——l .y Ju[n
n E - n T s n
p (e = p + W r s ex, (3.20)
YN, , \T'yn
n4l, . n — {-I{fIJ <
) = - Sy (3.21)

where we express the dependence of ™! (z) and £¥"+!(z) on the alternative = which we

have chosen to measure.
To illustrate. assume that we have three alternatives with mean vector

20
#n = 16
22

Assume that A" = 9 and that our covariance matrix £" is given by

12 6 3
=16 7 4
3 4 15
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Lookup tables

® Bayesian updating — correlated beliefs

Assume that we choose to measure r = 3 and observe W
equation (3.20), we update the means of our beliefs using

.“ln—kl(g)

16 | + -
929 9+ 15

20 9
01 19-2 [ o

207 .[3
16 | +—| 4
22 |
19.625

15.500 | .
20.125

© 2018 W.B. Powell
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Lookup tables

e —
® Bayesian updating — correlated beliefs

The update of the covariance matrix is computed using

b e 1

12 6
6 7
3 4
12 6
6 7
3 4
12 6
6 7
3 4
12 6
B &
3 4
[ 11.625
5.500
1.125

3
4
15

J

J L

=

5.500
6.333
1.500

[1:3 6 3 0 i2 6 3
6 7 4 01001 | 6 7 4
[3 4 15 1 3 4 15
9+15

g | & ]

= 4 {[3 4 15]

| | 15 J

, [ 9 12 &
~— |12 16 60

A1 45 60 225

0.375 0.500 1.875

0.500 0.667 2.500

1.875 2500 9.375

1.125

1.500

5.625
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Correlated beliefs

L
B After four measurements:

Estimated concentration Knowledge gradient

Value of another measurement
Measurement at same location. New optimum

Y
0.35 -

Pl _
. 0.25 - et

» Whenever we measure at a point, the value of another measurement at the
same point goes down. The knowledge gradient guides us to measuring
areas of high uncertainty.
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Correlated beliefs

]
B After five measurements:

Estimated concentration Knowledge gradient
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[Linear models
]

@ Examples:
y = o+ Oixi+e. (3.38)

The variables x; might be called independent variables, explanatory variables, or covariates,
depending on the community. In dynamic programming where we want to estimate a value
function V™ (S; ), we might write

V(S|0) =) 0564(5),
feF

In fact, if we write our policy of the form

X™(S:/0) =D _ 056¢(S:),
JEF

we would refer to X ™(.S;|#) as an affine policy (“affine” is just a fancy name for linear, by
which we mean linear in #).

» Independent variables, covariates, basis functions
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[Linear models
]

3.4.1 Linear regression review

Let y™ be the n'® observation of our dependent variable (what we are trying to predict)
based on the observation (z7, 25, ...,27) of our independent (or explanatory) variables
(the x; are equivalent to the basis functions we used earlier). Our goal is to estimate a
parameter vector # that solves

n 1 2
111311 Z (ym — (6o + Z; 9:3‘?]) : (3.39)

m=1

This is the standard linear regression problem. Let p¢™ be the optimal solution for this
problem. Throughout this section, we assume that the underlying process from which the
observations y™ are drawn is stationary (an assumption that is almost never satisfied in
approximate dynamic programming).

If we define g = 1, we let
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[Linear models

Letting # be the column vector of parameters, we can write our model as
y=0"z +-¢.

We assume that the errors (=, ..., =") are independent and identically distributed. We do

not know the parameter vector f/, so we replace it with an estimate # which gives us the
predictive formula

where §" is our predictor of 3" ', Our prediction error is
=y — (6)T2".

Our goal is to choose # to minimize the mean squared error

n
. m T my\2
min ,,,Z_lly 0 z™)“. (3.40)
It is well known that this can be solved very simply. Let X™ be the n by I + | matrix
3 o o
e _ s 2§ Ti
Tg I} Ty

Next, denote the vector of observations of the dependent vanable as

yq
-
Y*= i
yﬂ
The optimal parameter vector & (after n observations) is given by
§ = [(xX)TX"(x™)TY™ (3.41)
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[Linear models
]

® Recursive least squares-Stationary data

3.5.1 Recursive least squares for stationary data

In the setting of adaptive algorithms in stochastic optimization, estimating the coefficient
vector 6 using batch methods such as equation (3.46) would be very expensive. Fortunately,
it is possible to compute these formulas recursively. The updating equation for @ is

g" =6" ' — H"p"<", (3.47)

where H™ is a matrix computed using

H" = —B" 1, (3.48)

=Tl

The error £™ 1s computed using
M =TV (") — "™ (3.49)

Note that it is common in statistics to compute the error in a regression using “actual minus
predicted” while we are using “predicted minus actual” (see also equation (17.21) above).
Our sign convention i1s motivated by the derivation from first principles of optimization.
B™~1is an | F| by | F| matrix which is updated recursively using

Bra. — Bu—l - %tBu—lmfa{ﬁ}lle'Bn—l } [350}

y™ is a scalar computed using

A" = 14 (0" }T B I#.-}Tt_ (3.51)
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Nonlinear models

Sampled nonlinear models
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B
® Nonlinear models

» This means “nonlinear in the parameters™

» Examples:
* Logistic regression

e_gil(x_eiz)

R(X|‘9i):‘9io1

4+ e_el(x_eiz)

« Parametric rules (energy storage)

-

+1 if p, < @
X ﬂ(St | 9) —J O lf echarge < pt < gdischarge
1 ifp, > g

.
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@ Fitting a nonlinear model.

» Solving the fitting problem of a linear model is easy

n

I 2
i Z (y — (6o + ; 0;x; }) . (3.39)

m=1

» Solving nonlinear problems is much harder (see next slide).
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® Maximum likelihood estimation for nonlinear problems

The most general method for estimating nonlinear models is known as maximum likelihood
estimation. Let f(x|@) the function given #, and assume that we observe

y = f(x|f) +e€
where € ~ N (0, a?) is the error with density

w?
]') _
QMo 202"

fi(w) =

Now i |mas:1nc that we have a set of observations (y". x ”‘,I;T:l. The likelihood of observing
(U }ﬂ 1 is j:l\-'ﬂl'l b}’

{U“ - nl(”

L(y|z,0) = IV, exp )J_

It is common to use the log likelihood £L(y|x, #) = log L(y|xz, @), which gives us

L(y|lz,0) = E:

n=1

— f(z"9)), (3.68)

ETJ

where we can, of course, drop the leading constant le_w when maximizing L(y|x. ).
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® Fitting a nonlinear model using sampled beliefs:

» Assume our nonlinear model is a logistic function:

e—l91(X—492)

1+e

fY(x|6)= = Prob[Accept price X]

—6,(x=6,)
» We charge a price y" and then observe the customer
response of W™t1 = 0/1 (decline or accept the price).

» For this course, we are going to handle nonlinear problems

using the technique of a sampled belief model.
* Let f(x|@) be our nonlinear function, and assume that § €

{04,0,, ...,0¢}.
« Let p; = Prob[6 = 0} after n iterations (or, given the history H™).

 Assume we observe the customer accepting our price, so Wnt! = 1.
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L
@ Fitting a nonlinear model using sampled beliefs:
» Update probabilities using Bayes theorem:

p. =Prob[0=6, (W™ =1,H"]
_ Prob[W™' =10 =0,,H"Prob[6=0, |H"]
Prob[W "™ =1|H"]
_ Prob[W™ =1|0=6,]p,
Prob[W "™ =1|H"]

K
Prob[W"'1|H"]=) Prob[W""' =1|6=6,]p;
k=1

» It 1s often the case that the denominator of Bayes theorem can be
hard to compute. By using our sampled belief model, it 1s
relatively easy.
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Learning with a sampled belief model
N

® A sampled belief model

45

e_‘9i1(X—‘9i2)

’ R(x|6) =6,

~0,(x=6,,)
. +e e

3 ‘9| :(Himeil’eiz)

Response

o0 o001 02 03 04 05 06 Oy OB 0% 1 11 12 13 14 15 16 17 18 1% 2

Concentration/temperature

Thickness proportional to p;
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Learning with a sampled belief model
N

® Possible experimental outcomes

Response

45

3.5

25

15

o )
(92 s Possible
responses
0, P
= ’ 6'4

o0 o001 02 03 04 05 06 07y OB 0% 1 11 12 13 14 15 18] 17 18 18% 2

Concentration/temperature = x

Thickness proportional to p;
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Learning with a sampled belief model
N

® Running an experiment — here we see the actual

I

Response

1

45

4

3.5

3

25

2

15

92

o<— Actual response

o0 o001 02 03 04 05 06 07y OB 0% 1 11 12 13 14 15 18] 17 18 18% 2

Concentration/temperature

Thickness proportional to p;
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Learning with a sampled belief model
N

® Updated posterior reflects proximity to each curve

45

4

3.5

3 91
<P
17/]
g 25
= 6
@ 2 s
=

15

93

1

0.5 4

0

0 01 02 03 04 05 086 07 OB 09 1 11 12 13 14 15 161 17 18 189 2
Concentration/temperature X" = p"

Thickness proportional to p,
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Hierarchical aggregation

Defer to later
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Approximate dynamic programming
I 20000000 |

& Pre-decision state: we see the demands

{ $35
N
\ N b
N 3300
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Approximate dynamic programming
I 20000000 |

< We use 1nitial value function approximations. ..

V'(MN)=0

VO(NY)=0

V’(C0)=0 $35

N ¥15
V°(CA)=0

N\ $
U s300
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Approximate dynamic programming
I 20000000 |

. 1
< ... and make our first choice: X

V°(MN)=0

VO(NY)=0

V’(C0)=0 $35

N ¥15
V°(CA)=0

N
L s300

© 2018 W.B. Powell



Approximate dynamic programming
I 20000000 |

< Update the value of being in Texas.

V°(MN)=0

VO(NY)=0

V’(C0)=0 $35

N ¥15
V°(CA)=0

N
L s300

V'(TX) =450

© 2018 W.B. Powell



Approximate dynamic programming

L |
< Now move to the next state, sample new demands and make a new

decision
V°(MN)=0
{ 180 -
. VO(NY)=0
v (C9) =0l $400
N\
V°(CA)=0
D
V'(TX) =450

S =( 1B
t+1 t_|_19t+1

© 2018 W.B. Powell



Approximate dynamic programming

< Update value of being in NY

AN

V°(CA)=0

180
V(NY) = 600

V°(MN) =0
v (C9) =0l $400
V'(TX) =450
CA

© 2018 W.B. Powell




Approximate dynamic programming
L |

< Move to California.

V'(MN) =0
{ 7°(CO) =0 V(NY) =600
\ 1132%/
V°(CA) =044
T
$350 .
g V'(TX) =450

S =( > 5.
t+2 t+29t+2
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Approximate dynamic programming

I 20000000 |
« Make decision to return to TX and update value of being in CA

V’(MN)=0
{ 7°(COY =0 V7(NY) =500
N LZO
V ’(CA) =800
/
350
V'(TX) =450

S =( > 5.
t+2 t_|_29t+2

© 2018 W.B. Powell



Approximate dynamic programming
B 20000 |

< Updating the value function:

Old value:
V'(TX) =$450

New estimate:
'a (TX)=$800

How do we merge old with new?
VITX)=1-a)V'(TX)+(a)V*(TX)
= (0.90)$450+(0.10)$800
=$485

© 2018 W.B. Powell



Approximate dynamic programming
I 20000000 |

< An updated value of being in TX

V°(MN)=0

V’(NY) =600

V’(C0)=0 $38

N 80
V°(CA) =800

N g5 ;

V'(TX) =485

S —(TX D, .)
t+3 1:_|_3’t+3

© 2018 W.B. Powell



Approximate dynamic programming
L — |

decision d

Resource attribute:

a ="State" that the trucker 1s currently in
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Approximate dynamic programming
I 20000000 |

decision d’
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Approximate dynamic programming
L |

v(a,)? V(a,)?
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Approximate dynamic programming
L |
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Approximate dynamic programming
L |

)
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Approximate dynamic programming
L |

<

NE

Vpp = vNE PA
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Aggregation level  Location  Fleettype Domicile Size of state space

0 Sub-region Fleet Region 400 x 5 x 100 = 200, 000
Region Fleet Region 100 x 5 x 100 = 50, 000
Region Fleet Zone 100 x 5 x 10 = 5,000
Region - 100 x 5 x 1 = 500
- 10x1x1=10




Loc
Equi
Homl: = max (C(s, a) + V(SM (s, a)))‘
DOThrs "
Days

We now wish to use this estimate of the value of a driver with state s to produce value
functions at different levels of aggregation. We can do this by simply smoothing this
disaggregate estimate in with estimates at different levels of aggregation, as in

Loc (1) s (1)
o™ | Equip = (1-ay, )0V | Equip | +a;, 9

Home Home

2) _(2.n— Loc
(1 —ag.;]l—l)ﬂ(lﬂ 3 ( qu.lip

| Equip
(1- af,]l_l)ﬂta‘“_” ( Loc )+ afi_lﬁ Home
DOThrs

Days




Approximate dynamic programming
|
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3.3.4 Combining multiple levels of aggregation

Rather than try to pick the best level of aggregation, it is intuitively appealing to use a
weighted sum of estimates at different levels of aggregation. The simplest strategy is to use

o =) wWol?, (3.34)
9cG

where w'9) is the weight applied to the g*" level of aggregation. We would expect the
weights to be positive and sum to one, but we can also view these simply as coefficients in
a regression function. In such a setting, we would normally write the regression as

V(s|) =60+ _ 6,0,

geG




ﬂ: — Z wgg}-ﬁigvn) .

geg

'wﬁgj x ((53){9.'1))_1

Since the weights should sum to one, we obtain

-1

(9) —
w,” = ( 52){9,71)) (Z (@em | - (3.33)

These weights work if the estimates are unbiased. which is clearly not the case. This is
easily fixed by using the total variation (variance plus the square of the bias), producing the
weights

1 1

((32)@,,1; +(u(91 })2) g,g_; ((52)(9:,,1)_'_ (ﬂ(g ,n})z)

w‘ggi"} —




Original function

Agagregated function

7" = Bias

—ig.n

= Aggregate value estimate

= attribute selected




A" = p(n) + €,

where Ec™ = 0 and Var|c"] = o2, Previously, ™ was the error between our previous
estimate and our latest observation. Here, we treat this as an exogenous measurement error.
With this model, we can compute the variance of ;" using

Var[i"] = A"0?, (3.22)

where A™ can be computed from the simple recursion

(an—‘l)zs n= 1-
A" = 3.23
{(1 —an—1)2A" 1 + (an—1)?, n>1 ey

To see this, we start with n = 1. For a given (deterministic) initial estimate ”, we first
observe that the variance of i’ is given by

Var[p'] = Var|(l — ao)i® + apfi']
(ao)*Varla']

(00)202.

For fi" for n > 1, we use a proof by induction. Assume that Var[i" ] = A" a2, Then,
since ji"~! and i"™ are independent, we find

Var[p"] = Var [(1 — an—1)p" "' + an—1 "]
T (1 i an—l)zvar [p'n—ll + (an—l)zvarlﬁn]
= (1—apn-1)’A""10? + (ay—1)%0? (3.24)
p Yol ol (3.25)

Equation (3.24) is true by assumption (in our induction proof), while equation (3.25)
establishes the recursion in equation (3.23). This gives us the variance, assuming of course
that o2 is known.




situation of approximating value functions where the true value is evolving (for example,
it may be increasing) over the iterations. To avoid confusion with our static notation, we
are going to use ji} as our estimate of this time-varying function at z. We are then going
to let ji! be a noisy observation of mu(n),.

We will use the following recursive formula for ji™ (for any point x)

ﬂﬂ e {1 s Il:‘i‘:'t—l)r']ﬂ—l +an—1:&nt

where (1" = p(n) +€" is an unbiased observation (that is, E4"™ = p(n)) which is assumed
to be independent of ;" ~'. We note that when we are trying to estimate a static function
such as EF (x, W), the parameter we are trying to estimate, pi.(n) = p, = EF(z, W)
is static. However, when we are trying to estimate a value function as we illustrated in
equation (3.2), then we are trying to estimate a parameter fi; that actually varies with n.
We will see this behavior, first in chapter 14 when we introduce basic dynamic programs,
and then in chapters 17 and 18 when we cover approximate dynamic programming.

We are interested in estimating the variance of p™ and its bias, which is defined by
p" ' — ™. We start by computing the variance of ;. We assume that our observations
of ™ can be represented using

p" = p(n) + ",

where Ec” = 0 and Var|c"| = 2. Previously. c" was the error between our previous
estimate and our latest observation. Here, we treat this as an exogenous measurement error.
With this model, we can compute the variance of ;™ using

Var[i"] = A"o?, (3.22)




Var[p"] = A\"o2,

where A™ can be computed from the simple recursion

n__ (&n—l)zﬂ n=1,
= {(1 — bty 1 PA T 4 (a4, B> L G.5)

To see this, we start with n = 1. For a given (deterministic) initial estimate u°, we first
observe that the variance of ' is given by

Var[i'] = Var[(1 - ao)i® + aofi']
(ap)*Varji']

— ({lu )zﬁfz.

For ji" for n > 1, we use a proof by induction. Assume that Var[i" '] = A" g2, Then,
since fi" ! and /1" are independent, we find

Var[i"] = Var|[(1 - an-1)p" "' + an—1"]
(1 = an—1)*Var [f" '] + (an—1)*Var[a"]
= (1-an-1)’A""'0? + (ap-1)%0? (3.24)
= A"’ (3.25)

Equation (3.24) is true by assumption (in our induction proof), while equation (3.25)
establishes the recursion in equation (3.23). This gives us the variance, assuming of course
that o2 is known.




The bias of our estimate is the difference between our current estimate and the true
value, given by

ﬁn - E[ﬂ'ﬂ_ll o pn.

We note that i" ! is our estimate of u™ computed using the information up through
iteration n — 1. Of course, our formula for the bias assumes that j¢(n) is known. These
two results for the variance and bias are called the parameters-known formulas.

We next require the mean-squared error, which can be computed using

E [(a"-i - ,u(n))?] = A"1g2 4 (872 (3.26)

See exercise 3.3 to prove this. This formula gives the variance around the known mean,
p". For our purposes, it is also useful to have the variance around the observations ji1". Let

V" —F [(ﬁn-—-l . ﬁn)2]

be the mean squared error (including noise and bias) between the current estimate ji" "
and the observation ji". It is possible to show that (see exercise 3.4)

" = (14 A" YHe? + (8")2, (3.27)
where A" is computed using (3.23).




In practice, we do not know o2, and we certainly do not know p(n). As a result, we
have to estimate both parameters from our data. We begin by providing an estimate of the
bias using

B" = (1 =n—1)B" " + s (A" — ™),

where 7,1 1s a (typically simple) stepsize rule used for estimating the bias and variance.
As a general rule, we should pick a stepsize for 1, which produces larger stepsizes than
(rp,—1 because we are more interested in tracking the true signal than producing an estimate
with a low variance. We have found that a constant stepsize such as .10 works quite well
on a wide range of problems, but if precise convergence is needed, it is necessary to use a
rule where the stepsize goes to zero such as the harmonic stepsize rule (equation (6.12)).

To estimate the variance, we begin by finding an estimate of the total variation »™. Let
7" be the estimate of the total variance which we might compute using

7" = (1= -1)7" " +1a (A" — ")
Using #™ as our estimate of the total variance, we can compute an estimate of o2 using
g — (5!1}2
We can use (™)? in equation (3.22) to obtain an estimate of the variance of p".
If we are doing true averaging (as would occur if we use a stepsize of 1/n), we can get

a more precise estimate of the variance for small samples by using the recursive form of
the small sample formula for the variance

n—2
n—1

{an)z i

s2vn— 1 _n-— ~Th
(63" = (6%) 1+;(,u s NS (3.28)

The quantity (52)™ is an estimate of the variance of /i". The variance of our estimate ™)
is computed using

1
(ﬁﬂ)ﬂ = ﬁ,?}ﬂ-



Loc
Equip
Home | =max (C(s,a)+V(SM(s,a))).
DOThrs %
Days

We now wish to use this estimate of the value of a driver with state s to produce value
functions at different levels of aggregation. We can do this by simply smoothing this
disaggregate estimate in with estimates at different levels of aggregation, as in

Loc

Loc Equip

Loc
o™ | Equip (1-al)_ otV | Equp | +al’)_#| Home

s,n—

Home Home DOThrs
Days

Loc

ui
0(21'“} LOC A Eq p
Equip Equi DOTI
Days
Loc
Equip
1-a)_ o@D (Loc )+al) 9| Home
DOThrs
Days




We can estimate the variance of 7.7 using the techniques described in section 3.3.2.
Let

(s2)19") = The estimate of the variance of observations made of state s,
using data from aggregation level g, after n observations.

(52)(9™) is the estimate of the variance of the observations © when we observe a state 5"
which aggregates to state s (that is, G9(5™) = s). We are really interested in the variance

of our estimate of the mean. 7.9°™. In section 3.3.2. we showed that
(53){9.!1} - Var[ﬁ_&g’”]]
= ,\ggm) (33){9,11]‘ (3.30)

where (s2)(9™) is an estimate of the variance of the observations 0] at the ¢g'" level of
aggregation (computed below), and A9 can be computed from the recursion

Algm) — (ﬂfr{—l):w . n=1,
5 3] =
(i-a PR fa® B pxi

or<1 A9™ will also goto zero, as will (52)(9:7),

We now need to compute (s2)(9:") which is the estimate of the variance of observations ™
for states s™ for which G9(5™) = s (the observations of states that aggregate up to s). Let

9™ be the total variation, given by

Note that if the stepsize a'? goes to zero, then

ﬁig,n) _ (1 . ﬂn—l)ﬂg’q’n—l} L8 nn—l(ﬁ}rg’ﬂ_” - ﬁ:)zu

where 7),, -1 follows some stepsize rudejyhigianiy kg just a constant). We refer to 7™ as




where 77,1 follows some stepsize rule (which may be just a constant). We refer to 77" as
the total variation because it captures deviations that arise both due to measurement noise
(the randomness when we compute ©”) and bias (since 291 s a biased estimate of the
mean of 07).

We finally need an estimate of the bias. There are two types of bias. In section 3.3.2 we
measured the transient bias that arose from the use of smoothing applied to a nonstationary
time series using

This bias arises because the observations ©™ may be steadily increasing (or decreasing)
with the iterations. When we smooth on past observations, we obtain an estimate ﬂﬁg’“_ 2
that tends to underestimate (overestimate if ©" tends to decrease) the true mean of ©™.
The second form of bias is the aggregation bias given by the difference between the
estimate at an aggregate level and the disaggregate level. We compute the aggregation bias

using
plem™) = gplon) _ p(0m), (3.32)

Using the same reasoning presented in section 3.3.2, we can separate out the effect of bias
to obtain an estimate of the variance of the error using

(3.33)




Weight on %

.

Weight on most aggregate levels
MM g

[terations




Neural networks

Skip for now
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Up to now, we have considered approximation functions of the form

V(S)=)_ 0704(5),

JeF

where F is our set of features, and (¢ ¢(S)) s x are the basis functions which extract what
are felt to be the important characteristics of the state variable which explain the value
of being in a state. We have seen that when we use an approximation that is linear in
the parameters, we can estimate the parameters # recursively using standard methods from
linear regression. Forexample, if R; is the number of resources of type i, our approximation
might look like

V(RIO) =) (01:R:i + 05 R]) .
iel

Now assume that we feel that the best function might not be quadratic in R;, but we are
not sure of the precise form. We might want to estimate a function of the form

V(RIO) =Y (0uRs +0xRP).
iel

Now we have a function that is nonlinear in the parameter vector (f;, iz, #3). where #, and
f; are vectors and f; is a scalar. If we have a training dataset of state-value observations,
(©n, R )N_,, we can find # by solving

N
: 1 2
min } (i —V(Ral6))",

which generally requires the use of nonlinear programming algorithms. One challenge
is that nonlinear optimization problems do not lend themselves to the simple recursive
updating equations that we obtained for linear (in the parameters) functions. But more
problematic is that we have to experiment with various functional forms to find the one that
fits best.




Neural networks are, ultimately, a form of statistical model which, for our application,
predicts the value of being in a state as a function of the state, using a series of observations
of states and values. The simplest neural network is nothing more than a linear regression
model. If we are in post-decision state Sy, we are going to make the random transition
Si1 = SM(S;, a;, Wi, 1(w)) and then observe a random value i, from being in state
S;.1. We would like to estimate a statistical function f,(S{) (the same as V,(S?)) that
predicts ¢, 1. To write this in the traditional notation of regression, let X; = S where
Xt = (Xu1. X2, . ... Xr) (we assume that all the components X;; are numerical). If we
use a linear model, we might write

1
fu(Xe) =60+ 0:Xu.

i=1

In the language of neural networks, we have I inputs (we have I + 1 parameters since
we also include a constant term), which we wish to use to estimate a single output ¥y,
(a random observations of being in a state). The relationships are illustrated in figure 3.5
where we show the | inputs which are then “flowed” along the links to produce f;(X;).
After this, we then learn the sample realization v, that we were trying to predict. which
allows us to compute the error €,y = 441 — fi(X). We would like to find a vector f that
solves

minEx (fu(X0) — )2

Let F(8) = E(0.5(f:(X:) — ©e41)?). and let F (8, e41 (w)) = 0.5(fe(X1) — D1 (w))?
where ©;4(w) 1s a sample realization of the random variable 1 ;(w). As before, we can
solve this iteratively using a stochastic gradient algorithm

01 =0 — Vo F (0,044 (w)),




Figure 3.5 Neural networks with a single layer.

N0 _
WX\

AN~ VAY >
AN N %%
Ne A
PEKEN AN

(IRNPON/ \V
X B
AW




20 S
/AN AEL A A\ A
NS

/
Za\\

A
o\
/5 ’0“\\1
A

" o

Figure 3.6 A three-layer neural network.

Here, the first linear layer produces J outputs given by

Yy =) 07Xy, ie1®.
ieT()

Y,g-z] becomes the input to a nonlinear perceprron node which is characterized by a nonlinear
function that may dampen or magnify the input. A typical functional form for a perceptron




y

Figure 3.7 Illustrative logistics function for introducing nonlinear behavior into neural networks.
node is the logistics function given by
oW) =1 ehy

where 3 is a scaling coefficient. The function o(y) is illustrated in figure 3.7. o(x)
introduces nonlinear behavior into the communication of the “signal™ X,.
We next calculate

X3 =o(¥y)), ieI®

anduseXff;' as the input to the second linear layer. We then compute

Y5 =) 07xD, je1®.
icT@
Finally, we compute the single output using

fe=3 67X
eIl ©2018 W.B. Powell



Nonparametric methods
B 20000

2 Definition:

» A nonparametric model has the property that as the
amount of data goes to infinity, modeling errors go to
ZEero.

2 Illustrate:
» K-nearest neighbor
» Kernel regression
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3.7.1 K-nearest neighbor

Perhaps the simplest form of nonparametric regression forms estimates of functions by
using a weighted average of the k-nearest neighbors. As above, we assume we have a
response y" corresponding to a measurement " = (z{,z5,....z7). Let p(x,z") be a
distance metric between a query point x (in dynamic programming, this would be a state),
and an observation z”. Then let N () be the set of the k-nearest points to the query point
x, where clearly we require k& < n. Finally let Y™ () be the response function, which is
our best estimate of the true function Y (z) given the observations z',....z". When we
use a k-nearest necighbor model, this is given by

’ 1
Y'(r) =+ b (3.64)
neN™(z)

Thus, our best estimate of the function Y () is made by averaging the & points nearest to
the query point z.
Using a k-nearest neighbor model requires, of course, choosing k. Not surprisingly, we
obtain a perfect fit of the data by using & = 1 if we base our error on the training dataset.
A weakness of this logic is that the estimate Y™ (z) can change abruptly as = changes
continuously, as the set of nearest neighbors changes. An effective way of avoiding this
behavior is using kernel regression, which uses a weighted sum of all data points.




Nonparametric models

© 2018 W.B. Powell Slide 216



Nonparametric methods
N

3.7.2 Kernel regression

Kemel regression has attracted considerable attention in the statistical learning literature.
As with k-nearest neighbor, kernel regression forms an estimate Y () by using a weighted
sum of prior observations which we can write generally as

2:1171 I\Fh{.r, ™ )y™
Z:;.:l h-h(_]_ ‘r?rl)

where K, (x, ™) is a weighting function that declines with the distance between the query
point x and the measurement ™. h is referred to as the bandwidrh which plays an important
scaling role. There are many possible choices for the weighting function Ky (z, 2™ ). One
of the most popular is the Gaussian kernel, given by

Y™(z) = (3.66)

Ki(z,z™) = [-_( 2 )-‘

where ||- || is the Euclidean norm. Here, ) plays the role of the standard deviation. Note that
the bandwidth A is a tunable parameter that captures the range of influence of a measurement
x™. The Gaussian kernel, often referred to as radial basis functions in the ADP literature,
provide a smooth, continuous estimate Y "(z). Another popular choice of kernel function
is the symmetric Beta family. given by

Kn(z,2™) = max(0, (1 — ||z — z™))?)".

Here, h is a nonnegative integer. h = 1 gives the uniform kemel; h = 2 gives the
Epanechnikov kemel; and h = 3 gives the biweight kernel. Figure 3.8 illustrates each of
these four kernel functions.

We pause to briefly discuss some issues surrounding k-nearest neighbors and kemnel
regression. First, it is fairly common in the ADP literature to see k-nearest neighbors

© 2018 W.B. Powell
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® Kernels

ot 1
Bt -
51 =t
14 1
2_/\ =1
:-u u —
i L 1 I L 1 - L A 1 L L -
T T T T L T T Ll
-1.5 -1 -5 a E- 1 1.5 -1.5 -1 -5 1] 5 1 15
{a) Gaussian (b) Uniform
.
1.04 14
4
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L 1 ' A i | Il I i ' 1 1 |
T Ly T oL T T T wi T T T ul
15 =1 =5 a 5 1 15 =15 =1 -5 1] 5 1 15
(c) Epanechnikov (d) Biweight

Figure 3.8  lllustration of Gaussian, uniform, Epanechnikov and biweight kermel weighting
functions.
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Approximating a function
N

® Parametric vs. nonparametric

Observations

Total revenue

_ Price of produlct
» Robust CFAs are parametric

» Scenario trees are honparametric
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Nonparametric methods

<

Z

Nonparametric models

» Hierarchical aggregation (Mes)

» Kernel regression (Barut)

Local parametric models

» Dirichlet clouds with RBF (Jamshidi)
» KG derivation (Harvey Cheng)

Generalized linear models

» KG derivation (Si Chen)

© 2018 W.B. Powell
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Locally parametric approximations
N

@ Dirichlet process mixtures of generalized 8000
linear regression models (Hannah, Blei and .y
/

Data Assigned to Clusters

WBP, 201 1) 0 I s u G .;',”..,' ".':I",;-_,‘
» Very general, but very slow. 0 10 20 M 40 W 60 10 &0 0
. . Clusters
» Cannot be implemented recursively. B0
40 . -

100 200 300 400 500 600 700 800 900
Multipole ¢

@ Dirichlet clouds using radial basis functions
(Jamshidi and WBP, 2012)

» Local parametric approximations.

» Produces variable order approximation that
adapts to the function.

IS 744
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Locally parametric approximations
N
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® Discussion:

» Local smoothing methods struggle with curse of
dimensionality. In high dimensions, no two data points
are ever “close.”

» Nonparametric representations are very high-
dimensional, which makes it hard to “store” a model.
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Nonparametric methods

® More advanced methods

» Deep neural networks
» Before, we described neural networks as a nonlinear
parametric model.
* Deep neural networks, which have the property of being able
to approximate any function, are classified as nonparametric.
» These have proven to be very powerful on image processing
and voice recognition, but not in stochastic optimization.

» Support vector machines (classification)

» Support vector regression (continuous)
* We have had surprising but limited success with SVM, but
considerably more empirical research is needed.
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Week 2 - Monday

Learning diabetes medication

N
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Narrative
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Narrative

@ Type 2 diabetes: Insulin resistance
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Figure 1.1 International Diabetes Federation (2009) regions and global projections
for the number of people with diabetes (20-79 years), 2010-2030.
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Figure 1.3 Percentage of all-cause mortality attributable to diabetes by age and sex, 2010,
North Amernica & Canbbean Region (International Diabetes Federation 2009).
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® Diabetes medications

Class Drug Target Organ Action Effect on HbA1c Side effects Contraindications
Metformin Liver, muscle, I._owers glu.cuse_ production, 1 528 Bloating. fullnelss. Kidney failure
and fat increases insulin receptors nausea, cramping
Sensitizer
PFPARSs in liver, ) . . Weight gain, Cverweaightedness,
TZDs muscle, and fat Decreases insulin resistance 0.5-1.5% fluid retention (edema) heart/liver failure
Sulfonylureas Pancreas p-cells Increases In5ul!n releass 1-2%
(slow-acting)
Hypoglycemia, Cverweightedness,
Secretagogues weight gain age
Glinides Pancreas B-cells Increases rnﬁulu‘.- resistance D.5-2%
(fast-acting)
. Slows down the metabolism Bloating, nausaa,
Alpha-gl d Acarb Intesty 0.7-1% ! N
pha-glucosidase carbose niestne of carbohydrates diarrhea, abdominal pain on=
Peptide Anal CLT-1 st Intest; In GLP-1 activi 0.5-1% N Hnknown
eptide Analogs DPP-4 inhibitors stine creases -1 activity L auses
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M +\ Updated

estimate

Blood sugar reduction

Figure 4.1 Beliefs about the potential that each drug might have on the reduction of blood sugar.

Drug A1C reduction | Sid. dev.
Metformin 0.32 0.12
Sensitizers 0.28 0.09
Secretagoges 0.30 0.17
Alpha-glucosidase inhibitors 0.26 015
Peptide analogs 0.21 0.11

Table 4.1 Metformin and the four drug classes and the average reduction over the full
population.

© 2018 W.B. Powell



L
41 NARRATIVE

When people lind they have high blood sugar, typically evaluated using a metric called the
“A1C” level, there are several dozen drugs that [all into four major groups:

e Sensitizers - These targel liver, muscle, and [at cells to directly increase insulin
sensitivity, but may cause [luid retention and therelore should not be used [or patients
with a history of kidney lailure.

e Secrelagoges - These drugs increase insulin sensitivily by targeting the pancreas bul
olten causes hypoglycemia and weight gain.

e Alpha-glucosidase inhibitors - These slow the rate ol starch metabolism in the intes-
line, bul can cause digestive problems.

e Peplide analogs - These mimic natural hormones in the body that stimulate insulin
production.

The most popular drug is a type of sensitizer called metformin, which 1s almost always the
first medication that 1s prescribed [or a new diabetic, but this does not always work. Prior
to working with a particular patient, a physician may have a beliel about the polential of
metlormin, and drugs [rom each ol the lour groups, to reduce blood sugar that 1s illustrated
in figure 4.1.
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Basic model
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State variables

Owr state variable 1s our beliel about the random variable i, which is the true ellect of each
drug on a particular patient after n trials. S" is the initial state, which we write as

¥l — =
‘:J = {.Ir'i:'.‘.ﬂg:zlﬂ'-f_--'?f

where we also include in S§" the assumption of normality, which remains through all the
experiments. Aller n expenments, the stale 1s

where we no longer include the normality assumption because it is captlured in our mnitial
state (the distribution 1s static, so by convention we do not include it in the dynamic state
variable).

Later, we are going Lo [ind 1t uselul to work with the precision ol our beliel, which 1s
given by

AT = !
Ea= —_ 2 "
(a3)
We can then wrile our state variable as
St o= (ph, 87 ) e x-
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Decision variables

The decision 1s the choice ol medication Lo try [or a month, which we wrile as

" = The choice of medicalion,

c X={z1,...,Tm}.
We are going Lo delermine =™ using a policy X ™ (5™ ) that depends only on the stale variable

5™ (along with the assumption of the normal distribution in §").

Exogenous information

Alter making the decision =™, we observe

W™ = The reduction in the A1C level resulting from the drug = = =™ we
prescribed [or the n + 1st trial.

A reader might wonder why we write the information learmed [rom the decision =™ 15
wrilten W™ ! rather than W™, We do this Lo capture the information available in each
variable. Thus, the decision z" depends only on the initial state S". The state S™ forn > 1

depends on SV along with the observations H’j,,, oo, W1 1, butnot W ;';J 1 since we have
not yel made the decision ™. By letting H";ﬂ' ! be the result of the prescription =™, we

know that ™ cannol depend on W™ ' !, which would be like seeing into the luture.
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® Discuss sources of uncertainty/randomness

» The truth u,
e Prior u, ~ N(ii° ¢%%)
e Prior is stored in the initial state S°

» The observation of the truth e?**1

» Computing an observation:

n+1l _—_ n+1
Wy = Ux T €x

» Describe how to run simulations
* Generate |

« Generate series of €1, ..., eV
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Transition function

The transition [unction captures how the observed reduction in A1C, H”J’,” I allects our

beliel state S™. Although it takes a little algebra, it 1s possible 10 show that il we ry drug

r = x™ and observe W™ ! we can update our estimate of the mean and precision using

’ pr+py
prtl — gry gW, (4.2)

For all = # =™, g and ST remain unchanged.

The transition function which we earlier wrole as a genenc [unction
.;;nl 1 _ ;_;ﬂ.-f{;;n .Tn I_,i.,r:rl.{ 1}
i — i k 5 & L]

in equation (1.1), is given by equations (4.1) - (4.2).
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Objective function

Each time we prescribe a drug =z = =™, we observe the reduction in the A1C represented
by W', We want to find a policy that chooses a drug ™ = X™(5™) that maximizes
the expecied total reduction in A1C. Our canonical model used C(S™, =™, W™} as our
performance metric. For this problem, this would be

{_:'{L‘;”! :I:]"l-1 I_{I_r'l"l- 1 :l — 'i._.ll'l_.?':rt 1 .

ﬂ'.“

We write the problem of linding the best policy as

N-1
max E { Z | H[,} . (4.3)
n—Iil

where 2™ = X7(S™), and S™'! = SM (5" 2" W™ 1), Here, the condilioning on Sy is
particularly important because 1t carries the prior distribution ol behel.
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Uncertainty modeling
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4.3 MODELING UNCERTAINTY

Sampling random outcomes for our assel selling problem was relatively simple. For our
medical selling, generating outcomes of the random variables W', ... W™, ... is a bil
more involved.

With the asset selling problem, we were generating random variables with mean 0 and a
given variance which we assumed was known. In this medical application, the reduction in
the A1C [rom a particular drug 1s a noisy observation ol the true mean ju, (for a particular
patient) which we can wrile as

I__Il_.rﬂ-|1 — J!II I ll:-_:I"I-{].:l
where = ! is normally distributed with mean 0 and a variance (which we assume is known)
given by (¢™')?. The real issue is that we do not know .. Given what we know after n

experiments with difTferent drugs, we assume that g 1s normally distributed with mean a7
and precision 57, We wrile this as

pe|S™ o~ N(pk,pr)

where we use the precision 57 instead of the more customary vaniance when we wrile our
normal distribution. We then write the distribution of W™ as conditioned on ji,, using

W e o~ N(pa, 87).

This means that we have 1o simulate two random variables: the true performance ol drug
x on our patient, given by g, (given our beliels afler n experiments), and then the noise
™" when we Iry Lo observe ji;. This just means thal instead of generating one normally
distributed random variable, as we did in our assel selling problem, we have Lo generate
lwo.
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B
® Notes:

» We can think of the truth u, as a normally distributed
random variable, but we might also think of it as a
sampled set of values:

(.ul; MZ’ L .uK)

» Might assume that each is equally likely.
» First sample a truth u* ...

» Then sample the noise €™*1. This is usually normally
distributed, but a uniform distribution can be

convenient if we want to avoid negative values for
Wn+1
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Designing policies
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Learning policies
N

@ Policies
» Pure exploitation — Always make the choice that appears to be the
best.

Xexplott (§1) = qrgmax, jit

» But we only learn about drugs we try. The actual truth for a drug
may be higher than our estimate.
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4.4 DESIGNING POLICIES

A popular class of policies [or this problem class 1s organized under the general name of
upper confidence bounding. One ol the lirst UCB policies had the [orm

; - [logmn ]
XVCB(g™y =  argmax (ﬁ: b A" f: . (4.4)
oA T

where N7 is the number ol tmes we have tried drug x. It 1s standard practice o replace
the coefficient 40" by a tunable parameler, giving us

,_ , on [logn
XL f?ﬂ(:;;ﬂlﬂf;ﬂﬂ} =  argmax (.ﬁ': } Hf_.- [ I {;?T:ﬂ ) ’ (ELj)
£ = ¥

A popular variant that we have [ound works surpnisingly well was oniginally introduced
under the name interval estimation, which his given by

XTE(59™) = argmax (Al l‘fl"f‘l:"r_r;,‘]T (4.6)
X
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Evaluating policies
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4.5 POLICY EVALUATION

We oniginally wrole our objective [unction as

N-1
max E { Z wrH H"} ,
. =1}

but writing the expectation in this way 1s a bil vague. Recall that we have two sels of
random variables: the true values of p for all z € X, and the observations W', ..., W
(or more precisely, the noise when we Iry o observe ). We can express this nested

dependence by writing the objective [unction as

N-1
max E By o, { Z Wt 5“}? (4.7)

mn—Iil)

There are two ways Lo simulale the value ol a policy:

Nested sampling First we simulate the value ol the truth p; for all =z © X where we let
1 € W be a sample realization of jz, which we wrile as (7). We then simulation the
observations W, where we letw © () be asample realization of W' (w), ..., W¥(w),
which means that w is an oulcome of all possible observations over all possible drugs
r € A, over all experimentsn =1,..., N.

Simultaneous sampling Here, we lel w be a sample realization ol both g, and the obser-
vations W', ... WV,
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® Nested sampling

Il we use nested sampling, assume thal we generate K samples of the true values j(1z),
and L samples of the errors ' (wy), ..., ™ (we). For the sampled truth p(v;) and noise
£™(wy), the performance of drug =™ in the n + 1st experiment would be

HI;*LI l{]nlll"k:-{‘-"f} = H{T.'i’;_-] be™ (Mf}.
We can then compule a simulated estimate ol the expecled performance ol a policy using

L N-1
HZ (LZ Z Wit tk‘-wﬁ})a.

=1 n=I)

where z™ = X™(S™) and S™ ' (1, wy) = SM (8™ (g, we), X™(S™(1hg, we)), W (1), wy)
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® Simultaneous sampling

Il we use simultaneous sampling, then a sample w delermines both the truth p(w) and
the noise =(w). allowing us to wrile a sampled estimale of our observation W as

WM (we) = plwe) + ™ (wy).

The estimated value of a policy 1s given given by

L N-1

f Z Z H’Inﬁll ]{wf]:

£=1 n=0

where ™ = X™(S™) and S™* 1 (we) = SM (8™ (we), XT(5™(we)), W™ (we)).

Il we use one ol our pdl"dmﬂlﬂﬂft:{l policies where # is the tunable pdrdrnt:l::r we might
wrile the expected performance as F {H] (technically, the parameter &) as Fr (#). Then,
the optimization problem would be

m{;}u-: Fr (&), (4.8)

using any tunable policy.

© 2018 W.B. Powell



Extensions

© 2018 W.B. Powell Slide 249



Extensions
]

® Contextual learning

» Learning about a particular patient

» Prior comes from population data
 Let K9 be prior knowledge about response to medications.

» nth Patient walks 1n with attribute a:
e a" = (Gender G™,age Y™, ethnicity E™)

» Imagine that we just have gender G™:
* Sequence of states, decisions and information:

(K°, ¢ 8" = (K2, cY, ', W K G2, 8% = (K, GY,...,
I(n—l,(,m, qn (hrn—l, (Jm),;rn, "V", h-n, (’m-{-l’ » )

» If we use a lookup table belief model, everything we
learn and actions we take depend on G.
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Extensions

® Notational note:

We pause for a moment and note that our indexing 1s different from what we used in the
basic model. In our basic model, the index n referred to visits by a patient. We make a
decision x™ after the nlh visit using what is known from the first n. visits. We let W™ ! be

the outcome of this treatment, incrementing n to n + 1 to emphasize that =™ was computed
without knowing W™ 1,

With our new model, however, n refers to a patient. It makes more sense to let G™ be
the gender of the nth patient, at which point we make a decision for the nith patient, and
let W™ be the outcome of the treatment for the nih patient. We do not increment n until
we see the n + 1si patient, at which point we see the gender of the n + Ls! patient.
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Extensions

® Other extensions:

» Discuss what happens when we use a vector of patient attributes
rather than just gender.

» What if we use a linear model:

4.4 Now imagine that our attribute space A is simply too large to be practical. What
we have done up to now is a lookup table representation where we find an estimate jij] .,
which becomes problematic when the number of possible values of o becomes large. An

alternative approach is to use a parametric model. The simplest would be a linear model
where we would write

flaz = »_ Ordrla,x),

feF

where ¢ (a,x) for f € F is a set of features that we (as analysts) would have to define.
FFor example, one feature might just be an indicator of gender, or age range, or race. In this
case, there would be a feature for each possible gender, each possible age range, and so on.

o [f there are L possible values of each K attributes, what is the minimum number of
features we would need?

e Suggest more complex features other than just those that indicate the value of each
attribute.

# Contrast the strengths and weaknesses of a lookup table representation versus our
linear model.
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Week 2 - Wednesday

Thompson sampling
Knowledge gradient policies

N
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Overview of policies
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Learning policies
N
@ Heuristic learning policies

» Pure exploitation — Always make the choice that appears to be the
best.

» Pure exploration — Make choices at random so that you are
always learning more.

» Epsilon-greedy
« Explore with probability £ and exploit with probability | — ¢
 Epsilon-greedy exploration — explore with probability ¢" = ¢/ n. Goes
to zero as N — o0, but not too quickly.

@ Discuss
» Convergence
» Applying to large problems
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Learning policies

@ Heuristic measurement policies

» Boltzmann exploration
» Explore choice X with probability " x

o  XBetz(gn|9) = argmax{z|P"(#) <U}. [J ~ [07 1]

» Upper confidence bounding

XUCB(Sn |9UCB) = arg max, (/7; 4 gucs I(I)\Ign)

» Thompson sampling — Highlight this

X" (8")=argmax, 4" where 2] ~ N(z, ")

» Interval estimation (or upper confidence bounding)
* Choose X which maximizes

/\z(ﬁ: X'"®(S" 0" )=argmax, i +60G,
— =L

%:) 2018 W.B. Powell
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e —
® Thompson sampling

» Sample from the prior:

. P~ NG, 075G2™)

where 87 is a tunable parameter

» Thompson sampling policy:

o« XT5(S™07°) = argmax, At

» Notes:
* Enjoys good optimality properties
« Easy to implement, popular in internet applications
 Suited to applications with high volumes of data (e.g. choosing
news articles).
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The knowledge gradient

Offline learning/final reward
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L
4.1 THE VALUE OF INFORMATION

There are different ways of estimating the value of information, but one strategy, called the
knowledge gradient, works as follows. Assume that we have a finite number of discrete
alternatives with independent, normally distributed beliefs (the same problem we considered
in chapter 3). After n experiments, we let ™ be our vector of estimates of means and
S™ our vector of precisions (inverse variances). Wewrepreﬁem our state of knowledge as
S™ = (pnZ, B )zex. If we stop measuring now, we would pick the best option, which we
represent by

n
Tr = 1Max .
reX #I

The value of being in state S™ is then given by
V(S™) = fign.

Now let S™*1(x) be the next state if we choose to measure ™ = x right now, allowing us
to observe W%, This allows us to update i and 37, giving us an estimate i for the

T* D

mean and ;5’;}"‘1 for the precision (using equations (3.2) and (3.3)). Given that we choose



Now let S®*1(z) be the next state if we choose to measure 2™ = x right now,
allowing us to observe W', This allows us to update i and 37, giving us an

g estimate i7" for the mean and 377" for the precision (using equations (3.2) and
(3.3)). Given that we choose to measure r = ™, we transition to a new belief state
S™*1(x), and the value of being inghis state is now given by

Vn+1 Sn-i—l _ —_n:l-l ).
( (z)) max fi, (x)

Let ﬁ-l,’;f" 1(m) be the updated estimate of 27, if we run experiment =’ and observe
rn+ '
W
g Al +8W whit
pie) = T e

- T

o Otherwise

Ifz' =2, . (4.2

At time n when we have chosen z = ™ as our next experiment, but before we have
: o T . i
observed W1, the estimate i";"" () is a random variable.

We would like to choose x at iteration n which maximizes the expected value of
Vntl(Sn+l(z)). Attime n, we write this expectation as

E{V"T(§"TH(2))IS"} = EuEw {V"T(S"T(2))S"},

where the right hand side brings out that there are two random variables: the truth g

(which is uncertain in a Bayesian belief model) and the outcome W™+ =y, 4" 1,



E(V TH(S" T (2))|S"} = E.Ew {V"TI(s"T(2)|s"} "
B here the right hand side brings out that there are two random variables: the truth p
(which is uncertain in a Bayesian belief model) and the outcome W™ =y, 471,
which depends on the unknown truth p. We want to choose an experiment x that
maximizes E{V"T1(S"*1(z))|S™}, but instead of writing our objective in terms of
maximizing the value from an experiment, we are going to write it equivalent as
maximizing the incremental value from the experiment, which is given by

L,f(}‘,n — EpIEW’m {Vn+1(Sn+l($)) - Vn(Sn)lsn}
— EPEwm {Vn—l—l(er+l($))|er} . VH(SH). (43)

Keep in mind that the state S™ is our belief about p after n experiments, which is
that p ~ N(p™, ™). Given S™ (that is, given what we know at time n), the value
V7 (S™) is calculated just using our current estimates fi™, as is done in equation (4.1).
Thus, at time n, V™(S™) is a number, which is why E{V"(S5™)|S"} = V"™(S™).
However, V" T1(S"1(z)) is a random variable since it depends on the outcome of
the n + 1st experiment W71,

The right hand side of (4.3) can be viewed as the derivative (or gradient) of V" (5™)
with respect to the experiment z. Thus, we are choosing our experiment to maximize
the gradient with respect to the knowledge gained from the experiment. For this
reason we refer to v5& " as the knowledge gradient. We write the knowledge

.



N
® Knowledge gradient

n —n+l n —n
=E By, {max L, (X)]S }—max Hy,
» Discuss ,ux+1 (x) as the estimated updated belief if we run experiment x .
» Think of this estimate as looking one step into the future.

» Think about how we might estimate the expectations using simulation:

K L
VT =Y max, (K| WE = ') - max,

k=1 =1

» Review how means are updated given estimates in S™ (which contains fiy)

and the observation lelk for a truth u¥ and noise €

» Remember that u¥ is a possible true value of u, not the estimate. We have
an estimate, but the random outcome W comes from the truth.
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Ranking and selection

® Knowledge gradient policy
%/
.
.
_

» We want to measure the weighted area under the curve

for option 5 that 1s over the value for option 4.
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The knowledge gradient

]
@ Derivation

» Notation

X

B" = Precision of the measurement noise (=1/ o, )

n+1

W, = Measurement of X in iteration N +1 (unknown at n)

» We update the precision using

B =g+ B
» In terms of the variance, this is the same as

- -1 -
2n+1 YN [ __2.n 2
(o) =(ex") +(ow)
2,n
2,04l Oy

X 2,n 2
l+0o0," /oy

O
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The knowledge gradient

]
@ Derivation

» The change 1n variance can be found to be
6" =Var| g - |S" |

. .22,n 2,n+1
- Gx Gx

2,n
O

X

140l /ol
» Next compute the normalized influence:

flg — MAaXgs Ly [l

~n
Oz

o= -

» Let 1()=0D(8)+d(C) ®(¢) = Cumulative standard normal distribution

/_\ #(¢) = Standard normal density

» Knowledge gradient 1s computed using
Ve =671(7)
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The knowledge gradient

I
® The normal distribution

We next compute

f(€) = C@(C) + o(C). (5.9)

where ®(¢) and ¢(¢) are, respectively, the cumulative standard normal distribution
and the standard normal density. That 1s,

1 &2
@(£)=\/2—ﬂﬂ T,

and

¢
() :'/_. o(x)dz.
® Computing the cdf

» Matlab — normcdf(x,mu,sigma)

» Excel — normdist(x,mu,sigma,prob) z = standard normal
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The knowledge gradient
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® KG calculations

Sigma’n Decision & $\mu”n$ &  S$\beta’n$ & S$\betar{nt1}$ & $\sigmatilde$ & $max_x'x'$
5.00 1 & 3.0 & 0.0400 & 1.0400 & 4.9029 & 5
8.00 2 & 4.0 & 0.0156 & 1.0156 & 7.9382 & 5
8.00 3 & 5.0 & 0.0156 & 1.0156 & 7.9382 & 4.5
9.00 4 & 4.5 & 0.0123 & 1.0123 & 8.9450 & 5
10.00 5 & 3.5 & 0.0100 & 1.0100 & 9.9504 & 5

© 2018 W.B. Powell
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$\zeta$
-0.4079
-0.1260
-0.0630
-0.0559
-0.1507

R R PR

$f(2)$
0.2277
0.3391
0.3682
0.3716
0.3281

$\nuM{KG)_x$
1.1165
2.6920
2.9232
3.3241
3.2646



3.5

1 2 3 4 5
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3.5

2.5

3 4 5
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3.5

2.5

1 2 3 4 5

© 2018 W.B. Powell




Knowledge gradient

The S-curve effect
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4.41 The S-curve

What if we perform n. observations of alternative x. rather than just a single experiment?
In this section, we derive the value of n, experiments to study the marginal value of
information. Note that this can be viewed as finding the value of a single experiment with
precision n,.3", so below we view this as a single, more accurate experiment.

As before, let ji¥ and 3" be the mean and precision of our prior distribution of belief
about .. Now let jil and 3. be the updated mean and precision after measuring alternative
2 a total of n, times in a row. As before, we let 3" =1 /o be the precision of a single
experiment. This means that our updated precision after n, observations of x is

Bz = Bz +nzB" .

In Section 2.3.1. we showed that

~2n

a = Var"[i

n+l _ —ﬂ]‘

where Var™ is the conditional variance given what we know after n iterations. We are
interested in the total variance reduction over n experiments. We denote this by %%, and

calculate

0 =2,1

= (B = (B +n8")"
We next take advantage of the same steps we used to create equation (2.14) and write
fip =fiy + 03(nz)Z
where Z is a standard normal random variable, and where 6" (n,) = 52" (ny) is the

standard deviation of the conditional change in the variance of ji' given that we make 7,
observations. © 2018 W.B. Powell



We are now ready to calculate the value of our n, experiments. Assume we are
measuring a single alternative x, so n, > 0 and n,, = 0 for 2’ # 2. Then we can write
KG 0 , =0 Y 0
v V(ng) =E [rpi_gx(;t.z, - JI;(n;r)er)] — max fi,.

We can compute the value of n,. observations of alternative x using the knowledge gradient
formula in equation (4.12),

— mAaX,s 4, i )

KC ~0 fiy
VK€ (nr) = 33(ma) f (B2

where f(() is given in equation (4.11).
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S-curve
]

® The marginal value of information

» Imagine that we are choosing between an uncertain
alternative we can measnire and a certain one,
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S-curve

® The marginal value of information

» Imagine that we are choosing between an uncertain
alternative we can measure, and a certain one.

1.40E-04

1.20E-04

et

1.00E-04

8.00E-05

6.00E-05

4 00E-05

2.00E-05

0.00E+00 ‘#e¢—F——TTTTTTT T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T

© 2018 W.B. Powell



S-curve

® The KG(*) policy

Value of information

» Assume that we are going to make enough

1.40E-04

1.20E-04

1.00E-04

8.00E-05

5.00E-05

4 D0E-05

2.00E-05

0.00E+00

measurements to maximize the average value of an

Nk A D D B @ ql 4 A A Ak A D 2 2 P

Number of measurements
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S-curve
]

@® The KG(*) policy

»

»

»

»

»

»

»

The KG(*) policy i1s just like the KG policy with one twist...

Instead of updating the precision with
,Bn+1 — an + ,BW
... we use instead
,Bn+1 — ,Bn + Tl*ﬂW
What we are doing is pretending that the experiment is more
precise than it is.

As an alternative, we can introduce a tunable parameter 7:

(1) = B+ TpY

Now let V,If “™ (1) be the knowledge gradient computed using

precision 8" instead of S. Now we have a one-step lookahead
policy, but with a parameter 7 that now has to be tuned just as we
did with the earlier heuristic policies.

When the value of information 1s not concave, this can be quite

valuable.
© 2018 W.B. Powell



I 0000
4.4.3 A tunable lookahead policy

The KG(*) policy implicitly assumes that our experimental budget is large enough to sample
alternative r roughly n times. There are many applications where this is just not going to
be true. We can mimic the basic idea of KG(*), but replace n). with a tunable parameter.
Begin by defining

i i i e w
vRCm (9K C) = The knowledge gradient computed using a precision 3 = 5% + #%XC3W.

We then define our tunable KG policy as

){KG{&KG HG.rt(gKG)

) = argmaxv,
G

We now have to tune our policy to find the best value of #%C (see section 3.4 for our
discussion on tuning). Here is where our policy adapts to our learning budget, as well as
other problem characteristics that we choose to model.

© 2018 W.B. Powell
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® Comparison of policies on health application

» Patients arrive at random with a set of characteristics a
» Choice X 1s a medical decision

) e v . [1 . “. oo OthGI'WiSC.

) s,
= 0.62 _
2 086 -
3
&3 0.58
-
o 056}
@
> 0.54
= —KG(1)
DL o952 —KG(0.5) |-
= ——KG(0.25)
E o5l TS )
- | —Random
Oouasl ——Exploit

| . l . .

50 100 150 200



Week 3 - Monday

KG for online learning
Bernoulli belief model
Stochastic shortest paths - I

N
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Knowledge gradient

Online learning/cumulative reward
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Knowledge gradient

L
5.3.1 The basic idea

Once again, consider the normal-normal Bayesian learning model. Suppose that we can
run N experiments, and that v+ = 1. Furthermore, suppose that we have already run n
experiments, and have constructed estimates " and 7 for each alternative . Now, as a
thought experiment, let us imagine that we will suddenly cease learning, starting at time n.
We will still continue to collect rewards, but we wil] no longer be able to use the updating
equations (3.2) and (3.3) to change our beliefs. We are stuck with our time-n beliefs until
the end of the time horizon.

If this were to occur, the best course of action would be to choose =™ = arg max, ji"
for all times n < n’ < N. Since we cannot change our beliefs anymore, all we can really
do is choose the alternative that seems to be the best, based on the information that we
managed to collect up to this point. The expected total reward that we will collect by doing
this, from time n to time N, is given by

V Step.n (Sﬂ} _ (A-‘ —n+ 1) I'IlELX,l‘.TET:. (5.16)

simply because there are N — n + 1 rewards left to collect. Because v = 1, each reward
is weighted equally. For instance, in the example given in Table 5.4, this quantity is
VStopn (§7) = 6. 5.5 = 33.
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Knowledge gradient
N

Consider a different thought experiment. We are still at time n, but now our next decision
will change our beliefs as usual. However, starting at time n + 1, we will cease to learn,
and from there on we will be in the situation described above. This means that, starting at
time n + 1, we will always measure the alternative given by arg max_ i”'. The problem
thus reduces to choosing one single decision 2™ to maximize the expected total reward we
collect, starting at time n.

This idea is essentially the knowledge gradient concept from a slightly different point
of view. In ranking and selection, we chose each decision to maximize the incremental
improvement (obtained from a single experiment) in our estimate of the best value. Essen-
tially, we treated each decision as if it were the last time we were allowed to learn. We
made each decision in such a way as to get the most benefit out of that single experiment.
In the online setting, we do the same thing, only “benefit” is now expressed in terms of the
total reward that we can collect from time n to the end of the time horizon.

The KG decision for the bandit problem is given by

=argmaxji, + (N —n)E [max vl I -r] (5.18)

- ]

=argmaxji, + (N —n)E [maxﬁ:ﬁ'l —maxfi, | S", 2" = ;r] (5.19)

I

= argmax " + (N —n) pX&" (5.20)

I

KGn

where v is simply the knowledge gradient for ranking and selection, given by (4.12).
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Knowledge gradient

@ Notes:

» Asymptotically finds optimal arm as ¥ — 1

» Knowledge gradient seems to be the only policy with distinct
forms for offline (final reward) and online (cumulative reward):

Offline learning Online learning

KG,n KG-0OL,n

© 2018 W.B. Powell



Knowledge gradient

]
@ Discounted finite horizon

— /N—n
YKGn 1—1 ,KGmn

T

= argmax fi» + v T—~

® Discounted infinite horizon

XEEn — argmax g +

T 1—7

® Tunable versions:

Brtt = Bz + 618"

We let vKEm(6,) be the offline KG formula using 6; as the repeat factor for the pricision
BYW. Then, we introduce a second parameter > which replaces the horizon N — n in our
online KG formula. Our tunable online KG formula is now given by

where 6 = (61, 62) captures our tunable parameters.
© 2018 W.B. Powell



Knowledge gradient
|

® Knowledge gradient policy

» For finite-horizon on-line problems:

KG-OL,n __ —n KG,n
Vy = Hy +(N_n)vx
» For infinite-horizon discounted problems:
KG-OL,n _ —n Y . KGn
vV, = U, +—V,

® Compare to Gittins 1ndlcejg for bandit problems

Gittins

V _ :ux +F(n9 7/)GW
® ...interval estimation

IE,n —nN

v, "=u +1, O,
.. and UCB
logn

UCBl —n

=, +40°

X Slide 287



Knowledge gradient

® KG versus interval estimation
» Recall that with IE, you choose the alternative with the

highest:
IE,n _ —n —n
Vx o :ux Gx
Tunable parameter

1

10F —IE
———KG

IE

IE beats KG

Opportunity cost

0 Dg ; lé 5 2@ é 55 B
IE parameter 7,
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Lookahead learning model

Beta-Bernoulli belief
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Learning using decision trees

® Decision tree without learning

Decision

Hold

Sell

Outcome

L7 AP=+581 wip03

» AP= 50 wip 05

L AP=-$1 wip02

-7 AP=481 wip 0.3

< m AP= SO wip 05
T AP=-81 wip 02

7 AP=+81 wip 03

Outcome Decision
Hold -~z
) Sell
AP =431/ O
‘wp 0.3
Hnuer :
i &P ${}
‘uu p 0.5
Sel
AP =-51
w/p EI-.'E";I
' Hol

Sel

= AP= 30 wip0.5

T AP=—$1 wip 02



Learning using decision trees
|

® Some vocabulary:

» Square nodes are:
* Decision nodes — Links emanating from the squares are
decisions
» Also represents the state of our system (it implicitly captures
all the information we need to make a decision).
« Also known as the “pre-decision state.”

» Circle nodes are:
¢ Outcome nodes — Links emanating from circles represent
random events.
» Represents the state after a decision 1s made.
* Also known as the “post-decision state.”

» Nodes 1n a decision tree always imply the information in the
entire path leading up to the node.

» We receive a reward whenever we sell.



Learning using decision trees
L

® Rolling back the tree

S APt
Hold WP [I.S‘D'
P " AP=-§1

L
%
.I

Sell',

ok ~OBLI0

=
{0 sae(ss
4P esil «( J531.00
Swpl3
qu}_,.[}sia.m
"H
sel( 850,00
wip 02"
' Hn{.;,-v‘DHE'J[I

s

"|:|r

1.7(a)

Sel™ 54000

[0

APa sl

Swipl3

¢ AP-S)
/;'::} 'nl'||l.i'.!lhD 15010

ratsn [ " AP--§]

i 4]

sall, Do

cﬁswﬂ

1.7(b)



Choose Hit?
hitter

Choose

e d

e
-,
-,
-
-
'
-,
,
.7 u
-
-
-,
-,
-
= O
~
~
~

~

640

—————— e
——
O_: ----------- 3.500

Hidden 1in each node 1s the
updated belief state after new
observations are made.

We could assume that we do
not learn, but here we are
learning, and new
observations produce updated
estimates of probabilities.

293



294



.366

.356

.500

.360

.360

.360

295



® Notes:

720 =
360(1+.366)+ » We choose player B, who
.640(0+.356) does not have the highest
average.

» Discuss the impact of the

- 740 uncertainty about player B.

» What 1f all the players had
100’s of at bats?

678



® 0/1 outcomes

» Does an internet customer click on a link or buy a
product.

» DI
» DI

| the baseball player get a hit?
| the drug work for the patient?

» Did

| the student accept our offer of admission?
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Multi-step lookahead policies

e ——
® Learning with a beta-Bernoullt model

» Each experiment has two outcomes:
W 1 If success
" 0 Otherwise

» Beta distribution of belief on success probability py:

_Ta+b) oq RYE _
f(pm’ﬁ)_r(a)ﬂﬁ)p d=p) I(x)=x!

» Updating equations

4
n_ wntl 7 e =
ﬂr'H—l — Qy " T Hz" =a
: all otherwise,
s ,
< _— .’n-’-i ‘o n o ..
_;}n—f—l _ ) '-}J- + (1 4 T ) fz" =2
| T —_ '
23 otherwise.

\
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= R

Decision

Continue

St

Outcome Decision Outcome
W = o' = 3 | Continue
e -
wp==-""[F =1
i 3 St
W =1 o =2 | Continue . op
1 A8 =1 O~ W=0
wp=— 7 i o’ =
2 Sto wp =3 A g
W =0 W= a’ =2 |Continue
=
\\\1 l/z ﬁ() =
WP ="~ wp, ==
2 ; 3
N a” =1 | Continue Stop
B°=2 70\\W -0
Stop wp ;‘}\ a’ =1
3 /80 — 3

As a decision tree (some states are duplicated)
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= R

Decision

Continue

St

Outcome Decision Outcome
W :1 O[O _4
/” 0 —
wp, ==
W = aO :3 Contlnue ///”
2 7B =1 ;O
Wp:7/ N
. /’/3 \W =0
W =1 o’ =2 | Continue Stop “
- o ) ol
! 460:1 W=0 P 4\ 040:3
W=y St “wp =1 A1 20
,/ O A Y //, :2
/,’ N 3 W :1 /8
AN e 2
lwp—4
W =0 we1 o =2[Continue
~ ’7 N -
N 1B = ~O ~W =0
P i Wp’*g T 0
\\\ a’ =1 | Continue Stop wp= 2| = 2
‘ ;O _ 4B =3
G =2 W =0
Stop wp= 2y =1
3 50 _3

V(S,) =min, _, (C(S;, %)+ 7E{V (S,, (St % Wi, ) [ S, })
As a dynamic program (duplicate states removed)
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Discrete MDPs

B ]
® Decision trees:
» Discuss the concept of a “state” in a decision tree.

» Implicit in a decision node 1s the entire history leading
up to the decision, which 1s unique.

» We may not need the entire history, but we do not need
to articulate this.

» The complexity of a decision tree 1s independent of the
complexity of the state variable. Instead, it depends on
the number of possible decisions (actions) and
outcomes.

© 2017 Warren B. Powell
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Outcome

ision

Dec

[ ] Decision node

O Outcome node
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Shortest path example

Optional — 1f time

© 2018 W.B. Powell Slide 305



Finding the best path
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Finding the best path

< Finding the best path to work

» Four paths, but everyone time I drive on one, I sample a
new time.

» I want to choose the path that is best on average.
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Information acquisition
B 20000

< The shortest path game:

» Starting with the estimates at the top, choose paths so
that you discover the best path.

Path

1 2 3 4|Chosen path
25.00 24.00 22.00 20.00
18.49 24.00 22.00 20.00
12.11 24.00 22.00 20.00
23.92 24.00 22.00 20.00
23.92 24.00 22.00 27.76
23.92 24.00 16.31 27.76
23.92 24.00 32.95 27.76
28.46 24.00 32.95 27.76
28.46 24.09 32.95 27.76
28.46 27.85 32.95 27.76
28.46 27.85 32.95 24.76
28.46 27.85 32.95 32.77

NG N TCY [ \C) BN POUY FOCY I NG ) G BN
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Information acquisition
B 20000

& The shortest path game:

» Starting with the estimates at the top, choose paths so
that you discover the best path.

Path |
Day 1 2 3 4(Chosen path
25.00 24.00 22.00 20.00
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Information acquisition
B 20000

& The shortest path game:

» Starting with the estimates at the top, choose paths so
that you discover the best path.

Path |
Day 1 2 3 4(Chosen path
25.00 24.00 22.00 20.00
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Finding the best path

I
2 What do we know?

» The real average path times:
» Mean time
e Path1l 20 minutes
Path2 22 minutes
Path 3 24 minutes
Path4 26 minutes

e Errors are +/- 10 minutes

» What we think:
e Path1 25 minutes
e Path2 24 minutes
e Path3 22 minutes
e Path4 20 minutes

» We act by choosing the path that we “think™ 1s the best. The only
way we learn anything new 1s by choosing a path.
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Means
Spread
Stepsize

Day

Finding the best path

2 Illustration of calculations:

a b~ wON -

True average travel times

/\.

20 22 24 26
20
0.1
Paths
1 2 3 4
16.91 17.29 14.43 33.46
20.49 12.90 30.19 16.43
20.77 22.57 32.90 17.61
22.50 18.69 25.67 16.72
19.08 16.38 19.15 25.18
~" )

Actual travel times

© 2018 W.B. Powell

Initial estimatei of travel times

r

~

25 24 22 20

6

3

Path 1 Path 2 Path 3 Path 4

25.00 24.00 22.00 20.00
25.00 24.00 22.00 26.73
25.00 24.00 24.73 26.73
25.00 23.64 24.73 26.73
25.00 22.65 24.73 26.73
o ~ _J

Estimated travel times
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Stochastic shortest paths I
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Narrative
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e —
® A deterministic shortest path problem

Figure 5.1 Network for a deterministic shortest path problem.
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Shortest path problems over graphs are both an important application area (arising in
transportation, logistics, and communication), but are also a fundamental problem class

that arise in many settings. The most familiar shortest path problem is the classical
deterministic problem illustrated in figure 5.1, where we have to find the best path from
node | to node 11, where the cost of traversing each arc is known in advance.

Shortest path problems building on a fundamental dynamic programming recursion. Let

N = The set of all nodes in the network (here, this is the nodes
1,2,...,11),
_,F'u':-"' = The set of all nodes that can be reached direction from node 1,
L = Setofall links (, j) in the network,
¢;; = The cost of traversing link (i, j). where j is assumed to be in the set
N

Now let v; be the minimum cost to get from node ¢ to the destination node 11. The values
v; for all nodes i € A should satisfy
1; = min (e + v5). (5.1)
jeN!
We can execute equation (5.1) by initializing v, to zero, and setting all other values
to some large number. If we loop over every node ¢ and compute v; using equation (5.1)
repeatedly, the values v; will converge to the optimal value. This is a very inefficient
version of a shortest path algorithm.
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Figure 5.2  Network for a stochastic shortest path problem where distnbutions are known, but costs
are not observed until after decisions are made.

51 NARRATIVE

You are trying to create a navigation system that will guide a driverless vehicle to a
destination over a congested network. We assume that our system has access to both
historical and real-time link costs, from which we can create estimates of the mean and
variance of the cost of traversing a link. We can think of this as a shortest path problem
where we see distributions rather than actual costs, as depicted in figure 5.2,

We are going to start by assuming that we have to make decisions of which link to traverse
based on these distributions. After we traverse a link from ¢ to j, we then experience a
sample realization from the distribution. We want to choose a path that minimizes the
expected costs.

|
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Basic model

Stochastic network — costs revealed after
decisions are made
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State variables

In this basic problem, the state 5; is the node where we are located after ¢ link traversals.
FFor the basic problem, it is more natural to say that we are in “state” (node) i, but the state
variable will become a lot more interesting in the extensions.

Decision variables

We are modeling decision as the node j that we traverse to given that we are at node 1.
There is a large community that works on problems that fit this class where the decision is
represented as an action a, where o takes on one of a set of discrete values in the set A,
when we are in state 5.

A convenient way to represent decisions is to define

o { | If we traverse link 2 to § when we arc at 2,
.-1-?

0  Otherwisce.

This notation will prove useful when we write our objective function.

© 2018 W.B. Powell



Exogenous information

After traversing the link (i, 7). we observe

¢;; = The cost we experience traversing from i to j.

For the moment, we are going to assume that the new observation ¢;; is absorbed in a very
large database. Over time, these observations may have the effect of changing ¢;;. Later, we
are going to introduce problems where the estimates ¢;; may be just rough approximations
of the actual average link costs, where the decision to traverse link (i, 7) will provide better

estimates, but that is for later.

Transition function

For our basic graph problem, if we make decision = = (4, j), the state 5; — 1 evolves to
sLate :::'rf__l_l - j-
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Objective function

We can model our costs using

;i = A random variable giving the cost to traverse from node ¢ to node 7,
cij = The expected value of ¢;; computed by averaging over our database of past
travel costs,
= Eéy,
ai;; = Ourestimate of the standard deviation of ¢;; computed using historical data.

We write ¢;; = [¢;; as the expected value of the random variable ¢;; which is the actual
link cost, although in practice this is really just an average over past observations.

We assume that we have to make the decision of which link to traverse out of a node ¢
before seeing the actual value of the random cost ¢;;. This means that we have to make our
decision using our best estimate of ¢;;, which would be ¢;;.

We could write our objective function using

min Z Z EiiTij (5.3)

Tyl s JleL
€N jen

but this formulation would require that we know the realizations ¢;;. Instead, we are going
to use the expectation, giving us

min Z Z CiiTigy (5.4)

i€ a;CE
Lj{ ICNJCNI
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® The objective function

The optimal solution of this problem would be to set all x;; = 0, which means we do not
get a path. For this reason, we have to introduce constraints of the form:

Y 3y = 1, (5.5)
i

Y wiw = 1, (5.6)
Y =Yz = 0, forj#q,r. (5.7)

Tij =, I;iu,l] e L. (5.8)

Equations (5.4) - (5.8) represent a linear program, and there are powerful packages that
can be used to solve this problem when written this way. However, this approach does not
provide a path for handling uncertainty. Our basic stochastic shortest path problem. Below,
we describe how to solve the problem using our language of designing policies, which will
provide a foundation for addressing uncertainty.

» In other words, we can think of this as a well defined problem
where we call a black box solver. This could be a linear
programming solver, or a shortest path algorithm.
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Modeling uncertainty
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® Modeling uncertainty

5.3 MODELING UNCERTAINTY

For our basic model we are just using the point estimates ¢;; which we assume is just an
average of prior observations collected, for example, using travel cost estimates drawn from
(GPS-enabled smartphones. When estimates are based on field observations, the method is
called data-driven, which means we do not need a model of uncertainty - we just need to
observe it

For example, let ¢;; be our current estimate of the average travel cost for link (i, j) and
assume we just observed a cost of ¢;;. We might update our estimate using

f_;;j — [l — ﬁt:h:_':t'_el; -+ t'l-:ﬁ;_.i;.,

where « is a smoothing parameter (sometimes called a learning rate or a stepsize) that is
less than 1.

» Discuss modeling the uncertainty of the realizations:
« Data driven modeling
« Empirical distributions
« Moment fitting for parametrics (e.g. normal)
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Designing policies
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5.4 DESIGNING POLICIES

Our “policy™ for this deterministic problem is a function that maps the “state™ (that is, what
node we are at) to an action {which link we move over). We can solve this problem by
optimizing the linear program represented by equations 5.4 - 5.8, which gives us the vector
:r;j for all links {f._jj. We can think of this as a function where given the state (node i)
we can an action, which is the link {t’,j} for which x;; — 1. We can write this policy as a
function X ™ (5;) using

X*(S=1) = jifzy =1

Alternatively, we can solve Bellman’s equation as we did initially for our deterministic
shortest path problem using equation {5.1). This gives us a value v+; which is the minimum
travel cost from each node ¢ to the destination node r. Ongce these values are computed, we
can make decisions using the following policy

X™(i) = argmin(é&; + v;). (5.9)
JEN

This means that our “stochastic™ shortest path problem can be solved just we solved our
deterministic problem. Below we show that with a minor twist, the situwation changes
dramatically.

We can introduce a slight variant by assuming that our estimated costs depend on our
“time” variable. Thus, instead of writing ;;, we would write ©;;;, in which case we would
write Bellman's equation as

Vi(i) = min (&4 + Vipa(d)). (5.10)
FEN

Here, we would pick a large time T" and set V() for our destination node . We would
then set V(i) to a large number for all other nodes i other than +. Finally, we simply
execute equation (5.10) by stepping backward in time. This is not a very efficient shortest
path algorithm, but it is easy to accelerate by limiting the loop over all nodes ¢ at time £ to
nodes that can be reached from nodes j that we have already reached.
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® Notes:

» This basic problem 1s just a deterministic shortest path
problem, which we can solve using the generic
backward DP method we introduced at the beginning.

» The policy 1s optimal, since we are solving the original
problem. This means we do not have to do tuning or
policy evaluation.
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Week 3 - Wednesday

Stochastic shortest paths

N
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Stochastic shortest paths 11

Adaptive routing
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From last time - deterministic
I

® From deterministic to stochastic

» Pure deterministic
¢V = mjin(cij + v;)

» Stochastic, see costs after making decision
°* V; = rnjinE(él-j + v;)

or
o Vi(S¢) = mjin E{éij + Vig1(Se4+1) (5t}

— Explain that S; 1s state after “t” link transitions.

» Stochastic — see costs before making a decision

o Vi(S¢) = mian{éij + Vir1(Se41) |5t}
o Vi(S¢) = Trljin(@ij + E{Vi41(St+1)15:})

— Note that ¢;; is not random given S;
© 2018 W.B. Powell



The state variable
I

® Illustrating state variables

» A deterministic graph

17.4
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The state variable

® Illustrating state variables
» A stochastic graph
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The state variable

® Illustrating state variables
» A stochastic graph
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In our new stochastic model, just capturing the node where our traveler is located is no
longer enough. Remember that above, we introduced a state variable as “all the information
we need at time { (or after 2 iterations) from history to model the system from time  (or
n) onward.” While this description is accurate, it is useful to introduce a more complete
definition:

Definition 5.5.1. A state variable is: A function of history that is necessary and sufficient
o compute the cost/contribution function, the constraints, and any information required
to model the evolution of information needed in the cost/contribution function and the
CORSIraings.

Our new stochastic shortest path problem introduces new information that is needed to
make a decision: the costs out of the node where we are located. We are going to find it
convenient to introduce two new state variables:

f1; = The physical state of the system, which is usually controlled directly
by decisions,
I; = Other information that we need to make a decision.

In our network problem, our physical state would be the node where we are located, while
the “other information™ variable [; would capture the costs on links out of the node where
we are located. Assume that at time { that [{; — ¢. We are going to add time { to our index
for link costs, which means we will replace ¢;; with ¢; to refer to the cost when we go
from ¢ to 7 at time {. We might then write

S = (I 1)

= (i, (Beis) jenrt)-
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To see what this does to our previous way of solving our shortest path problem, take a fresh
look at Bellman’s equation as we first introduced it in equation (5.2)

Vi(St) = min (C(Se ) + Vig1(Se1))- (5.12)

where 5; 1 would be given by

Stt1 = (Repr, fe),

It¢y1 = The node produced by our decision x. Soif x;; = 1, then iy = j,

I,y = The costs that are observed out of node [, ,,. which depends on
the decision x. If x sends us to node § so that [, = j, then
Tivt = (€tt1,dky s Cot1 jhas Cot1,jk, ) (assuming there are three links
out of node 7).

Assume that [?; — i. The cost function (’(5;, x) is given by
f,»Tlllrf:lrf_._I::l = Z ﬁ;;j.“]‘?;j.
JEN

Remember that 5; (where [, = i) contains the costs ¢;; for the links (4, j) out of i, so0
these are known.

But S;,; is random when we are at time t! Need to introduce
an expectation:

V,(S,) = min (C(S, =) + E{V,41(S01)

5;,1}). 5.13
L =P o LT}J ( )
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@ Finding a policy

» We could try using Bellman’s equation, but now the transition
from S; to S;, 4 1s stochastic because of revealing the new link
times, so we have to write Bellman’s equation as:

Vi(S:) = j{IEl"J'L]' “:{rui:'r:-.-'f:]' +E{Viy1(Si41)

Sy, z}). (5.13)

We can write this more explicitly. Assume that x sends us to node j (which means that
xij = 1), and when he arrives he sees i1 = (G141 k0 s Cot 1 jkas Cit1 jka )- We learn these
costs when we arrive to node j at time £ + 1, but they are random when we are at node i at
time { thinking about what to do.

Now we face anew challenge: how do we compute the expectation E{ Vi 4 1 (S:41)|S, x}?
Assume that each cost ¢ can take on values ¢y, ez, . . ., ¢g, with probabilities p;x(e;e). For
example, ¢; might be | minute, ¢z might be 2 minutes, and so on. The probability pjx(ce)
is the probability that ¢;,. = ¢;. Assume that the decision x takes us to node j, after which
we face a choice of traveling over links (j, &), (4, k3) or (4, k3). We would compute our
expectation using

L L I
E{Veit1(Se+1)|St,z} = Y pjklen) Y pika(ces) Y Pikalces)

£1=1 £p=1 fa=1
II"’:+l'|:*{:'1:+l — '[J [.f“-'f;.-.f-”f'zrﬁh]']"L (5.14)
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® Challenges:

» Computing Bellman’s
enough.

equation for a single state 1s hard

» We have to compute it for each state S;. But instead of
just being anode, 1t 1s now a four dimensional vector.

In our network examp]

i

€, our state was:

S, :(Nt,(ct,Nt,”_

J=(6.(127,89.13.5))

» If we discretize costs into, say, 20 buckets, then our

state space would be 2

0 X 20 X 20 xXnumber of nodes.

» This 1s just not going to work.
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® Solution approach:

» Introduce post-decision state S{ =the state immediately
after a decision has been made.

» In our network example above, the post-decision state
when we are at S;:

S, =(6,(12.7,8.9,13.5)) > S = (9)

» Note that we are still at node 6, but we have made the
decision to go to node 9 (but have not yet arrived

there). So we do not yet know the costs on the links out
of node 9.

© 2018 W.B. Powell



e ——
® Bellman’s original equation:

Vi(5;) = .J.Illl{rl [{'I[H,.-.r} + E{Vi 1 (51|52} (5.13)

TE.

® From pre- to post-decision state:

Vi(5:) = Jui:rt_l Iiff[f'.nr,---r]l + lTI["‘:rﬂj (5.15)
rEA,

® From post- to pre-decision state:

]".'I{H” — L{L.' 4 (S i ]HH:--L'}- (5.16)

® This expectation is still hard to compute, but we
have tricks...
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® We are going to use an approach called
“approximate dynamic programming”’

We are g{:in:g to construct appmximatinn; Ff{ 4 ) of the value of being at node j, where

—, 1

Ve (J) = EVia(Se).

Let ?T'”{j ) be our approximation of EV, (5, ) after n samples. One way to build this
approximation is to use samples of the value of being at node ;. Imagine that we are going

- .. . . . —x.n—1,
to pass forward through the network, making decisions using approximations V', (5¢)
obtained from previous iterations, along with sampled costs ;. We can obtain a sampled
estimate of the value of being in state 5; using

o) = min (@ + Vi) (5.17)
N

We are then going to update our estimate of the value of being at node 1 using

—J_I'.,Ti

Vi) = (1 —an)Ve (i) + and?(i). (5.18)
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@ Steps (create notation board to review all notation)

»

»

»

»

»

Use V*™ ! to make a decision. Imagine we are at node i* at time
t, while we are simulating the nth path.

n A r7Xx,n—1
i1 = argmax; (Cij + Vi )

This tells us which node to go to, arriving at time t + 1.

When we arrive at the next node i}, ;, we then randomly sample
the costs on links out of node i, ;. This avoids having to
enumerate all possible costs.

Compute
sno A 7x,n—1
Upin = max; ¢;n j + V; i

Now update the previous, post-decision state:

=xn _ __Nipaon—1 AN
Viliim, = (1 a)Vt—Li{?_l T av,n
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® Basic idea

» Use the value function approximations around the post-

.. —xn—1
decision state V; f

what to do next.

to create a policy to determine

» As you transition to a pre-decision state (that 1s, you
reveal the costs), then obtain a sampled estimate of the

value of the pre-decision state ﬁ?i?.

» Use this to update the previous post-decision state.

» This 1s known as (single pass) approximate value
iteration.
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Stepsizes

® Stepsizes:

» Approximate value iteration requires updates of the

form;

Updated estimate

New observation

The stepsize
“Learning rate”
“Smoothing factor”
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Stepsizes

@ Single state, single action Markov chain

» Updating — receives reward=1 at last node. All other rewards = 0.

0 0 1
O——0O——0——0—"—0——0C-
» Same as adding up random rewards with mean of 1. Noise may be
zero, or quite high.

Table 9.1 Effect of stepsize on backward learning

i Vi D 1% 0 2! i ; D Vi s
Iteration Vo | Vi > Vs ; V; 4 Vs 5

0 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000
0.000 0.000 0.000 0.000 0.000 0.000 0500 1.000 1.000
0.000 0.000 0.000 0.000 0.167 0.500 0667 1.000 1.000
0.000 0.000 0.042 0.167 0.292 0.667 0.750 1.000 1.000
0.008 0.042 0.092 0.292 0.383 0.750 0.800 1.000 1.000
0.022 0.092 0.140 0.383 0453 0.800 0.833 1.000 1.000
0.039 0.140 0.185 0453 0507 0.833 0.857 1.000 1.000
0.057 0.185 0.225 0,507 0.551 0.857 0.875 1.000 1.000
0.076 0.225 0.261 0.551 0.587 0.875 0.889 1.000 1.000
0.095 0.261 0.294 0.587 0.617 0.889 0900 1.000 1.000

n 4= W o=
e e e e b G e e e

O O 00 ~1




Stepsizes

@ Bound on performance using 1/n:

Single state, single action

C)t> vi(n) = lf_:r_ (1 - (liﬂ)lﬂ)

Jii

= C
V = ’)/nC = — 2
; 1=~
V't =c+ MW 5 i
/

—n-+1 Al ~N—+1 '
Vi =(l-o)V +aVv " 0w




Stepsizes
N

® Some basic tricks:
» Use a constant stepsize, but you have to tune.
» Harmonic stepsize, but again — careful tuning.

» Use a stepsize = 1 for T iterations (T = horizon), then
switch to harmonic.
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Stepsize policies
N

® BAKEF stepsize rule (from chapter 6)

It can be shown (see section 6.7.1) that the optimal stepsize is given by

0,2
— — ' 6.42
1 (l-l-)\”—')cr?—f-(J”)? ':14 )

Qn-1

where A is computed recursively using

p (”'ﬂ-- 1)2- n=1 (6.43)
1 — r311'1—1)?}"”_1 + (an—1 )Es n> 1. o

The BAKEF stepsize formula enjoys several nice properties:

» Properties:
1

« With static mean, a,, = -

e With no noise, a,;, = 1

: 1
e Atall times, a,, = -
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Stepsizes
N

® Single pass version
» For the single-pass version, stepsizes are tricky.

» I recommend using a stepsize of @ = 1 for L steps,
where L 1s roughly the length of a path.

» Then switch to something smaller — perhaps 0.20, but
the choice depends on how much noise there 1s 1n the

COSts.
* Less noise, increase a toward 1.
« More noise, decrease a toward 1/n.

» More sophisticated: BAKF
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® A double-pass version

» The single pass version, where we update as we
progress forward, can exhibit slow backward
communication.

» A different strategy is to simulate the full path forward
without doing any updating.
» Then do a backward pass, retracing steps along the
same pass while computing:
. ﬁgi? = max; ¢;n ; + 921‘}11
» Finally update as we did before:

=X N . _ =xn—1 AN
* Viliin, = (1 “)Vt—u[‘_l T avyn
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Stepsizes
N

® Double pass version

» Harmonic stepsize rule likely to be best.
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® The policy

» Regardless of strategy, when we are done, the policy
looks like

X" (S;) = argmax; (¢;; + Vt’;’n_l)

» The performance of the policy depends on the
algorithmic strategies used to compute the value
function approximations.
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Q-learning
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Q-learning

® Mouse 1n a maze problem
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Q-learning

® AlphaGo

» Much more complex state
space.

» Uses hybrid of policies:
« PFA
* VFA
* Lookahead (DLA)
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Q-learning
N

® Basic Q-learning algorithm
» Basic update:
q"(s",a") =C(s",a") + ymax , @”_1(3',0,')
Q"(s",a") = (1 - an_l)@”_l(s”, a")+a q"(s",a")
where
S' —_ SM (Sn’a/n’WTHl)
» Given a state s and action a™, we simulate our way to

state s’.

» Need to determine:

 State sampling process/policy
» Action sampling policy

© 2017 Warren B. Powell



Q-learning
N

® Some terms from reinforcement learning:

» “Behavior policy” 1s the policy used to choose actions
« E.g. these are actions observed by a real system

» “Target policy” is the policy that we are trying to learn,
which 1s to say the policy we want to implement.

» When the target policy is different from the behavior
policy, then this 1s termed “off policy learning”

® In this course

» The “learning policy” 1s the policy (often called an
algorithm) that learns the value functions (or Q-factors)

» The “implementation policy” is the policy determined
by the value functions (or Q-factors).
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Q-learning
N

® Learning policy

» This 1s the policy that determines what action to choose
as a part of learning the Q-factors.

» “Exploitation”:

n

a™ = argmax,1Q™(s", a")

» Other policies that involve exploration:
« Epsilon-greedy — Choose greedy policy with probability €, and
explore with probability 1 — €.
 Policies based on upper confidence bounding, Thompson
sampling, knowledge gradient, ...
 This is learning with a physical state.
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Q-learning
N

® State sampling policies

» Trajectory following

g+l — SM(Sn, an’ Wn+1)

e Helps to avoid sampling states that never happen
e Problem is that a suboptimal policy may mean that you are
not sampling important states.

» Exploration
 Pick a state at random

» Hybrid

 Use trajectory following with randomization, e.g.

g+l — SM(Sn, an’ Wn+1) + entl

© 2017 Warren B. Powell



Q-learning
N
@ Implementation policy

» This 1s the policy we are going to follow based on the Q-factors:

A™(s) = argmax,,Q"(s,a’)

@® The value of the implementation policy:

Zcxs X7(S) W, (w)) where S, =S"(S,X"(S).W,,,(w))

» Or

N—1

_7Tn

ET:C(S X7(S,),W,, (w")) where S

ﬁ _ =57 (5L X (S, (")

@ The goal 1s to find an effective learning policy so that we
obtain the best implementation policy.
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Q-learning

® Convergence rates:

0.2 - Policy Improvement v. Updating Iterations

ADAM
AdaGrad
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Q-learning
N

@ On vs off-policy learning:

» On-policy learning — Behavior according to the policy dictated by
the Q-factors::

From a state s", choose action
a" = argmax , Q"(s",a")
Now go to state s"* :
8n+1 — SM(Sn,a;n,Wn+1)
Where W"*"' is observed or sampled from some distribution.
» Off-policy learning;:
« Sample actions according to a learning policy (called “behavior

policy”” in the RL literature). This is the policy used for learning the

implementation policy (called the “target policy” in the RL literature).
* Needs to be combined with a state sampling policy.
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Q-learning
N

® Model-free vs. model-based

»

»

»

»

Model-based means we have a mathematical statement of how the
problem evolves that can be simulated in the computer.

Model-free refers to a physical process that can be observed, but
where we do not have equations describing the evolution over
time.

» The behavior of a human or animal

e The behavior of the climate

» The behavior of a complex system such as a chemical plant

Q-learning 1s often described as “model free” because it can be
learned while observing a system.

The resulting policy does not require a model:

o A™(s) = argmax,Q"(s,a)
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Q-learning
N

® Notes

» Lookup table belief models are most popular, but do
not scale (limit of 3 dimensions).

» Various smoothing strategies have been suggested
(basically nonparametric statistics), but still limited to 3
dimensions.

» Need to be very careful with stepsizes. Q-learning is a
form of approximate value iteration where the
backward learning is slowed by the use of stepsizes.
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Q-learning
N

@® Max operator bias:
» Second i1ssue arises when there 1s randomness 1n the reward.

» Imagine that we are purchasing energy at a price p; which evolves
randomly from one time period to the next.

» Imagine buying and selling energy using real time prices:

Zone, PSEG current_hour|yang(29.00) —
. Zore.mﬁ_urrmt_hlnlﬂ.m —
Zone_PSEG current _zonal load 4427 $4h —

(20L7-04-00 14:20000 = 20070819 14:10:00)
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Q-learning
N

® Max operator bias (cont’d)

» This introduces noise in g™ (s™, a™):

§"(s",a") = C(s",a") + ymax , Q" (s',a")

Q"(s",a")=(l-a, )Q" ' (s",a")+a,q"(s",a")

» Finding the max over a set of noisy estimates g™ (s", a™)
introduces bias in the estimates Q™ 1(s’,a’). This bias
can be quite large.

» Testing on roulette
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Q-learning
L

@ Roulette
» Optimal solution is not to play — optimal value of game is zero

» Q-learning over 10,000 iterations

Value Function Estimates for Roulette
From 10 Runs of Q Learning
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Q-learning
N
@ Roulette
» Optimal solution is not to play — optimal value of game is zero

» Q-learning over 10,000 iterations

Value Function Estimates for Roulette
From 10 Runs of Q Learning

35“ T T T T

w
o
=]

Pt
Ln
=]

P
o
=]

- —
o L
] =]
L]

i

MAX0" (a)

{Estimated winnings from Roulette)
Ln
o
|

0 I 1 I 1
0 20000 40000 60000 80000 100000

i
(# of samples observed from Roulette)

© 2017 Warren B. Powell




I
® Roulette

» Optimal solution is not to play — optimal value of game is zero

State-visit Probability Weighted Sum of Bias of Value Estimate
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Policy evaluation
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® Notes:

» Policies based on value function approximations should
be good, but are not optimal.

» We have seen different strategies:
e Forward pass, backward pass
» Choice of stepsize formulas

» To find the best algorithmic strategy, we need to
evaluate the performance of the policy by simulating it.

T
Fr(w®) = Z C(S:(w®), X™(Sy))
t=0
Then average the samples to obtain:

K
_ 1 Z ~
FTC(H) :E Fk(a)k)
© 2014578 Powell



Week 4 - Monday

Dynamic shortest paths

N
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Narrative
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® The google maps story:

» Use current estimates of & G
. o Poughkeepsie
travel times on links to find od

the best path at a time t. of N U )
- 3 )
» As time passes, google gets ¢ =
updated information on .
travel times. § - w
@ )
» The shortest path may ) prap—
. . et ; 168 miles
change over time since costs 9
. Edisop,®
are dynamic (and of course $j
stochastic).
1 E"ﬁ @

» We want to model this
process.
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Basic model
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B
® Problem variations

» Deterministic base model
* We assume the real problem does not change over time.

» Stochastic base model

 Use static point estimates of costs that do not change over
time, but we experience actual costs as we traverse links.

» Use estimates of costs that are updated as we traverse links.
Estimates of costs evolve over time, but are not time
dependent.

« Use time-dependent estimates of costs that evolve as time
passes.

© 2018 W.B. Powell
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® Stochastic, dynamic lookahead

» We could use a stochastic lookahead model. This

comes 1n two flavors:

» Arc costs are known after we make a decision — This 1s a
deterministic shortest path problem that we can solve as a
linear program or a classical deterministic shortest path
problem.

» Arc costs are known before we make a decision — Now we
would have to use approximate dynamic programming to solve
the lookahead model. This then has to be re-optimized as the
mean arc costs are updated.

» We are going to design a policy where we traverse the
network repeatedly, sampling arc costs as we proceed.
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The state variable

@ A stochastic network, costs revealed as we arrive to a
node:
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® Modeling:

» State variable (iteration n, time t)
e R[' = current node = i}* during pass n
e [{' = information = (c‘?l j) = estimates of costs at time't
during pass n
* St = (R ID)

» Decisions

x, n ;=1 if we traverse, (i{*,J) at time t.

t,ilJ
« We want a policy X[ (S;) = (xfizl:ij) for all links i, j.
T

i
» Costs
e (;jj =Actual realization of costs at time t to traverse (i, j)

© 2018 W.B. Powell



® Modeling:

» Objective function
 Cost per period

C(S¢, X%T(St)) = (XZF (St))Tét
= z xgi?,j 6tij
i,j
=(Costs incurred at time t.

e Total costs:
minkE Z’{:O C(St; X'7ct (St))
T

» This 1s the base model.
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® A policy based on a lookahead model

» At each time t we are going to optimize over an
estimate of the network that we are going to call the
lookahead model.

» Notation: all variables in the lookahead model have

tilde’s, and two time indices.
 First time index, t, is the time at which we are making a
decision. This determines the information content of all
parameters (e.g. costs) and decisions.
« A second time index, t’, is the time within the lookahead
model.

» Decisions
e X;;; = 1if we plan on traversing link (i, j) in the lookahead

model.
e (;;j = Estimated cost at time t of traversing link (i, j) in the

lookahead model. )15 we powel



e ——
® A policy based on a lookahead model

» Static lookahead problem (one set of costs for the entire
network.

o mind;; Coij¥eij

» Dynamic lookahead problem (costs depend on the time
that we arrive at the link):

. T ~ =
© M Xg—¢ Xij Coet ij%ee ij
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The state variable
I

@ A static, deterministic network
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Time dependent representation

@ A time-dependent, deterministic network
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Time dependent representation

@ A time-dependent, deterministic lookahead network

/7

t+4 /

t'

t'=t+1 i
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D {'=t+2
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<
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I
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The base model
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Time dependent representation

@ A time-dependent, deterministic lookahead network

t+4 4’/57?'

t'=t+3
- 4
T 7
t'=t+1 i

t+2 t+3

The base model

A

—~—
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The lookahead model
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I
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Time dependent representation

@ A time-dependent, deterministic lookahead network

—~—
Il

t'=t+3 /’

t'=t+2

t'=t+1 ,

The lookahead model

—+
I
—+

t+1 t+2 t+3

—+

The base model
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® Notes:

» I suspect that google maps uses a static lookahead,

since these can be solved much more quickly.

* This means 1f you are traveling from Connecticut to Princeton,
passing New York City, leaving at 3pm, the algorithm will use
estimates of going through New York at 3pm, rather than at
Spm.

» Deterministic, dynamic networks are much larger, since
you have a cost for every link, for every point in time.

» Stochastic, dynamic networks are even harder than
deterministic, dynamic networks.
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® Forecasts of travel times

Assume that when we have to make a decision at time {, we have an updated estimate

of travel costs based on current congestion levels (by tracking the speed at which our
smartphones are moving through traffic). We are going to represent these times using

€y k¢ — The estimated cost of traversing link (&, £) when we arrive to the link
at “time” #’, using estimates based on what we know at time {.

» Evolution of costs:

‘We might detect slower travel times at a link we might traverse in the future, from which we
might infer slower travel times over a period of time since it can take time for congestion

to dissipate. For this reason, we receive a series of updates for the cost of traversing a link
(k. #) at a time ¢’ that can we represent using

(Ceer ks Cot1 tf s CLt2 07 Kelly « + « o CtF— 117 kelly C1F 17 k)
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Static lookahead model In a static lookahead model, we use our best estimate of the time
for a link (k, £) as &,y = €40 pp. We then solve Bellman’s equation as

V() = min Y @gpkFuge+Veen(k) | (522)
(Fppr ;0 -KENT) .
- ! kEN

The variables &, ;; represent the decisions in this static model using the information

as we know it at time £. Once we have our value functions V() for all nodes j,
we can compute the optimal decision we would make when we are at node §, which
we designate 77, () using

it.(j) =  argmin Y Gk grge + Vi (k) |- (5.23)
{}::'ik‘kwfl ) n'i.'E,."'m'-jl

We run the algorithm by starting at a time t' = ¢ + H for an appropriate horizon
H, where H is large enough to ensure that we can get to our destination in H time
periods. We then execute equation (5.22) stepping backward in time Since we may

» Can also think of this as a linear program.
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Deterministic dynamic model Now assume that we are given cost estimates ¢, 5, that
are projections of the cost that we think we will incur when we traverse link (£, £) at
time ¢’ in the future.

Virld) = min E:Eu’,jﬁ:haﬂjk+'*’ra:a-’+l|z"l',‘:| . (5.24)
(For s kENT) | i
¥

This is a deterministic model of the future. Although we are tryving to solve a
stochastic shortest path problem, we are approximating the lookahead model using
deterministic estimates of costs (just as we did with the static model).

This works just like the static version, except that now we index the value function
by time #'. It is important to recognize that t' is the true time variable in this model,
since this is the time at which activities are happening within our model. The index ¢
15 just capturing the fact that we are solving the problem at time ¢, using information

as we know it at time {. Since we are currently at node i at time £, our decision would
be

Ty (i) = arg min Z ErrijToeris + Ve (J) | (5.25)
Fuwrs JENT) \ e
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® Imagine that the lookahead 1s just a black box:

» Solve the optimization problem

X[ (S)=arg minz Z Ci X

IEN jeN;"
» subject to

Z )?in = 1 Flow out of current node where we are located
i

Z X, =1 Flow into destination node r
i

Z X i —Z X;, = 0 for all other nodes.

i k

» This 1s a deterministic shortest path problem that we
could solve using Bellman’s equation, but for now we

will just view it as a black box optimization problem.
© 2018 W.B. Powell
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® Simulating a lookahead policy

We would like to compute

]
F* = EZ Z Xeii (S)C

t=0 i,j
but this 1s intractable.

Let w be a sample realization of costs
ét,t',ij (w), ét-i—l,t',ij (w), ét—i—Z,t',ij (W),...

Now simulate the policy

T i
F T (wn) — Z Z X;)Tij (St (wn ))ét’ij (wl’l) Talk through how this

e works.

Finally, get the average performance
N
F T __ i Z F T (wn)
N =

© 2018 W.B. Powell
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® Discuss:

» Make distinction between sampled costs ¢;;; and
forecasted costs Cy;;

» Both are updated with time and from one iteration to
another.

© 2018 W.B. Powell



Policy for stochastic lookahead
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® Solving a stochastic lookahead

» Assume that the travel gets to see the costs out of a
node once she arrives at the node.

» Further assume that we have a forecast, but model the
uncertainty around the forecast.

» We would have to us approximate dynamic
programming to solve the stochastic shortest path
problem.

» This 1s computationally very cumbersome — unlikely to
ever be used 1n practice!

© 2018 W.B. Powell



B
® Notes:

» The deterministic lookahead is still a policy for a
stochastic problem.

» Can we make 1t better?

® Idea:

» Instead of using the expected cost, what about using a
percentile.

» Use pdf of ¢;; to find 6 percentile (e.g. 6 = .8). Let
55 (6) =The 8 —percentile of ¢;;

» Which means Prob léi i< 55- («9)] = 0.

© 2018 W.B. Powell
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® The 6 —percentile policy.

» Solve the linear program (shortest path problem):

X[ (S| 0) = argmin Z Z Ci (X (Vector with x; = 1 if decision is to take (i, j))
ieN jeNiJr

» subject to

)~(t o= 1 Flow out of current node where we are located
- st »
J

Z X, =1 Flow into destination node r
i

Z X —Z X4 = 0 for all other nodes.
i k

» This 1s a deterministic shortest path problem that we
could solve using Bellman’s equation, but for now we

will just view it as a black box optimization problem.
© 2018 W.B. Powell
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® Simulating a lookahead policy

Let w be a sample realization of costs
c,:\'[,t',ij (CU), ét_H,t',ij (w)a ét—l—Z,t',ij (UJ),

Now simulate the policy

ﬁﬂ(wn) — Zzét,t',ij (W)X (S, (w")[0)

t=0 i,j

Finally, get the average performance

ﬁ”(@):ﬁz F™(w")

© 2018 W.B. Powell
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@ Policy tuning

» Cost vs. lateness (risk)

Comparison of theta”cost - origin 0, destination 24, dist 6 - deadline 780.0 and number of iterations 100

Average Cost Probability of being late (Risk)

am 0.14 -

695 1
0.12 4

690

0.10

685
0.08 -

“# 680
0.06

675 1
0.04 -

670
0.02 -

665

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Percentile Percentile
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Week 4 - Wednesday

Modeling

N
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Modeling frameworks

State variables
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The state variables
N 20000

2 What 1s a state variable?

» Surprisingly, the academic community has generally
avoided defining a state variable.

» Bellman’s classic text on dynamic programming (1957)
describes the state variable with:

e *“... we have a physical system characterized at any stage by a
small set of parameters, the state variables.”

» The most popular book on dynamic programming
(Puterman, 2005, p.18) “defines” a state variable with
the following sentence:

« “At each decision epoch, the system occupies a state.”

» Needless to say, these are not “definitions” in any

formal sense of the word.
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The state variables
N 20000

2 What 1s a state variable?
» Wikipedia:

» “State commonly refers to either the present condition of a
system or entity” or....

A state variable 1s one of the set of variables that are used to
describe the mathematical ‘state’ of a dynamical system

» Kirk (2004), an introduction to control theory, offers

the definition:
« A state variable is a set of quantities X, (1), X, (t),... which if
known at time { =1, are determined for T = {, by specifying
the mputs for the system for t > ¢, .
* True, but too vague to be useful.

» What was the state variable for our cash balance
problem?

© 2018 W.B. Powell



The state variables
N 20000

» Dimensions of a state variable:

» I often find 1t useful to use three perspectives of a state

variable:
* Physical state R,
— This 1s a snapshot of the state of the physical system at a
point in time
* Information state |,
— This 1s any information needed that 1s not in the physical
state that we need to model the system
* Beliet/knowledge state K,
— This captures what we believe (in the form of probability
distributions) about unobservable parameters.

» The 1ssue of Markovian vs. history dependent systems
arises when people equate state with physical state.
Different communities handle this 1ssue differently.

© 2018 W.B. Powell



The state variables
N 20000

< The physical state
» What 1s the price of the stock (right now)?
» At what node are you located on a graph?
» How much inventory do you have in stock?
» These are all variables indexed by t.

2 The information state

» We use this to include all the information other than what 1s in the

physical state:
* Your model that forecasts future weather, demands, stock prices.
» Any history (variables index by t-1, t-2, ...) needed to make decisions,
compute costs or model the future.

2 The belief state

» This consists of probability distributions about unknown parameters
 How many books will I sell at price p?
« What is the average global temperature?
* How will a patient respond to a particular medication?

» Each of these are unknown parameters. We might assume that we
model our belief using normal distributions. Our belief state would
include the normality assumption along with means and variances.
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The state variable
N 20000

< Illustrating state variables

» A deterministic graph

17.4
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The state variable
N 2000

< Illustrating state variables
» A stochastic graph

© 2018 W.B. Powell



The state variable
.

< Illustrating state variables
» A stochastic graph

© 2018 W.B. Powell



The state variable
.

< Illustrating state variables

» A stochastic graph with left turn penalties

S, =(Nt,(ct,Nt,j ) . NH) =(6,(12,7,8.9,13.5),3)

e e\ -

R |
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The state variable
N 2000

< Illustrating state variables

» A stochastic graph with generalized learning

© 2018 W.B. Powell



The state variable
.

< Illustrating state variables

» A stochastic graph with generalized learning

© 2018 W.B. Powell



The state variable
N 2000 |

< Variant of problem 1n Puterman (2005):

» Find best path from 1 to 11 that minimizes the second
highest arc cost along the path:

» If the traveler 1s at node 9, what is her state?
S, =CN,, highest, second highest) = (9,15,12)

© 2018 W.B. Powell



The state variable

2 Classes of state variables

» Technically these are nested sets....

R,

—

\

/

\ 4

Resource/physical state

\ 4

Information state

A 4

Knowledge/belief state

» ... but we treat them as if they are distinct.

© 2018 W.B. Powell




The state variables
N 20000 |

2 Let’s 1llustrate our new notation with a new
optimization problem... selling a stock.

Let p, be the price of the stock at time t. One way to model
the evolution of our stock price 1s using

Pr = Py + pt
In this representation, we view p, as the exogenous information.
We would write p, as a random variable (that is, it is random
before time t), and P, (@) as a sample realization when we are

following sample path w.

© 2018 W.B. Powell



The state variables
N 2000

< Selling a stock
When should we sell our stock? It makes sense to sell when the
price gets too much higher than a long term trend.
Estimate the trend using
p=0-2)p_, +ap
For this problem, our state variable is
S, =(P.P.R) R =1ifwe are still holding the stock, 0 otherwise
Let
1 If we sell at time t (requires R, =1)
X(S) = ( :
0 Otherwise
One possible rule for selling the stock might be to use
X7(S,)=1ifp, > p, +p
So our policy 7 represents both this type of rule, plus

the parameter /.
© 2018 W.B. Powell 422



The state variables
N 2000 |

< We can use different ways for tracking prices:

» Instead of using the smoothing

p=(0-a)p_, +ap,

» ... we used a moving average over the last three
periods:

_ 1

o :g( Py + Py + pt—2)

» In this case, what 1s the state of our system?

© 2018 W.B. Powell



The state variables
N 2000 |

< Moving average pricing problem
» State variable

S, =(P;> Prys Py RY)

» Transition function

Py = P+ ﬁt+1
Rt+1 — Rt — X
St+1 = (pt+19 P> Piors Rt+1)

» Compare this state and transition with the first pricing
problem using exponentially weighted prices.

© 2018 W.B. Powell



The state variable
N 2000

2 Two definitions:

1) The state S, Is a function of history that, combined
with the exogenous information, is necessary and
sufficient to calculate cost function, transition
function, and decision function (policy) from time t
onward.

2) The state S, Is a function of history that, combined
with the exogenous information, Is necessary and
sufficient to calculate costs, constraints and
transitions, from time t onward.

» Using these definitions, all properly modeled problems
are Markovian!

© 2018 W.B. Powell



The state variables
N 20000 |

< There are two types of state variables

» The initial state S, - This includes:

e Static information that does not vary over time
— The tax rate on long term capital gains.
— The amount of energy lost when being stored in a battery
— The speed of an aircraft
 Probabilistic information about unobservable parameters
— Distribution of the price of a stock in 6 months
— Diastribution of the possible functions relating demand to price

» Dynamic information that varies over time -S | t > 0
e The demand for a product
* The price of a stock

» By convention, S, only includes dynamic information.
Static information is captured implicitly in S .

© 2018 W.B. Powell



The state variables
N 20000 |

2 The state variable (dynamic information) comes 1n
three flavors:

» Endogenously controllable
e The cash in a mutual fund
* The water in a reservoir (which can include exogenous rainfall)

» Exogenous information
* The weather
* The price of a stock (assuming I cannot influence the market)
e The number of patients needing blood

» Exogenous information that can be endogenously

influenced
* The price of a stock 1f I am a big player
* The rate of new HIV infections (if I am working on policies to
reduce transmission)

© 2018 W.B. Powell



The state variables
N 2000

2 To 1llustrate

» Consider our pricing problem where our decision uses
the three most recent prices. The state variable 1s:

St :(pta Piis Pioas Rt)

» So what 1f we chose to write it as:

S, =(P> P> R
e Or

St :(pta Piys pt—z)

» What if we write 1t as
St = (Pes Prys Pras Pss R

* What 1s wrong with this? It has all the information we need.
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The state variables
N 20000

2 An energy storage problem

» In the battery arbitrage problem, we can store energy in
a battery from the grid when prices are low, or sell back
to the grid when prices are high.

» Let
P, = Purchase price for electricity from the grid

X, = How much we decide to buy (>0) or sell (<0) between t and t+1.
R, = Amount of energy in the battery at time t

R™" = Capacity of our battery
» We might make decisions using

X =argmax . . oo o (—pX+V, (R +X))

Our decision depends on p, and R..
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Modeling frameworks

Decision variables
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Computer science
a, = Discrete action
Control theory
u, = Low-dimensional continuous vector

Operations research

X, = Usually a discrete or continuous but high-dimensional

vector of decisions.




The decision variables
. 2300

2 Notes

» It 1s extremely important that making a decision at time

t can only use information in the state S, at time t.

2 A definition of a “decision”
» An endogenously controllable information class.

2 How do we make decisions?

» We use policies, which are rules for making decisions.
We will use notation such as:

A”(s) =The policy for determining an action a
U”(s) = The policy for determining a control u
X*(s) =The policy for determining a decision X
Here, 77 1s a label that determines the type of function.
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The decision variables
. 200

¢ Defining decisions

» In some settings (e.g. finance), it is relatively easy to

1dentify decisions:
* What stock to buy?
 How much to allocate into different assets?
* What price to sell a stock?

» In more complex settings (business, policy), it 1s easier
to 1dentify goals (improve cost/service, improve health
coverage), but it 1s not always easy to identify

decisions.
 How should Amazon improve its profits?
 How should we increase health coverage?

We know the goals, but we do not know how...

© 2018 W.B. Powell



The decision variables
B 2 I

< Take a look at the decisions spreadsheet you
compiled over the summer:

»
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Modeling frameworks

Exogenous information
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Dow Jones Industrial Average Dow Jones Industrial Average

1 day | 5 days |1 month | 1 year 1 day | 5 day=s |1 month |1 year
11,14313 +12107 +1.10% A close D9/2GZ008 11,143143 HAM0T  +1.40%
: : 5 5 (20pe

14,500

11,250




Commodities Commodities

aiL | . CORN 1 day |5 days | 1|1 year OIL i.':ﬁ\"-:'*._d LD | CORN 1 day | 3 days |1 month |1 year

Light sweet crude 2tz 106.99 103 0.95% A 5:14 Bl ET Light sweet crude (3tarel 106.9%9 103 -0.95% A4 514 Pl ET
;2007 2008 : : : 2008 '
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Exogenous information
B 20000

Often, we need to estimate what will happen 1n the future to make a decision now.
Let:

D, = Our forecast of the customer demand in future time period t.

p, = Our forecast of the market price at time t.
The future looks like:

{(Dy,p,)+(Dy By )seees (Dys )}
We say that (D, p, ) is the information arriving at time t. It is sometimes useful to

have a single variable to represent the new information arriving to the system at
time t. There is not standard notation for modeling information. Some people let:
@, = The information arriving in time t.

@, represents a realization of the information that arrives in time period t.

© 2018 W.B. Powell



Exogenous information
B 20000 |

< We need a system for indexing time. In particular, 1t is
important to know the mapping between discrete and
continuous time.

Continuous [31 [32 [33 [34
time
t=1 t=2 t=3 t=4
Discrete (=0 t=1 t=2 =3 t=4
time Ry, R.,Y, R,,Y, R,, Y, R, Y.

It is useful to think of information as arriving continuously over time.
Functions (states, decisions) are measured at a point in time.
At time t, anything t’ <=t is known, anything t’ >t Is unknown.
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Exogenous information
B 20000

All the information arriving would then be:
w=(a,,,..,a,..)
@, 1s not a random variable (although some people treat it as one). We sometimes
need a random variable which is a function providing the information that might
arrive during time period t. If we do not have a specific variable such as a
price, quantity or demand, we can use the generic notation:
W, = The information arriving in time t.

We use W, because it "looks like" @,. We can also write:

@, =W, (w)



Exogenous information
B 20000

For our example, we would write:

W, = (Dt > Py )
In the future, we do not know what might happen. Assume that the only type of new information

arriving is customer demands. That is, W, = (Dt )

Assume that there are only 10 possible sets of demands that might happen in the future:

® D1 D, Ds D4 Ds Ds D, Dg Dy
1 18 16 13 10 17 6 4 15 16
2 12 7 17 15 5 3 4 14 8
3 6 18 7 9 1 13 4 4 7
4 2 11 16 16 1 2 13 0 13
5 18 5 0 6 10 17 8 3 2
6 3 18 5 20 13 16 18 11 10
7 12 14 4 11 19 3 20 19 18
8 6 15 15 14 2 7 14 1 11
) 19 10 5 19 13 14 16 11 17
10 18 15 14 4 6 17 16 10 9

It is absolutely standard notation to index these outcomes by @ (don't ask why). The set
of outcomes (the sample space) is referred to as 2. So an element w € Q refers to a

particular set of potential outcomes.



Exogenous information
B 200000 |

We would say that D, is a random variable because we do not know the demand D, right now.

We might, for example, assume that D, follows some probability distribution so that we can describe

the range of possible outcomes.

Sometimes we need to refer to a particular realization. For this, we let:
D, (w) = A sample realization of the demand at time t.
D, () 1s not a random variable. Let's say w=6. Then,

@ D, D, D, D,
D, (6) = 6 3 18 5 20 13 16 18 11 10



Exogenous information
B

< At this point, we have:

» Illustrated some actual stochastic optimization
problems

» Reviewed the core dimensions of a problem
» Illustrated some policies
» Hinted at how you can find the best policy.

» But we have brushed by some concepts that deserve a
little more time.
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Modeling frameworks

Transition function
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The transition function
N 2000 |

< The transition function captures the evolution over
time:

St+1 =S" (SUXUWHI)

» The transition function goes by many names:

* System model  State equation

* Plant model * Transition law

* Plant equation * Transfer function
 State equation * “Model”

e [aw of motion

© 2018 W.B. Powell



The transition function
N 2000 |

< The transition function captures the evolution over
time:

St+1 =S" (SUXUWHI)

» At time t:

S, 1s known (deterministic)
X, 1s a deterministic function of S,
W

.., 1s random

© 2018 W.B. Powell



The transition function
N 2000

2 Two frameworks:
» Model-based

« This 1s where we have a set of equations that describe the
transition.

 In computer science, it refers to problems where the one-step
transition matrix 1s known.

» Model-free

 Here, we do not know the transition function.
» Typical for complex problems (describing human behavior, the
economy, climate, a complex physical problem)

* In this case, we simply observe the next state without knowing
how we got there.

© 2018 W.B. Powell



The transition function
N 20000

< Illustrations
» Our deterministic shortest path problem
S, =node =1
Decision X; =1

St+1 = J
» The stochastic shortest path problem

> (R"(é‘j)J)

Decision X = 1

R

J
= (R

O)
\_/
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The transition function

< Illustrations
» The first pricing problem

e State variable

S, = (P> Prs Ry)

 Transition function
P = P I@m
P = (1_0‘) P +ap.,,
Rea =R =X,

© 2018 W.B. Powell



Modeling frameworks

Objective function
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The objective function
N 20000

< Types of objectives:

» Rewards, profits, revenues, contributions (business)
» Gains, losses (engineering)

» Strength, conductivity, diffusivity (materials science)
» Stability

» Tolerance, toxicity, effectiveness (health)

» Risk, volatility (finance)

» Utility (finance)

© 2018 W.B. Powell



The objective function
N 20000

2 Objective functions

» Ways of writing objective functions:
c.X, or f (X) — Linear or nonlinear cost (deterministic)

F(x",W"") — Function does not depend on state, but does depend

on noisy implementation W
C(S,, X, ) — Cost/contribution deterministic function of state and action
C(S,, x.,W,,,)— Cost/cont. depends on state, action and random information.
C(S,, X, S,,,) —Cost/cont. depends on state, action and next observed state

» The most general 1s
C(S,,x,W..,) or C(S",x", W™

where decisions are given by

X, = X"(S,) or X" =X"(S")
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The objective function
B 200

2 Objective functions

» Final-reward version — Just look at the performance of
the final implementation decision:

max,, E{F(X™",W)|S,}

» Cumulative reward version — You have to add up the
rewards as we progress:

N -1
max _ E{Z F(X™(S™),W™") SO}
n=0

Or.

T
max E{th (St ) Xtﬂ(St),Wm) | So}
t=0

© 2018 W.B. Powell



The objective function

< Our most general form (up to the expectation)

-
max , I {Z C (S, X (50, Weyy) | So}
t=0

7

max _ E{ic(sp X (S))] So} \

L ]

2 COXT(S)W,,) S,

t=0

|

max , E{C(X{,W)|S,|

max , E{F(X™",W)|S,}

© 2018 W.B. Powell




The objective function
N 20000

< Ways to perform an evaluation:

» Offline learning (learning in a simulator)
e This 1s where you learn from a simulated system, usually on
the computer (for our field).
 Strengths:
— Can evaluate many policies in a relatively short period of
time.
* Weaknesses:
— Good computer simulators can be difficult to build (can
take years)
— Despite this, you still have to live with your modeling
assumptions, in particular about uncertainty.
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The objective function
N 20000

< Ways to perform an evaluation:

» Online learning (learn as you go)
 This 1s where we implement a policy in the field, and watch
how well 1t works.
 Strengths:
— You do not need to live with simplified models of
complex phenome.
— You can experience sources of uncertainty that you cannot
even 1dentify.
* Weaknesses:
— Very slow! Takes a year to simulate a year.
— Very hard to compare new policies.
— You have to live with your mistakes.

© 2018 W.B. Powell



The objective function
B 200 |

& Characteristics of the objective function

» Analytical behavior
* Concave/convex, unimodal, monotone, smooth,...

» Computational cost:
 Fractions of a second — Analytical functions
e Minutes — Computer simulations
* Hours — Laboratory experiments/computer simulations
* Days (or longer) — Laboratory/field experiments
* Weeks to months — Field experiments

» Startup/switching costs
« What is involved to observe function for different inputs? Is
there a cost to switch to different inputs?

» Experimental noise (low to high noise, nature of noise)

© 2018 W.B. Powell



The objective function
N 20000 |

< There are different uncertainty that we can:

» Expectations
min, [KF(X,W)
» Risk measures

min, EF (X,W)+ B[ F(X,W)- fa]i

min, p(F(x,W)) p € Convex/coherent risk measures

» Worst case (“robust optimization”)

min, max,, F(X,w)

© 2018 W.B. Powell



Modeling

I |
2 Deterministic 2 Stochastic
» Objective function » Objective function
T T
. T t T
anxl thxt max E {27/ C(St’ Xt (St)9Wt+1) | So}
08T ) t=0
» Decision variables: » Policy
(Xgses X ) X":SH— X
» Constraints: » Constraints at time t
e at timet
AX =R, o X =X (S)eX
X, =0 t
* Transition function » Transition function
oM
R., = th + B, X, Sty =9 (SU Xt9Wt+1)

» Exogenous information

W, ,W,,...,\W,)
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Week 4 - Wednesday

Policies

N
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Designing policies
N

® We have to start by describing what we mean by a
policy.

» Definition:

A policy Is a mapping from a state to an action.
... any mapping.

® How do we search over an arbitrary space of
policies?
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Designing policies
N

® “Policies” and the English language

Behavior Habit Procedure
Belief Laws/bylaws Process
Bias Manner Protocols
Commandment Method Recipe
Conduct Mode Ritual
Convention Mores Rule
Culture Patterns Style
Customs Plans Technique
Dogma Policies Tenet
Etiquette Practice Tradition
Fashion Prejudice Way of life
Formula Principle
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Review of policies in previous problems
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B
® Start:

» List all the different policies covered in the class with
some explanation (all boards)

» End with bulleted list on the left-most boards
» Erase remaining boards
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® Asset selling
» Sell signal:
I Ip < 6" and By =1
Xﬁ-f:’H -I!:}-JJII:‘(:'.TL|H-£1'}TIJ} — I [l" t — T ﬂ"d Ht — 1
L 0 Otherwise
» Or

_ | 1 Ifpy < 8" or p, > giah
. L'-L vigh—low _ t — T an =1
_‘]{-J'u.yh Loy g f;'F gqh—1 1 I T and B
0 Otherwise

» Or

1 Ifpy > py + Gk
X!]’-u.-l'_-.ii,;{l-:;l|!1:;I[]--r.h'_-|ii.i} — ] Ift — T :-ﬂ'jl.i R! — 1
0 Otherwise

pe = (1 —a)pi 1 + apy.
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Adaptive market planning

e ——
® Stepsize policies

» Harmonic stepsize formula (deterministic

ﬁﬁf’:'p
Yo ﬂ.'-s.hr‘_u . 3.8
(0) = 3:8)
» Kesten’s rule (stochastic)
) step _ Hﬁh.‘“
ary, (055°P) = G T R T (3.9)
| KT 1 I (VER@E, W) TVERE L, W) < 0,
ko= { K" Otherwise (:10)
» Discuss:
* Scaling

« Handling bias (learning) vs. noise (smoothing)
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® Choosing diabetes medication

» Upper confidence bounding policies

.- . - loe 1
xUCP(5""P) = argmax (ﬁiﬁ f Hr"m‘”' -*f” ) ’
TeX S

» Interval estimation

X—H-J{Lc;n I'?”"":] = Argmax {ﬂ-? | ””;E’E):

T .r:t.i

© 2018 W.B. Powell
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e ——
® Shortest paths — static/stationary

» Deterministic, or stochastic (but we see costs after we
choose the link):

X™i) = argmin(&; + v;). (5.9)
FjeN

» Stochastic (we see costs before we make a decision)

X" (S;) = argmax; (¢;; + Vt’;’"_l)

© 2018 W.B. Powell



L
® Knowledge gradient (one step lookahead)

n —n+l1 n —n
=E By, {max L, (X)]S }—max T
» Discuss ,ux+1 (x) as the estimated updated belief if we run experiment x .
» Think of this estimate as looking one step into the future.

» Think about how we might estimate the expectations using simulation:

K L
VT =Y max, (K| WE = ') - max,

k=1 =1

» Review how means are updated given estimates in S™ (which contains fi})

and the observation Wx “ for a truth 1% and noise €'

» Remember that u¥ is a possible true value of u, not the estimate. We have
an estimate, but the random outcome W comes from the truth.
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® Imagine that the lookahead 1s just a black box:

» Solve the optimization problem

X[ (S)=arg minz Z Cii X

IEN jeN;"
» subject to

Z )?in = 1 Flow out of current node where we are located
i

Z X, =1 Flow into destination node r
i

Z X i —Z X;, = 0 for all other nodes.

i K

» This 1s a deterministic shortest path problem that we
could solve using Bellman’s equation, but for now we

will just view it as a black box optimization problem.
© 2018 W.B. Powell
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® The 6 —percentile policy.
» Solve the linear program (shortest path problem):

X[ (S| 0) = argmin Z Z Ci (X (Vector with x; = 1 if decision is to take (i, j))
ieN jeNiJr

» subject to

)~(t o= 1 Flow out of current node where we are located
- st »
J

Z X, =1 Flow into destination node r
i

Z X —Z X4 = 0 for all other nodes.
i k

» This 1s a deterministic shortest path problem that we
could solve using Bellman’s equation, but for now we

will just view it as a black box optimization problem.
© 2018 W.B. Powell
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@ Erase boards. Put this list of policies on left boards:

» Sell if price 1s above a number

» Buy low, sell high

» Stepsize policies

» Upper confidence bounding

» Interval estimation

» Value functions for shortest paths

» Approximate value functions (shortest path)
» Knowledge gradient

» Dynamic shortest paths

» Paramterized stochastic shortest path

© 2018 W.B. Powell



Four classes of policies
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Designing policies
N

® Two strategies for designing policies

1) Policy search — Search over a class of functions for
making decisions to optimize some metric.

]
max__ oo E{gc(st, X7 (S, |9)) | SO}

2) Lookahead approximations — Approximate the impact
of a decision now on the future.

i
X;(S,) = argmax (C(St, X.)+ E{maxﬂen {E Y C(Sis X7 (S,)| stﬂ} S, xt})

t'=t+1
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Designing policies
N

@ Policy search:

1a) Policy function approximations (PFAs) x, = X"™(S, | 6)

* Lookup tables
— “when 1n this state, take this action”

« Parametric functions
— Order-up-to policies: if inventory 1s less than s, order up to S.
— Affine policies - X, =X"7(S,]0) = Z 09, (S,)
— Neural networks ek

* Locally/semi/non parametric
— Requires optimizing over local regions

1b) Cost function approximations (CFAs)

* Optimizing a deterministic model modified to handle uncertainty
(buffer stocks, schedule slack)

X CFA(St | 9) — arg mathe)?{f(H) Cﬁ(stﬁ Xt | 6)

© 2018 W.B. Powell



Designing policies
N

@ Lookahead approximations:

2a) Policies based on value function approximations (VFAS)
« Using pre-decision state:

XYFA(S, | 0) =argmax, (C(S,, X))+ E{V,,,(S,)1S.})

« Using post-decision state

XVFA(St | 9) = arg max, (C(St, Xt) +VtX(StX))

2b) Direct lookaheads (DFAs)

e Optimizing some approximation of the future (might be
deterministic, might be stochastic). A deterministic lookahead
might be written

T ~
X P(s)=arg  max  C(S;,x)+ ), C(Sy %)

t’Xt,t+l s M t+H t'=t+1
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Designing policies

® The ultimate lookahead policy 1s optimal

X (S,) C(Sp %) @%@ C(st.,x;f(st'))li@}j

N/




Designing policies

@ Lookahead approximations — Approximate the impact of a
decision now on the future:
» An optimal policy (based on looking ahead):

T
X, (S,) = arg max, (c:(st,xt)m{maxmn {E > (S X7 (SIS, ) st,xt}]

t'=t+1

2a) Approximating the value of being in a downsiream state using
machine learning (“value function approximati¢ns”)

(e (5.8, x))

X!™(8,) = argmax, (C(S,,%)+E{V,,(S,,))[ S %})
=argmax, (C(S,,%)+V*(5)))

X, (S,)=arg max, (C(St , %)+ E




Designing policies

@ Lookahead approximations — Approximate the impact of a
decision now on the future:
» An optimal policy (based on looking ahead):

T
X, (S,) = arg max, (c:(st,xt)m{maxmn {E > (S X7 (SIS, ) st,xt}]

t'=t+1

2a) Approximating the value of being in a dovvnstream state using
machine learning (“value function approximatipns”

X[ (S,) =argmax, (C(S;, )+ BE{V,,(S.)1S.%})
X™(S,) = argmax (C(St, )q)+E S, )q})

= arg max,, (C(St , %) +\7tx(stx))

—



Designing policies
|
@ Lookahead approximations — Approximate the impact of a
decision now on the future:

» An optimal policy (based on looking ahead):

T
X;(S,) = argmax, (qst, X.) @{E > C(S,, X (S| sm} S, X,
t'=t+1

2a) Approximating the value of being in a downsffeam state using
machine learning (“value function approximationg”)

X{(S,) =argmax, (C(S,,x)+BE{V (S.)]S,x})

X™(8,) = argmax, (C(S,,%)+E{N.(S) 1S %})

= argmax, (C(St , %)



Designing policies
N

® The ultimate lookahead policy 1s optimal

-

T
X, (S,) = arg max, (c<st,xt>+E< max {EZ c<st.,><:f<st'>>|sm}wt,xt}j

t'=t+1

» 2b) Expectations and max over policies are not
computable. Instead, we have to solve an
approximation called the lookahead model:

t'=t+1

- _ t+H - B - -
X, (S,) =arg max., (C(St’ X )+ E{maxﬁeﬁ {E Z C(Su> X (Se)) | St,t+1} | Ses %, }j

» A lookahead policy works by approximating the
lookahead model.



Designing policies

® The ultimate lookahead policy 1s optimal

T
X, (S,) —argmax, (cxst,xt) B3 C(S., X{(50) S} | St,xt}j
t'=t+1

Maximization that we
cannot compute

v v

Expectations that we
cannot compute




Designing policies
N

@ Types of lookahead approximations

» One-step lookahead — Widely used in pure learning
policies:
« Bayes greedy/naive Bayes
* Thompson sampling
* Value of information (knowledge gradient)

» Multi-step lookahead
* Deterministic lookahead, also known as model predictive
control, rolling horizon procedure
 Stochastic lookahead:
— Two-stage (widely used in stochastic linear programming)
— Multistage
» Monte carlo tree search (MCTS) for discrete action
spaces
» Multistage scenario trees (stochastic linear
programming) — typically not tractable.



Lookahead policies
|

® Lookahead models use five classes of
approximations:

» Horizon truncation — Replacing a longer horizon problem
with a shorter horizon

» Stage aggregation — Replacing multistage problems with
two-stage approximation.

» Outcome aggregation/sampling — Simplifying the
exogenous information process

» Discretization — Of time, states and decisions

» Dimensionality reduction — We may 1gnore some variables
(such as forecasts) in the lookahead model that we capture

in the base model (these become latent variables in the
lookahead model).



e ——
® These policies fall into four main groups:

» Policy function approximations (CFAs) —

parameterized functions that map state to action:
» Asset selling policies
« Adaptive marketing planning (gradient-based stochastic
optimization)
» Cost function approximations (CFAs) — These are
parameterized optimization problems

» Policies based on value function approximations
(VFAs) — Make a decision using an estimate of the
value of a downstream state.

» Direct lookaheads (DLAs) — We optimize over a future
to determine what we should do right now.

© 2018 W.B. Powell
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® Put four classes of policies on middle boards

» Policy search on top board
» Lookaheads on bottom board

® Draw lines from list on left to the four classes
® Notes:

» Our reason for the four classes 1s purely computational.

» We could just do policy search 1f we could search over

the ultimate family of functions
« E.g. neural networks — problem is that it does not capture
structure. Illustrate with shortest path problem.

» We could just do lookahead, if we could just compute
that messy lookahead function.
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® Features of policies

Type of policy | Policy search | Lookahead | Function approximation | Imbedded optimization
PFA X X
CFA X X X
VFA X X X
DLA X X
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Hybrid policies
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L
® CFA with PFA

TR R ~n 2
XCFA-FF '1{5,|H]| = Ar'g INAX Z Z {r}thi'mh + (T tab — Ut&ﬂuh]_} 1
Tt acAbeB

® Lookahead with PFA

» Tree search with VFA terminal reward
i< H =1

_‘{”[H,}: Ar'E 1AX z f'[.":?.u..!'frll f ‘,-”rr}.!![-""'h”f-

i ol A L -

® Lookahead with CFA

» Shortest path with parameterized cost
» Deterministic lookahead with parameterized constraints

® VFA with PFA

X7(S;) = arg max (C(S,;, z) 4 V(sM=(S,,z)) - B(X(S,) z)*).
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@ Fitted VFA with policy search

» Fit a value function using sampled estimates of the value of being
in a state. Use this to fit a parametric model.

xYFA-hbridigy _ arg max (C(St,x) + YE {Vi41(Se41)|S:}) .

d
Now assume we are using a parameterized approximation for the value function approxi-

mation such as

Vi(Sel0) = Y 0r05(St), (11.23)
JEF

» Then do policy search

T
S j—-‘“” _ R Z (pl: H“ X VvV EA .J'rr,.lnr.lr-.n-ffll_!.lf iH} ). (1 124}

LY
=il
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Policy search vs. Lookahead
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® Policy search class
» Strengths

* As arule simpler than lookaheads — sometimes dramatically
simpler. For this reason, these are popular in practice.
» Able to capture insights and intuition

» Weaknesses
« Typically parametric, which has to be designed by a human.
* Tuning:
— Tuning in a model — this means you have to design a
realistic model.
— Tuning 1n the real world — Slow, and you have to suffer
your errors.
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® Lookahead class
» Strengths

* Reduced or no tuning.
* Direct lookaheads produce complex behaviors.
 This 1s what you do when all else fails, and all else often fails.

» Weaknesses

* Requires:

— Solving a direct lookahead model (can be computationally
expensive).

— ... or approximating the lookahead model using a value
function (this can be difficult and computationally
challenging).

* The lookahead model is... a model. Just as tuning needs a
model, lookaheads need either an explicit model (the
lookahead) or a source of observations (e.g. for fitting value
functions).
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Policy search class
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Policy search class
N

® Parameterized policies may be

» Pure PFAs — Some parameterized policy that maps state
to action.

» CFAs — Parameterized optimization models such as
* Interval estimation
» Upper confidence bounding
« Parameterized lookaheads, as we did with our parameterized
policy for dynamic shortest paths

» As long as it is a parameterized policy X™ (5;|0), then
we have to search over 6 using

)
max, F(0) =EY_y'C(S,, X/ (S,10))
t=0
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® Notes:

» All policy search policies (PFAs and CFAs) require
tuning parameters.

» There are two broad strategies for tuning parameters:

* Derivative-based — This draws on the adaptive market planning
work.

* Derivative free — This draws on the diabetes example.
» In other words, we have a sequential decision problem

(tuning parameters) to solve our sequential decision
problem. ©
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Policy function approximation

® Maximizing revenue

» D(p) — 0() _ 61 H‘“ux Prior belief about demand function
p 2 '\-.\H\HDC 'I:P} — I5;:::I 4 H_':p
» R(p) =pD(p) = Oop — 01p
@ To maximize revenue:
dR(p) _
d — 90 — 29129 — R(p)=p|6 +&
p
* 90
» = — 0
p 20, P

@ Now assume we have estimates 0" of
the parameters 6, and 6, after n
observations. Tendency will be to
sample near the middle. To encourage
exploration, add a noise term

» p(o) = 29—901 + & e~N(0,0%)

» 0 1s a tunable parameter for the policy
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Policy function approximation
N

® Asset selling

» Sell on drops

X sell f:;'ﬂ;(ﬂ”ﬂinu'} . Iflt=Tand R; =1 (21]

{ | Ip; < 0" and Ry = 1
1
l 0  Otherwise

» Need to tune 6'°W
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Cost function approximations

® Lookup table

» We can organize potential catalysts into groups

» Scientists using domain knowledge can estimate

correlations in experiments between similar catalysts.

1.4 nm Fe

1 nm Fe

2nm Fe

10nm ALD Al203+1.2 nm IBS Fe
2 nim Mi

MNi 0.6 nm

10nm ALD Al203+1 nm Ni

1

0.7
0.7

0.6
0.4
0.4
0.2

&
,::-.
,.bé“
:;?ﬁ".
ﬁp“-';
w
o
.;::%
L "
Vv &
0.6 0.4
0.6 0.4
0.6 0.4
1 1
1 1
0.3 0.7
0 0.6

0.4
0.4
0.4
0.3
0.7

0.6

0.2
0.2
0.2

0.6
0.6



Cost function approximations

J

N

® Correlated beliefs: Testing one material teaches us about other
materials

500




Cost function approximations

® Cost function approximations (CFA)

» Upper confidence bounding

n
X

XUCB(Sn | QUCB) _ argmaXX (ﬁ: _I_gUCB log n ]

» Interval estimation

J‘zaa; X'(S"|0") =argmax, (& +0"5 )

» Boltzmann exploration (“soft max”) o
* Choose x with probability: P"(8) =

E e ﬂ)r(]'
X!

X Beltz(gm19) = arg max{z|P"(#) < U}.

I




Cost function approximations

® Picking 8'% = 0 means we are evaluating each choice
at the mean.

ERN
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Cost function approximations

® Picking 8'% = 2 means we are evaluating each choice
at the 95 percentile.
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Cost function approximations
N

@ Optimizing the policy

» We optimize ' to maximize:
max . F(0")=EF (x"",W)

where
X"=X"(S"|0") =argmax, (1] +0°5;)  S"=(1.5})

"

@ Notes: |
» This can handle any belief model, 5l
including correlated beliefs, nonlinear
belief models. &)
A

» All we require 1s that we be able to
simulate a policy.

0 0 .I5 1I 1 .l5 é 2.I5 3I 3.I5 4
IE
IE parameter &
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Cost function approximations

Drivers /\ Demarﬁ

;
ﬁ
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Cost function approximations

The assignment of drivers to loads evolves over time, with new loads
being called in, along with updates to the status of a driver.



Cost function approximations

® A purely myopic policy would solve this problem
using

min, Z Z Ciat Xial
d |

where

|1 If we assign driver d to load |
= 0 Otherwise

C = Cost of assigning driver d to load | at time t

What 1f a load 1t not assigned to any driver, and has been
delayed for a while? This model 1ignores the fact that we
eventually have to assign someone to the load.




Cost function approximations

® We can minimize delayed loads by solving a
modified objective function:

min, ZZ(CtdI _eftl)xtdl
d |

where

7, = How long load | has been delayed by time t

@ = Bonus for moving a delayed load

We refer to our modified objective function as a cost
function approximation.



Cost function approximations

® We now have to tune our policy, which we define
as:

X"(S5;|0) = argmin, ZZ(CtdI —0r, ) Xial
d

_J/

h'd

C™(S,, % |0)

We can now optimize @, another form of policy search,
by solving

;
min, F7 (@) =B C(S,, X[ (S,]6))
t=0



Evaluating policies
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Policy search class
N

® Finding the best policy
» We need to maximize

4
max, F(0) =B y'C(S,, X[ (S, 10))
t=0

» We cannot compute the expectation, so we run simulations:

HDischarge
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e —
® There are two settings for doing policy search:
» Oftline

* In a computer simulation

 In a lab where we do not mind making mistakes

* We look to optimize the performance of the final design after a
series of experiments

» Online
« This means 1n the field, where we care about how well we do
while we are learning.
* We look to optimize performance along the way, which means
we are maximizing cumulative reward.

» Caution: “offline” and “online” are terms used 1n the

machine learning community:
« “offline” means batch learning
« “online” means continuous updating
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® Offline (“final reward’) objective

» The final reward process works as follows:

* States, decisions and exogenous information evolve according
to

(SO, xO wit st xt, w2, .. .s™ x™ wntl, )

Decisions are made according to a policy x™ = X™(S™).
States are updated using

Sn+1 — SM(Sn, Xn, Wn+1)

After N experiments, we call our final decision x™, since it
depends on our policy 7 and the budget N.

Once we have the final design, we then have to stop and test
the design using new observations that we call /.
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® The value of the policy

» We can start by writing
F™ = EF(x™N, W)
» ... but this 1s not very clear.
» There are up to three different sources of uncertainty:
» The initial state S°, which might have a Bayesian prior about
the performance of the different diabetes drugs.

* The observations Wi, w2, ..., WV
» The observations made during the final testing .

» We can write the value of a policy more clearly as
F™ = EgoEy1 2w g0 s0F (x™, W)

» This 1s better, but we won’t really understand it until we
know how to compute 1it.
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® The value of the policy (cont’d)

» To compute
FT®™ = E OIEW1,W2,...,WN|SO IEWlSOF(Xn'N, W)

» We have to simulate the expectations. Let’s break
down each one:

» Eco: Imagine that S° includes a Bayesian prior such as
the belief about how a patient responds to a diabetes
medication. Let u = (U, ),ex be the truth of the
performance of each drug x. Let’s just sample k =

1, ..., K samples of the vector u to get
(ut, u?, ..., uk, ..., u¥) samples of what each of the

truths might be, and let’s let p° = ('p,(g)i:l be the prior
probabilities on these samples (perhaps 1/K).
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® The value of the policy (cont’d)

»

»

»

To compute
F* = EgoEy1 2y soEgsoF (x™, W)

Ey1wez  whso: Given S O means picking one of the
uk = (,u,"c‘)xex as the true truth for each drug. Now

let’s try drug x = x™ after the nth trial, and then
observe
wn+tl — ,le 4 gn+tl
X X X

where 1 is the noise in an observation.

LetW = (WL, W2, ...,WY) be a sequence of
realizations. Again assume we have a series of samples
that we will call WD, W@ w® wo asample
of all the observations (actually a sample of ¢).

© 2018 W.B. Powell



e —
® The value of the policy (cont’d)
» To compute
F* = EgoEy1 2y soEgsoF (x™, W)

» Egso: At this point we have our final design x™N

which depends on the truth u* and the experimental
outcomes W1, W2, ..., WL, We write this as x™" (k, 1).

» Now we have to test it by observing a new outcome W .
Again assume we sample this, and observe

wtw?z, .., Wwm .. WM outcomes.

» Now simulate F™" using

— 1 ~
FT= 3K T Sh SM L F (N (K, 1), W)
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® Online (“cumulative reward’) objective

»

»

»

»

This 1s how we evaluated our diabetes policy. Rather
than evaluating at the end, we evaluate as we proceed,
which makes the formula a bit simpler.

The expected performance of a policy would be written
F™ = EgoEp1 2 yynis0 Znzo F(XT(S™), Wn'™)

X

Using samples to approximate the expectations is just
as we did for the offline case. The only difference is
that we sum our performance, and we do not have to
separate the “learning” from the “evaluating.”

A more difficult 1ssue 1s how we do learning in a field
situation. This 1s active research!
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® Tuning environments

» In a simulator
« Requires building a mathematical model of the dynamic
process and, most important, the uncertainties.
* Your policy will only be as good as your model of uncertainty.

» In the real world
* No longer need a stochastic model...
« But it takes a day to simulate a day. This can be very slow.
« Examples:
— FAA
— Grid operators
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Lookahead policies

Value function approximations
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Designing policies
|
@ Lookahead approximations — Approximate the impact of a
decision now on the future:

» An optimal policy (based on looking ahead):

T
X;(S,) = argmax, (qst, X.) @{E > C(S,, X (S| sm} S, X,
t'=t+1

2a) Approximating the value of being in a downsffeam state using
machine learning (“value function approximationg”)

X{(S,) =argmax, (C(S,,x)+BE{V (S.)]S,x})

X™(8,) = argmax, (C(S,,%)+E{N.(S) 1S %})

= argmax, (C(St , %)






ADP for trucking

e
® Our optimization problem at time t looks like:

Vt(St) = max, (Ct(stﬂxt)_l_ tha ) Rt);]

acA

» We had to develop novel machine learning strategies to
estimate this function, since the attribute space was
very large.
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Nomadic trucker illustration

® Pre-decision state: we see the demands
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Nomadic trucker illustration

® We use 1nitial value function approximations. ..

}‘ VO(NY)=0
) 4
5450

VO(MN) =0
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Nomadic trucker illustration

® ... and make our first choice: X'

VO(MN)=0

V'(CO)=0 VO(NY)=0

NS N —
. :(( NY]) \.

t+1

g
2

.
B t.\
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Nomadic trucker illustration

@ Update the value of being 1n Texas.

VO(MN) =0

V°(C0)=0 vV (NY)=0

e

N\

g
2

X _
@Il [

y
o (( NY]) \.

t+1

.
B t.\
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Nomadic trucker illustration

@ Now move to the next state, sample new demands and make a new
decision

VO(MN) =0

[

) ~~{V°(NY)=0

-

|
\~ ~

’ \
su=( 80 e ..\
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Nomadic trucker illustration

® Update value of being in NY

VO(MN) =0

QQ 180

~~V"(NY) =600

V°(C0)=0 )

P it

N (X = 450 L
S Z([sz) . \. - .\

t+1
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Nomadic trucker illustration

® Move to California.

VO(MN) =0

V(NY) = 600

 EEED

§
St+2 — ([ jaljuz) \.
t+2
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Nomadic trucker illustration

@® Make decision to return to TX and update value of being in CA

VO(MN) =0

] s

V(NY) =500

V’(CA) =800
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Nomadic trucker 1llustration
I

® Updating the value function:

Old value:
V!(TX) =$450

New estimate:
A (TX)=$800

How do we merge old with new?
VITX)=1-a)V'(TX)+(a)V*(TX)
=(0.90)$450+(0.10)$800
=$485
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Nomadic trucker 1llustration

® An updated value of being in TX

)‘ VO(NY) =600

VO(MN) =0

V°(C0)=0

N N

St+3 = ((t +3j t+3)

l\.
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® Notes:

» This is an example of forward approximate dynamic
programming.

» We can execute this in two ways:

* A pure forward pass (which i1s what we just showed) — You
step forward in time, and as you do so, you obtain updated
estimates of the value of being 1n a state based on downstream
value function approximations. This is called bootstrapping.

« A two-pass method — Here, you simulate forward using the
value functions to define the policy, and then do a backward
pass to update value functions (if you are familiar with SDDP,
this 1s just what is done in SDDP).

» We are using a lookup table value function
approximation (there are other options).
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Approximate value 1teration

Step 1: Start with a pre-decision state S/
Step 2: Solve the deterministic optimization using

. . Deterministic
an approximate value fanction S
e optimization
IS *(S7, %))
Step 3: Update thewalue function approximation Recursive
“N=0Xa, V(S +a, N statistics

Step 4: Obtain Monte Carlo sample of W, (®") and __ ,
Simulation

\ t+1 (a)n ))

Step 5: Return to step 1.
“on policy learning”
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Approximate dynamic programming
N

® With luck, your objective function improves
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B
® Notes:

»

»

»

This method used a pure lookup table value function
approximation, which works if the number of “states” 1s
small.

Even here, we have avoided the issue of exploration.
You may need to visit a state (e.g. “Minnesota”) just to
learn about this.

The need to explore 1s reduced if you use a statistical
model of the value function that generalizes learning.
E.g. visiting Connecticut (a state in the northeastern
U.S.) teaches us something about other states in the
northeast.
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Lookahead policies

Direct lookaheads
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e ——
® Lookahead policies:

» Lookahead policies are based on some sort
approximation of the impact of a decision now on the
future.

» Lookahead policies have two general characteristics:
* They require little or no tuning.
* They are almost always harder to compute than the PFA/CFA
policies, and are sometimes much harder.
e ... but tuning can be hard too.
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Designing policies
N

® The ultimate lookahead policy 1s optimal

Xt*(st) = argmax, (C(SD Xt)+E{maX7zeH {E i C(St RS (S )] St+1} | St’ Xt}j

t'=t+1

» 2b) Instead, we have to solve an approximation called
the lookahead model:

- _ t+H -
X, (S,) =argmax, (C(st,xam{maxﬁeﬁ {EZ C(Su X (S >>|Stm}| xt}]

t'=t+1

» A lookahead policy works by approximating the
lookahead model.

© 2018 W.B. Powell



. ;Iﬁ#&‘ .::nal St[M _r 4 ,{i -" ’f 7 "
g-,»f_ % »7 L

s @e{:, E'E:de' - ik, o
G .-.;_---"1""-"'1;L e I'..llu::.eum .I'-".I;,.E[
. ? ] Pl "y i Eldrlﬂge.-ﬁtr&et

mew York /A 1ol

‘7' 1: ivic C‘-Ent r
, : h
Ll iy sl ~

i %hq

E—br

= -Eh amhera E-.t

B o) §r
Pﬂ‘mﬁﬂ\:ﬂtﬁ' ﬂ ) A ..h-
J TWI::l Erldgﬂs-

[ FJ"'{.I'E-IZ I"-I'Iurry' E!iergtraum
%xﬁ‘ SHigh Eﬂhnnl -H

T i_"'
<5,

e

Tc-r'1.,h|n5 -

| ... :
e Equareﬁ.‘-’ark




Lookahead policies

® Planning your next chess move:

» You put your finger on the piece while you think about
moves into the future. This is a lookahead policy,
illustrated for a problem with discrete actions.



Lookahead policies

® Decision trees:

Decisions Experiment Decision Experiment
A\ A A A
4 ar ar 1
. Concen., Success/ Concern., Success/
Caralyst S g .
v remperature, failure temperature, failure
o]
. #‘_..-""PD ,#"#-F'#
- o T - . -*ﬂ
- . : : - - - 'ﬂ
A 0]
: O
y oo : “o(]
N u . -»[]
3] P
C : =0
—— - - - - ﬂ
] T



Lookahead policies
|

® Lookahead models use five classes of
approximations:

» Horizon truncation — Replacing a longer horizon problem
with a shorter horizon

» Stage aggregation — Replacing multistage problems with
two-stage approximation.

» Outcome aggregation/sampling — Simplifying the
exogenous information process

» Discretization — Of time, states and decisions

» Dimensionality reduction — We may 1gnore some variables
(such as forecasts) in the lookahead model that we capture

in the base model (these become latent variables in the
lookahead model).
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Lookahead policies
|

® Lookahead policies are the trickiest to model:
» We create “tilde variables” for the lookahead model:

SNt’t, = Approximated state variable (e.g coarse discretization)
X, = Decision we plan on implementing at time t" when we are

planning at time t, t'=t,t+1,....,t + H

%= (Ko Koo Koo )
W, .. = Approximation of information process

C. . = Forecast of costs at time t' made at time t

~

b

. = Forecast of right hand sides for time t' made at time t

» All variables are indexed by t (when the lookahead
model 1s being generated) and t’ (the time within the
lookahead model).
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Lookahead policies
|

® We can use this notation to create a policy based
on our lookahead model:

Limited horizon

(Se XX (S| S}| S, xt}

~

X, (S,) =argmax C(S,, x,)+ B maxﬁE

\ 4
Restricted/simplified set of policies

\ 4
Sampled set of realizations (or deterministic);
Aggregated staging of decisions and information

\ 4
Simplified/discretized set of state variables

v
Simplified/discretized set of state variables

» Simplest lookahead 1s deterministic.
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Lookahead policies

® Deterministic lookahead

~ T ~
X" P(S,) =argmax C(Sy, %)+ > C(Sy %)

~ o~ t'=t+1
Xtt > Xt,t+1 AR Xt,t+T

® Stochastic lookahead (with two-stage
approximation)

~ ~ T ~ ~ ~ ~
X5 (S,) =argmax C(§, %)+ X p(@) Y. C(§u(@), % ()
Xir X, RENERNE X, T ~ t=t+

Scenario trees
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Lookahead policies

The lookahead model

® Lookahead policies peek into the future

» Optimize over deterministic lookahead model

t+1 t+2 t+3

The real process
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Lookahead policies

The lookahead model

® Lookahead policies peek into the future

» Optimize over deterministic lookahead model

t+1 t+2 t+3

The real process
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Lookahead policies

The lookahead model

® Lookahead policies peek into the future

» Optimize over deterministic lookahead model
D

Lo

-~ Kk
o
e CKS x

T .f‘
it

X
ARG

t+1 t+2 t+3

The real process
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Lookahead policies
|

® Lookahead policies peek into the future

» Optimize over deterministic lookahead model

. A
_g g {
O )\’i;’
: s
3 B
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= | ,@5\
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— : \‘//
o K
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- | e
| |
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t t+1 t+2 t+3

The real process
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Designing policies
N

@ Types of lookahead approximations

» One-step lookahead — Widely used 1n pure learning
policies:
« Bayes greedy/naive Bayes
* Thompson sampling
* Value of information (knowledge gradient)

» Multi-step lookahead

* Deterministic lookahead, also known as model predictive
control, rolling horizon procedure
 Stochastic lookahead:
— Two-stage (widely used in stochastic linear programming)
— Multistage
» Monte carlo tree search (MCTS) for discrete action
spaces
» Multistage scenario trees (stochastic linear
programming) — typically not tractable.
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Choosing policies
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Modeling sequential decision problems
|

@ First build your model

» Objective function

T
max E {Z 7/tC (SU th(st)) | So}
» Policy -
X*: S X
» Constraints at time t are built into the policy
X, = X[ (S,) € X, = feasible region
» Transition function captures behavior over time
St+1 =g" (SU Xt9Wt+1)
» Exogenous information (including initial state).

(Sy, W, W, ..., W. )
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@ Designing policies

»

»

»

»

Does the way of making decisions seem to have a natural
structure? Suggests PFA.

* E.g. buy low, sell high

 This can lead to a natural parameterization
For more complex problems (e.g. shortest paths) does there appear
to be an obvious parameterization that leads to more robust
decisions? Suggests CFA

« Allowing extra time when planning a trip
e Maintaining minimum inventories when allocating supplies for
emergencies

Does the value of being in a state in the future have an obvious

structure that can be exploited? Suggests VFA
e The value of being at node

Is there information about the future that we need to use? Suggests
DLA

» Forecasts of travel times, demands, prices

© 2018 W.B. Powell



@ Issues 1n designing policies

» Simplicity
* Everyone likes a simpler function over a more complicated one. It is
easier to understand and implement.
« Simpler policies are more transparent.
» Lower risk that you can get it to work “well enough.”

» Computational complexity
* Google limits policies to 50 milliseconds.
» For a grid operator, the limit of 3 hours of CPU time solve a large
integer program limits their options for handling uncertainty.

» Data requirements
» A properly tuned policy may work well over time without requiring
all the data needed for a lookahead model.

» Robustness
« Avoiding the risk of failures is a major issue.

» Performance
* And of course, everyone wants a policy where they do better.
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Week 5 — Monday

Energy storage |

N
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Presentation on energy storage in Brazil
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The Brazilian Electricity Sector

Energy mix, grid operation and challenges
for integrating intermittent sources to the
system
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Brazilian Energy Mix

Capacity (MW) per type —
August/2018

34,509

13,118
8.3%

Wy

1,305

.8%
0.8% Total

158,083
100.0%

B Wwind [ Solar
B Nuclear B Thermo
[ Hydro

107,161
67.8%

Capacity (MW) per type —
August/2008

L 2,007
14,424 2.0%

Total

99,191
100.0%

B Wind B Themo
B Nuclear
Il Hydro

82,539
83.2%

Source: Adapted from ONS
(2018).



Brazilian Enerev Mix

esseHidro / Hydro Nudear /Nuclear ==—=Tgrmo/Thermo ===Egdlica /Wind
1970s: 1980's:
9 1|" Import .
o : p. . Hydro 7
substitution development T
* Availability slows (debt _-"
. -
3 of capital crisis), but -7
= . Dg\{elnpmen-tal doesn’t stop e
E policies -
E
= - 1995 and beyond:
8
B = Under reformed sector,
= hydro assets still attractive
‘E investments, regulation /
= contributes to risk sharing
among developers
—
....... . —_— —_— _—
x R 8 3 2 2 g £ 2 g 3 5 g =
o 3 2 % 4 % 2 A 3 2 ] ] 2 R

Source: Adapted from EPE (2018).



2014 Brazilian drought




Interconnected National System

Northeast POWER IN MW
North
GENERATION
GENERATION Total 79346
Total 10699,3 5179,3 N 32726 N\ Hydro 24381 N 0 rth eaSt
Winc r 1993,2
L:,;mk; 1726,7 / . / u:gg” 2935 5
TIMm : Solar 5679
DEMAND all  oEMaND GENERATION
Total 5520,0 o Total 120738
~ _ 5 Total 7934,6
% Hydro 2438,1
866,5
13063 1 Thermo 1993,2
Wind 2935,5
Midwest/Southeast Solar 567.9
GEMNERATION
Date and time: Total
10/04/18 at 14:24 H Hydro DEMAND
Nuol
It:(i)piago Hz Total 12073,8
Itaipu 60 Hz 4508,0
Solar 4118
DEMAND
‘ Total 43313,3

South

GENERATION

Energy Imports 847,3 St . 1317,0
Argentina 300,1 Hydro 1M817,7

Paraguay 0,0 Therm 1251,5

e Wind 8326 Source: Adapted from
i , DEMAND ONS (2018)

Total 13231,2



North

GENERATION
Total 6712,5
Wind 180,0
Hydro
Therm

0
DEMAND
Total 5881,7

Date and time:
10/05/18 at 13:39

Energy Imports

Argentina 130,3
Paraguay 0,0
Uruguay 4439

730,8
> @

N

1526,4

CL

— |

South

1574,3 GENERATION

Total 14034,3
Hydro 12294,4
Therm 1118,0
wind 6220

DEMAND

Total 12960,6

Northeast
GENERATION
Total 9217,9
2257,3 N Hydro 22089
d Therm 1946,8
7 wiad 4356,3
f Solar 615,90
DEMAND

Total 121885

713,3

Midwest/Southeast

GENERATION

Total 422029
Hydro 24875,0
Therm 4775,5
Nuolear 2015,9
Itaipu 50 Hz 4331.8
Itaipu 60 Hz 5866,7
Solar 338,0

DEMAND

Total 42611,2

2648,0

Interconnected National System

POWER IN MW

Northeast

GENERATION

Total
Hydro
Thermo
Wind
Solar

DEMAND
Total

Source: Adapted from

ONS (2018).

12188,5



Intermittent generation

Generation in Northeastern Subsystem
4500

4000 =

3500 - N s

M

— 1 } ol . ¥\ .
= AT S N vt
€ 2000 - -

P -

1500 — - A\ \

Pow

1000 — § \ ._/
500 \ ""“—/V—

2/20/15
12/25/15
12/30/15
01/04/16
01/09/16 |
01/14/16
01/19/16
01/24/16

1

)
=
=

e Hydro Thermo e ind Energy exchange

Source: Adapted from EPE (2018).



Current storage options
N

@ Hydro with reservoirs
® Thermo fuel

Storage capacity /
demand (%)

2000‘
2004
2005
2006
2007
2008
2009

2001
2002‘
2003‘
2010
2011
2012
2013
2014
2015‘
2016
2017
2018
2019

Source: Adapted from EPE (2018).



Energy Storage Systems

@ Energy storage systems can help mitigating wind
intermittence

Source: DOE (2010).



Narrative
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An energy storage problem

® Consider a basic energy storage problem:

Wind speed

Electricityprices

A - -
L)
o
l e
L4,
B | I
| I |
] [*= =l

» We are going to show that with minor variations in the
characteristics of this problem, we can make each class
of policy work best.
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® There are many variations of “storage problems.”
» Inventory planning at Amazon (or any retailer)
» How much cash to keep in a mutual fund.
» How much blood to keep 1n a blood bank.

» How many vaccines to keep in inventory

© 2018 W.B. Powell



Basic model
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An cnergy storage problem
® A model of our problem

» State variables

» Decision variables

» Exogenous information

» Transition function

» Objective function

© 2018 W.B. Powell



An energy storage problem

® State variables

Wind speed L
E f ) B P Demand
M. I|' "‘.I r\.,l ,l".,'l I',
. V\QKX | _"HIII III I"._||| I'LI III y I'-*..II I,-'."'IVJ,"'A'I
— e T T V. N -;Iru “"..\-

Electricityprices 7 ﬁ?’ /J/
~t 4_, -

G L -

» We will present the full model, accumulating the
information we need 1n the state variable.

» We will highlight|information we need as we proceed.
This information will make up our state variable.
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An energy storage problem

® Decision variables

L

Wind speed

Demand

Iln'" |IP"II ™, l.)l"u'lﬂlﬁl
\WEAN ARV,
WV S

\
Y "

Electricityprices

X, = (XtEL,XtEB,XtGL,XtGB,XtBL,)

» Constraints;

zyt +af? < |E,
GL EL BL
*T;FL {_: Rt:

© 2018 W.B. Powell



An energy storage problem

® Exogenous information

E

Wind speed L
P Demand
| \ MV \
- 1 \ ) |
1] I"'\ | '|_| 'I f I"‘. III-_-L II_."‘\
'\* (] \ I J I-'n | \ / I',;’ |I
+ L || Al -._II
|-\..;_I '\_

Electricityprices % f‘?z / f_f—* .

A

E, = Change 1n energy from wind between t —1 and t

= Noise in the price process between t —1 and t

f.) = Forecast of demand D,, provided by vendor at time t

f° = ( f )m Provided exogenously

¢’ = Difference between actual demand and forecast

© 2018 W.B. Powell



An energy storage problem

® Transition function

Wind speed
E

Electricityprices

P
ef
i

Et+1 — Et + Et+1
P = ‘9( Pe|+ ‘91 P
Dt+1 — Dt + Dt+1

attery

b
Rt+1

f.- = Provid

_ Rtbattery

+0,

P2

L

|IIJ_'I|{I|

Mo [ \

\ |II Hﬁ"ll II'L, |I
\V

Demand
- [ IrI|
Ir‘ ".I'IJ I|I

/

-
W

P
WA
J' \/
v
Y

P
+ gt+1

ed exogenously

X,
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An energy storage problem

® Objective function

Wind speed L
E 4 Demand
i i | [ I"A"', |r‘\"u""‘;rll'.
I A | | || I| I'*'.I .'.' I ,-"Al
It I|I II "' | / v \

Electricityprices

o | .

C(Six) = p (X +x)

]
min,, E{Z Ci(Se X (S, We)| 50}
t=0
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An energy storage problem

® State variables

» COStfl—lfI::Itlon/ St :(Rta taLt (pta Pi_ys Pr_ 2)9 ft )
p, =Price of electricity

» Decision function

Constraints:

ot

p
T 92 pt—2 T gt+1
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Designing policies

PFA for:
a) Simple battery arbitrage
b) More complex storage problem
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Policy function approximations
N

@ Battery arbitrage — When to charge, when to
discharge, given volatile LMPs

ERCOT (Texas) price data

g
B

g
H

g
&

g
8

Dollars per megawatt-hour

Average price ~ $50/megawatt-hour |

T e
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Policy function approximations
N

® Grid operators require that batteries bid charge and
discharge prices, an hour in advance.

140.00

120.00

100.00

80.00

ischarge 0009 ’A
A s '\V‘“\ ? 7
QCharge _H /

20.00

L o e o o o e e e L o o B o e o e B LI B o o o o B o e e I NI e e o o o o o
1 357 9111315171921 23252729 313335373941 43454749 51 53555759 616365676971

® We have to search for the best values for the policy
parameters 6" and 6"
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8.4.1 Buy low, sell high

A buy low, sell high policy works on the simple principle of charging the battery when the
price falls below a lower limit, and then sells when the price goes above an upper limit.
The policy can be written as

| 1 Ifp, < g™
Ximr.: ﬂ:__a,rh{l{;”ﬂ} — 0 It-Hbu_T; <Py < HSEH (311]
+1 Ifp, = @™,

We now have to tune 0 = (0"*¥, @), We evaluate our policy by following a sample
path of prices p¢(w) (or we may be observing the changes in prices p(w)). Assuming we
are generating sample paths from a mathematical model, we can generate sample paths
w',...,w". We can then simulate the performance of the policy over each sample path

and take an average using
| N
S T&s, T low —high ; o n
~ Y C(Selw™), X (G, (w™)]0)).

n=1

—low —high
jr

Tuning # requires solving the problem

mg.:.{?" (). (8.12)
Since @ has only two dimensions, one strategy is to do a full grid search by discretizing each
dimension, and then searching over all possible values of the two dimensions. A common
discretization 1s to divide a region into 5-percent increments. Including the boundaries, this
means we have to represent 21 values of each parameter, creating a grid of size 441 points,

which i1s manageable (although not trivial) for most problems.
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Policy function approximations
N

® Our policy function might be the parametric
model (this 1s nonlinear in the parameters):

+1 if p, < @
XS, 10)=10 1f gehares < p, < gaiseharee
\—1 it p, > geharee
:ﬁ [];rd_eggmyﬁorg&eﬁ n_[u'l alild jﬁ_ﬂdf u - ‘| — [
=—li— Price of electricity: — | |
(an ﬁ Fly | W mm\Wnﬂnﬂ f‘a\ . 1
Ve WA i AV VAN A
IJ i . i '
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Policy function approximations
N

® Finding the best policy
» We need to maximize

4
max, F(0) =B y'C(S,, X[ (S, 10))
t=0

» We cannot compute the expectation, so we run simulations:

HDischarge

© 2018 W.B. Powell Slide 589



Policy function approximations
N

® Performing policy search

» Searching for the best values of 8 1s 1ts own sequential
decision problem.

» There are two settings for doing policy search:
 Offline using a simulator
— 1) Using real data — this would be a “data-driven™
simulator
— 2) Using observations from a mathematical model (see
lecture for next week)
* Online 1n the field
— Need a policy that learns while earning
— This 1s the setting of multiarmed bandit problems

© 2018 W.B. Powell



Week 5 — Wednesday

Energy storage 11

N
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Policy search for PFAs

Derivative-based stochastic search
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Cost function approximations
N

@ Optimizing the policy

» We optimize ' to maximize:
max . F(0")=EF (x"",W)

X"=X'""(S"|0") =argmax, (@ +0"5]) S"=(@.5})

» Policy search matters:
"

Regret

0 Ug ; 1% é 2% é 55 4
IE
IE parameter &



Policy function approximations
N

® Derivative-based

» Consider basic newsvendor problem

F(z,W) = pmin{z,W} —ecz.

» If we can compute the gradient

(5.13)

ﬂfukﬁ”“}_ p—c Ifz™ ! <W",
Ox — Iz > W

» Then we can use a stochastic gradient algorithm

™ = 21 4a, V. F@@",Wn). (5.12)

© 2018 W.B. Powell



Policy function approximations

® Derivative-based

» In our newsvendor problem, we are optimizing over x.
Now, we are optimizing over . We might write our
problem as

T
F™(0) = By F™(0,W) = ) C(S, X" (516))
t=0

where Sy, = SM (S, X™(S5¢10), Wei1)

» In practice, we often cannot compute gradients.

» Instead, try using numerical derivatives.

© 2018 W.B. Powell



Derivative-based stochastic search
I

® Finite differences

makes sense to estimate the derivative using finite differences. In this setting, we can
approximate gradients using finite differences. Assume that z is a K-dimensional vector,
and let e;. be a K-dimensional column vector of zeroes with a 1 in the kth position. Now
assume that we can run two simulations for each dimension, F/(z™ + dx"e;,, I-"l-";:‘“‘ﬂ and
F(x™ —édx"ey, I—-V;'"l‘_) where dz™ e is the change in 2™, multiplied by e, so that we are
only changing the kth dimension. We use 1-'1f’f'+1'+ and W o represent the sequences
of random variables that are generated when we run each simulation, which would be run in
the n + 1st iteration. Think of F(z" + dz"er, W ") and F(z™ — da"ex, Wi 17 ) as
calls to a black-box simulator where we start with a set of parameters =™, and then perturb
ittoz™ + dx"e;, and ™ — dx" e, and run two separate, independent simulations. We then
have to do this for each dimension k&, allowing us to compute

F(_‘.[.rl s 511:;‘19,{-? I_/Vlzl-[-l._-f-) . F(.I'“ . (5&1’“8]}, I{;‘;:l-l-l.—)
20zxn F

gf(;r" I'I'rn_H'_l_, I—‘Irn'l']'_) -

(5.22)

where we divide the difference by the width of the change which is 262" to get the slope.

The calculation of the derivative (for one dimension) is illustrated in figure 5.1. We see
from figure 5.1 that shrinking d= can introduce a lot of noise in the estimate of the gradient.
At the same time, as we increase dx, we introduce bias, which we see in the difference
between the dashed line showing Eg™(z™, Wn+L+ Wn+1—) and the dotted line that
depicts OEF (z™, W™+1) /2™, If we want an algorithm that converges asymptotically in
the limit. we need dz™ decreasing. but in practice it is often set to a constant d. which is
then handled as a tunable parameter.



Derivative-based stochastic search
I

® Finite differences

» We can just simulate the policy (even in a spreadsheet):

+1 ifp, < Qe
X ﬂ(St | 0) —J O lf echarge < pt < 6discharge
-1 ifp, > ghee
Ene in stora e |
L _gi_|_| _g VLY VR AT Y ] ki 1
H- | S VO H A | —_

|{| U il

B |

Price of electricity:




Derivative-based stochastic search
I

® Finding the best policy

» We need to maximize
T
max, F(0)=EY y'C(S,, X[ (S, 10))
t=0

» We cannot compute the expectation, so we run simulations:

HDischarge



|
® Simulating the numerical derivative
Let w be a sample path of W, (w),W, (@), ... with a sequence
of states S, (@) = SV (S, (), X[ (S, (@) | 0),W.,, (w)).
Let

F7(0,0) =2 C(S(@), X[ (S,(2) | 0))

Now compute the stochastic numerical derivative using
F*(0+o,w)—F"(0,w)

o)
We are writing this assuming that F* (0 + 6, w) and F” (6, w)

(@)=

are both computed with the same sample path w. This is best,

but not required, and not always possible.

© 2017 Warren B. Powell



Derivative-based stochastic search
I

® Finite differences

A

I".
.
.
e
-*

Replace x™ with 8"

P
.
a*

g (e e
_____ Egn (‘_\_JI j nr,—n+l_- : ﬁ"n'l*' )

GEF (x. 1)

ox

X

Figure 5.1 Different estimates of the gradient of F'(x,W ) with a) the stochastic gradient
g™ (z™, WnthT WL (solid line), the expected finite difference Eg™ (™, W™+ wntlh—)
(dashed line), and the exact slope at =™, OEF (™, W™ 1) /9™
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loss
Smoathing
delta

111105
11104
111105
11104
111105
11104
111105
11104
111105
111105
111104
11104
111105
11104
111105
11104
111105

® Finite-difference estimate of derivative

0.70
1.00
2

Time period

oD = on M = W R =

PR S S A e U A [ ey
[IREE I = TR o B = S R L R L

Hour of day

oD = on M = W R =

.
—_

Buy
Sell

Price

292.54
96.97
65.50

123.52
76.08
43.34

6.81
542
2.7
22,80
141.56
101.64
2.88
7.10
91.74
46.01
52.54

Battery size
30.00
50.00

Buy-sell

-1.00
-1.00
-1.00
-1.00
-1.00
0.00
1.00
1.00
1.00
1.00
-1.00
-1.00
1.00
1.00
-1.00
0.00
-1.00

.00

Amt in
storage
0.00
0.00
0.00
0.00
0.00
0.00
0.00
1.00
2.00
3.00
4.00
3.00
2.00
3.00
4.00
3.00
3.00
2.00

Total profit/hr

Bought/sold

0.00
0.00
0.00
0.00
0.00
0.00
1.00
1.00
1.00
1.00

-0.70
-0.70

1.00
1.00

-0.70

0.00

-0.70

Derivatives:

0.62
$16.69 0.39

Revenue

0.00
0.00
0.00
0.00
0.00
0.00
-6.81
-5.42
-2.17
-22.80
99.09
71.14
-2.88
-1.10
64.22
0.00
36.78
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Battery size

32.00

50.00

Buy-sell

292.54
86.97
65.50

123.52
76.08
43.34

6.81
0.42
277
22.80
141.56
101.64
2.88
7.10
91.74
46.01
92.54

aF TT

-1.00
-1.00
-1.00
-1.00
-1.00

0.00
1.00
1.00
1.00
1.00

-1.00
-1.00

1.00
1.00

-1.00

0.00

-1.00

Perturh lower price

8.00
Total profit/hr
Bought/sold

0.00

0.00 0.00

0.00 0.00

0.00 0.00

0.00 0.00

0.00 0.00

0.00 0.00

1.00 1.00

2,00 1.00

3.00 1.00

4.00 1.00

3.00 0.70

2,00 0.70

3.00 1.00

4.00 1.00

3.00 -0.70

3.00 0.00

2.00 -0.70

$17.92

Revenue

0.00
0.00
0.00
0.00
0.00
0.00
-6.81
-5.42
-2.77
-22.80
99.09
7114
-2.88
-7.10
64.22
0.00
36.78

Derivative
0.615115



Stochastic gradient algorithm

® Steepest ascent for a deterministic problem

=

A
O™ = 0" + "V (0")

>X1

602 602



Stochastic gradient algorithm
N

® How a stochastic gradient algorithm may behave

"

/

7=
=2

»

>X1

6n+1 — en +0(an (en ,W n+1)

603 603



B
® Notes:

» The profit function F(0) 1s not concave in 6.

» Standard practice 1s to run stochastic gradients from
multiple starting points and pick the best final solution.

» Slides that follow show different initial values of 6, and
then the final 8 after running a stochastic gradient
algorithm.

» We will return to these results later.
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0.8
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0.4

0.2

Lookup param: afe=40, RmsProp, Conv-grad
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15
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Lookup param: O'fE=40, RmsProp, Conv-grad

12
I initial parameters
[ loutput parameters
1 fas - _ -
0.8
= 06
04r
0.2
0 _ll_ | 1
0 5 10 15 20
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0.8

0.6

0.4

0.2

Lookup param: JfE=40, RmsProp, Conv-grad
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1.2

0.8

0.6

0.4

0.2

Lookup param: JfE=40, RmsProp, Conv-grad

10
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1.2

Lookup param: JfE=40, RmsProp, Conv-grad

10

15
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1.2

Lookup param: JfE=40, RmsProp, Conv-grad

10

15
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@ Improvement between final solution and 1nitial starting
point

Improvement of F(¢#) over no parameterization with lookup param: crf==40. RmsProp, Conv-grad
40

35

(]
=

Percentage of improvements of F(i/)
]
=
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Policy search for PFAs

Derivative-tree stochastic search
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Derivative-free policies
|

® Derivative-free

» Here, we are going to assume that we can only choose
among a set of finite alternatives

6,6,,...,0, )

M
» Since we no longer have a gradient, we need some
other rule, or policy, for choosing

0" =0"(S" | A) A is our "learning parameter"

where
e S™ is our “state of knowledge”
e 0 1s a set of tunable parameters

» Throughout, this works just like our previous
algorithms where we were searching for the best x.

© 2016 W.B. Powell



L
@ Note:

»

»

»

»

»

»

Everything in this section 1s the same as what we saw earlier for
the diabetes problem.

The difference is that instead of finding the best drug x, we are

looking for the best tunable parameter 6 to optimize our policy
X™(58™|0) for finding the best drug.

So, we still need a policy for choosing the best drug, but in this
section, we are looking for the best policy to find the drug.

This means we are going to take all of our methods for finding x,
and replace them with methods for finding 6.

We are going to be finding a policy O™ (S™|4) for finding ™. This
policy will have its own learning parameter that we are going to
call A (for learning... got 1t?).

This means we need a policy 0™ (S™|A) to learn the best parameter
0 that determines the performance of the policy X™(5"|89).

© 2018 W.B. Powell



Derivative-free policies
|

® The belief model:

» Start by assuming that we generate a discrete set of
possible values of 6:

0e{6,0,,..0,)
» Assume we have some belief about our function (say,

lookup table). Using a Bayesian model, we assume we
have a distribution of belief about F(6) = EF (6, W)

given by

EF (0,W) =4, ~ N (4.5, )
where B is the precision in our estimate ug of the value
of F(8) = EF(6,W).



Derivative-free policies

® Belief state for ranking and selection

» S 1s our “‘state of knowledge”

e

A\

»/

Different values of 6

Slide 616



Derivative-free policies
L —— T \ L TV N
® Updating beliefs
» After n experiments, our beliefis g ~ N(iig, Bg)

» Assume that based on this belief, we choose 8 = 6"
to run for our next experiment (experiment N+1), and we
observe

Wgr:]Jrl — ,ngn + En+1
» We update our beliefs using
= By Hy +,BWV\VN¢9H+1
Po+ P
By =5+ "
» This is our transition function S™" =S"(8",6",W"") for
our state of knowledge using a lookup table belief model.

» We could use other (e.g. parametric) belief models.



Derivative-free policies
N

® Notes:

» With derivative-based optimization, we have tended to

use the language of algorithms:
» Choosing a decent vector
* Choosing a stepsize rule

We then study the behavior of this “algorithm.”

» With derivative-free optimization, we have to use a
belief model that captures what we know about a
problem, and a policy that guides us in how to make the
next decision.

» In practice, we model both using the language of
finding the best “policy.”



Derivative-free policies
|

® Derivative-free policies

» Some examples of policies are:
e Interval estimation:

®'"(S",A*%) =argmax, () + A"c") o} =Std. dev. of 1}

« Upper confidence bounding

logn
0

O (S",4"") = argmax,, [ i) + 7P ] N = No. of times & is tested.
e Thompson sampling:

O™ (S")=argmax, 25  Af ~ N(4.5))



Derivative-free policies
N

® How do we find the best policy?

» We use our objective function

max, B{F(0™",W)|S,}

» However, this compact form 1s not very useful. We
need to go back to the full form:
max. E{Ewl ..... wN {EH”’NNVI ..... wN {]El'wusi”’N {F(Qﬁ’N »W) | ‘9”’N } |W1>---,W " }} | So}

» Now, we just simulate each policy, generating many
sample paths and taking an average.

» The first formulation 1s the most compact, but you need
to understand that it translates to the nested
formulation.



® Tests of a derivative-free policy search procedure
» Work of Michael L1 ‘20

© 2018 W.B. Powell
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® Closing notes:

»

»

»

»

Making decisions over time, under uncertainty, is the
universal problem. Absolutely guaranteed you will
have to do this 1n a professional setting.

“Policy search” policies are the simplest, so they are the
ones that you are going to most likely encounter in
practice (or which you might make up on your own).

The price of simplicity 1s tunable parameters.
Sometimes it takes a little time to recognize them, but
they are there.

Tuning 1s hard.

© 2018 W.B. Powell



Designing policies

CFA (1llustrative)
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B
@ A type of CFA

» Myopic policy:
X™(S;) = argmax, C(S¢, x;)

» Parameterized myopic:

X" (S5¢10) = argmax, C(Sg, x¢) + Xpep Ordr (St x¢)
where we might have

D 6;07(S0x0) = 01, + 0207 + O3x, + 07 + 05y,
fer

» We then have to tune 6 by solving

T
max, F(0) =B 7'C(S,, X/ (S,|0))
t=0

© 2018 W.B. Powell
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® Notes

» The policy does not attempt to do any form of explicit
lookahead. We will do this later.

® Denivative-free stochastic search

» Use same search methods as with basic PFA. The
presence of the “arg max” within the policy does not
affect how you perform policy search.

© 2018 W.B. Powell



Optimizing storage
N

Percent of optimal Algorithm performance as a percent of optimal MyOp1C pollcy
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For benchmark datasets, see: http:www.castlelab.princeton.edu/datasets.htm
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Optimizing storage
N

Percent of optimal Algorithm performance as a percent of optimal MyOp1C pollcy
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© 2018 W.B. Powell



Optimizing storage
N

Percent of optimal Algorithm performance as a percent of optimal MyOplc pollcy
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For benchmark datasets, see: http:www.castlelab.princeton.edu/datasets.htm
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Policy search
N

Percent of optimal Algorithm performance as a percent of optimal POllcy Search
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For benchmark datasets, see: http:www.castlelab.princeton.edu/datasets.htm
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Designing policies

Review from last week
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An energy storage problem

® Consider a basic energy storage problem:

Wind speed

Electricityprices

A - -
L)
o
l e
L4,
B | I
| I |
] [*= =l

» We are going to show that with minor variations in the
characteristics of this problem, we can make each class
of policy work best.
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Policy function approximations
N

@ Battery arbitrage — When to charge, when to
discharge, given volatile LMPs

ERCOT (Texas) price data

g
B

g
H

g
&

g
8

Dollars per megawatt-hour

Average price ~ $50/megawatt-hour |

T e
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Policy function approximations
N

® Grid operators require that batteries bid charge and
discharge prices, an hour in advance.

140.00

120.00

100.00

80.00

ischarge 0009 ’A
A s '\V‘“\ ? 7
QCharge _H /

20.00

L o e o o o e e e L o o B o e o e B LI B o o o o B o e e I NI e e o o o o o
1 357 9111315171921 23252729 313335373941 43454749 51 53555759 616365676971

® We have to search for the best values for the policy
parameters 6" and 6"

© 2018 W.B. Powell



8.4.1 Buy low, sell high

A buy low, sell high policy works on the simple principle of charging the battery when the
price falls below a lower limit, and then sells when the price goes above an upper limit.
The policy can be written as

| 1 Ifp, < g™
Ximr.: ﬂ:__a,rh{l{;”ﬂ} — 0 It-Hbu_T; <Py < HSEH (311]
+1 Ifp, = @™,

We now have to tune 0 = (0"*¥, @), We evaluate our policy by following a sample
path of prices p¢(w) (or we may be observing the changes in prices p(w)). Assuming we
are generating sample paths from a mathematical model, we can generate sample paths
w',...,w". We can then simulate the performance of the policy over each sample path

and take an average using
| N
S T&s, T low —high ; o n
~ Y C(Selw™), X (G, (w™)]0)).

n=1

—low —high
jr

Tuning # requires solving the problem

mg.:.{?" (). (8.12)
Since @ has only two dimensions, one strategy is to do a full grid search by discretizing each
dimension, and then searching over all possible values of the two dimensions. A common
discretization 1s to divide a region into 5-percent increments. Including the boundaries, this
means we have to represent 21 values of each parameter, creating a grid of size 441 points,

which i1s manageable (although not trivial) for most problems.
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Policy function approximations
N

® Our policy function might be the parametric
model (this 1s nonlinear in the parameters):

+1 if p, < @
XS, 10)=10 1f gehares < p, < gaiseharee
\—1 it p, > geharee
:ﬁ [];rd_eggmyﬁorg&eﬁ n_[u'l alild jﬁ_ﬂdf u - ‘| — [
=—li— Price of electricity: — | |
(an ﬁ Fly | W mm\Wnﬂnﬂ f‘a\ . 1
Ve WA i AV VAN A
IJ i . i '
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Policy function approximations
N

® Finding the best policy
» We need to maximize

4
max, F(0) =B y'C(S,, X[ (S, 10))
t=0

» We cannot compute the expectation, so we run simulations:

HDischarge
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Derivative-free policies
|

® Derivative-free policies

» Some examples of policies are:
e Interval estimation:

©'"(S",A*%) =argmax, () +A"c") o) =Std. dev. of 11}

« Upper confidence bounding

logn
0

O (S",4"") = argmax,, [ i) + 7P ] N = No. of times & is tested.
e Thompson sampling:

®"(S")=argmax, &, i ~ N(uy,/5;)



B
@ A type of CFA

» Myopic policy:
X™(S;) = argmax, C(S¢, x;)

» Parameterized myopic:

X" (S5¢10) = argmax, C(Sg, x¢) + Xpep Ordr (St x¢)
where we might have

D 6;07(S0x0) = 01, + 0207 + O3x, + 07 + 05y,
fer

» We then have to tune 6 by solving

T
max, F(0) =B 7'C(S,, X/ (S,|0))
t=0
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Designing policies

VFA-backward MDP

© 2018 W.B. Powell Slide 655



A storage problem

® Bellman’s optimality equation

V = minxtex (C(St +7/E{V(St+1(staxt @) | St})

[ —wind [, wind —battery | [ S wind |
Et Xt Et+1
> grid wind —load 3 grid
t Xt I:)'[+1
load id —batter A
D x I y load
t t Dt+1
Qbattery Xgrid —load
|t _ t
battery—load
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8.4.2 Backward dynamic programming

Step 0. Initialization:
Initialize the terminal contribution Vg (Sypyq1) — 00
Stepl. Dofort =T, T—1,...,1,0:

Step 2. Forall s € 8§, compute

e WY

Vi(s) max (C‘tl{#,:{:) + Z _,r'w{1u|.=s._az}1”t+|{H‘“(s._ut,w]l})

Figure 8.6 A backward dynamic programming algorithm.

One way to get an optimal solution (that 1s, an optimal policy) is to use what 1s known
as backward dynamic programming. A vanilla implementation of backward dynamic
programming 1s given in figure 8.6 which exhibits four loops:

1) The loop stepping backward in time from T’ to time (.

2) The loop over all possible states s € & (more precisely, this is the set of possible
values of the state S; at time ).

3) The loop that would be required to search over all possible decisions = in order to
solve the maximization problem.

4) The loop over all possible values of the random variable W that is captured in the
summation required to compute V;(s).
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Optimizing a one-dimensional problem
|

® Backward dynamic programming in one dimension

Step 0: Imitialize V; ,(R;,,) =0 forR;,, =0,1,...,100
Step 1: Step backwardt=T,T -1, T -2,...

Step 2: Loop over R =0,1,...,100

Step 3: Loop over all decisions —(R™ —R)<x <R

Step 4: Take the expectation over exogenous information:

100

Compute Q(R,,%) = C(R,,x)+ Y V|, (min {R™,R —x+w})P" (w)
w=0
End step 4;
End Step 3;
Find V, (R) = max, Q(R;,X,)
Store Xt”* (R;) =argmax, Q(R;,X). (This is our policy)

End Step 2;
End Step 1;
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Optimizing a multi-dimensional problem
|

® Dynamic programming in multiple dimensions
Step 0: Initialize V; _,(S;,,) = 0 for all states.

Step 1: Step backwardt=T,T —-1,T —-2,...
Step 2: Loop over S,=(R,,D,, p,, E,) (four loops)

1> >

Step 3: Loop over all decisions x, (all dimensions)

Step 4: Take the expectation over each random dimension (13[, D, E )

Compute Q(S,, %) =C(S,, X )+
100 100 100

3D Ve (8™ (S X Wy = (W, Wy, W) ) PY (W, W, W)

End step 4;
End Step 3;

Find V,"(S,) = max, Q(S,%)
Store Xt”* (S,) =argmax, Q(S,,X ). (This is our policy)

End Step 2;

End Step 1;
© 2018 W.B. Powell



Dynamic programming
N

® Notes:

» There are potentially three “curses of dimensionality”

when using backward dynamic programming;:

» The state variable — We need to enumerate all states. If the
state variable 1s a vector with more than two dimensions, the
state space gets very big, very quickly.

e The random information — We have to sum over all possible
realizations of the random variable. If this has more than two
dimensions, this gets very big, very quickly.

* The decisions — Again, decisions may be vectors (our energy
example has five dimensions). Same problem as the other two.

» Some problems fit this framework, but not very.
However, when we can use this framework, we obtain
something quite rare: an optimal policy.
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Dynamic programming
N

® Strategies for computing/approximating value
functions:

» Backward dynamic programming
» Exact using lookup tables
« Backward approximate dynamic programming:
— Linear regression
— Low rank approximations

» Forward approximate dynamic programming
e Pure forward pass (online or offline)
* Double pass — Forward simulation with backward learning

© 2018 W.B. Powell



Week 6 — Monday

Energy storage 111

N
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Designing policies

VFA-backward ADP
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Backward ADP

B ]
® Classical backward dynamic programming
» Uses lookup table representations of value functions

» Assumes the one-step transition matrix can be
computed (which 1s also lookup table).

» “Dynamic programming” does not suffer from the curse
of dimensionality (as we show below), but lookup
tables do.

» There are three curses of dimensionality, but often it 1s
the state variable that causes the most problems.

» Before we jump to forward ADP, consider doing
backward ADP.
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Backward ADP

e ——
® Backward approximate dynamic programming

» Basic 1dea 1s to step backward 1n time, just as we do
with classical backward dynamic programming.

» Instead of looping over all the states, loop over a
random sample (much smaller than all states).

» Now, use the sample of values and states to produce an
approximate value function:

Ve(Se10:) = 0p101(St) + 01202(S) + O393(S,) +...
» Features ¢¢(S;) might be

* Energy in storage R, price p;, energy from wind E,...

« Square of any of the above

* Any cross products

* Any other transformations you think might capture the
behavior.
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Optimizing a multi-dimensional problem
|

® Backward ADP

Step 0: Initialize V., (S;,,) = 0 for all states.
Step 1: Step backwardt=T,T —-1,T —2,...
Step 2: Loop over a random sample of states s, = (Rt, D.,p, t) (one loop)

Step 3: Loop over all decisions X, (all dimensions)

Step 4: Take the expectation over each random dimension ([A)t , b, E, )

Compute Q(S,, X, ) =C(S,, X)) +
100 100 100

> DUV (8™ (8 X Wy = (Wi, Wy, W) PPV (W, Wy, W)

w; =0 W, =0 w; =0

End step 4;

End Step 3; Vt+1(5t+1|6t+1) = 9t+1,1¢1(5t+1) + 9t+1,2¢2(5t+1) + 9t+1,3¢3(5t+1) T...

Find v, (5,) = max_ O(s,,x,)

End Step 2;
Use sampled v, (5,)'s to find an approximate V,(s).
End Step 1;
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B
® Notes:

» You can replace the triple sum over the three random
variables with a random sample.

k k

» Let Q = (wl,w?, ...,w", ...,wX) where w” is a random
sample of the random variables W = (wq, w,, wg)

where
e w; =D,
* W, =p,
e wy =FE

» Now approximate the value of the state-action pair
(s, x) using

A A 1 = ~
o Q(8t,xt) = C(8,x¢) + EZII§=1 Vit1(Se41 = SM(St: xt»Wk))

» You will need to test different values of K to find the
smallest value that produces a high quality policy.
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8.4.3 Backward approximate dynamic programming

A powerful algorithmic strategy 1s known as “backward approximation dynamic program-
ming.” This approach progresses exactly as we just did in figure 8.6, with one difference.
Instead of looping over all the states, we choose a random sample S. We then compute
the value of being in state s & S Just as we originally did, and compute the corresponding

value . Assume we repeat this N times, and acquire a dataset (3™, 79™),n = 1,..., N.
We can then use this to fit a linear approximation of the form

V(s) = Oog+0101(5)+0202(s)+ ...+ 0pdr(s), (8.13)
where ¢¢(s), f = 1,..., F'is a set of appropriately chosen features.

We have found backward ADP to work exceptionally well on a small set of problems,
but there are no guarantees, and its performance clearly depends on choosing an effective
set of features. In one application, we reduced a run time of one month for a standard
backward MDP algorithm, down to 20 minutes, with a solution that was within 5 percent
of the optimal (produced by the one-month run time). However, there are no bounds or
guarantees.
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® Notes:

» We have been using backward ADP for the past few
years with surprisingly good results — around 95

percent of the optimal policy computed using classical
backward MDP.

» Backward ADP can be quite fast. In one application, it
reduced CPU times from a month for classical
backward MDP, to 20 minutes, with a solution only 4-5
percent below optimal.

» We have no theory to support these results.

© 2018 W.B. Powell



Designing policies

VFA-forward ADP exploiting convexity
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N
@ Exploiting concavity

» For a single storage device, we can optimize the decision to
store/charge/discharge by fixing the VFA, simulating forward in
time, and then asking what we would do with a marginal increment
of energy in storage.

Figure 1. Tracking the Marginal Value of Energy Through the Multiperiod Network

(a) One-period flow network (b) Tracking the marginal value of energy through the multiperiod network

Sink

7

A

I+ At i I+ 2At
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Exploiting concavity
N

@ Derivatives are used to estimate a piecewise linear
approximation, where we maintain concavity at each step.

V.(R)|

/4

Fung

' Slopes

rtion
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Exploiting concavity
N

® Maintaining monotonicity in the slopes

— t | | |
Vi(R) X | Sampled slope

—— Updated estimate

— Slopes

R —
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Exploiting concavity
N

® Maintaining monotonicity in the slopes.

» If there 1s a montonicity violation, keep smoothing the observation to the
left (or right as necessary) until monotonicity is restored.

Vi(R) X<—X | Sampled slope
R Updated estimate
— Slopes
R —
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Exploiting concavity
N

@ Derivatives are used to estimate a piecewise linear
approximation, where we maintain concavity at each step.

V.(R)|

L]l
Il
I/l
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e ——
® Forward ADP exploiting concavity

» If our only state variable 1s energy in the battery, we
can exploit this when computing the value function

approximation.

» Results are consistently near optimal:

Labi.‘l f_-.. l_—(l {q}fn) F_-s-l‘l ([H]) Fl:r(] (;}fﬂ) Fr-s-ﬂl'l (“’n] Fi,.:ﬂ[l'l {[L(Jil F_"-,[ll'.l (ufn} Ff';,'_:v[l'! ("*ﬂ) 51:110 (q}:_]]
S1 19,480.11 4488 91.87 98.77 99.22 99.49 99.61 99.63 +0.25
S2 18,915.05 4460 90.37 98.63 99.16 99.32 99.47 99.52 +0.22
S3 19,730.28 4463 90.70 98.83 99.20 99.49 99.59 99.61 +0.25
S4 19,831.66 4420 90.70 98.88 99.32 99.53 99.60 99.61 +0.65
S5 16,806.49  57.24 97.41 98.92 99.02 98.98 99.14 99.14 +0.32
S6 17,089.29 57.17 97.14 98.78 98.84 99.18 99.55 99.58 +0.33
S7 18,104.07  56.77 97.46 98.69 98.78 99.31 99.57 99.59 +0.34
S8 19,011.24  55.85 97.72 98.65 99.02 99.42 99.58 99.59 +0.34
S9 17,963.79  57.54 96.99 98.74 98.97 99.36 99.43 99.44 +0.35
510 19,079.16  55.88 97.91 98.85 99.02 99.42 99.55 99.56 +0.34

250 1terations 1500 iterations
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® Benchmarking of ADP

Table 2 Mean performance of policies in the various test cases over 100 trials, reported as a percent of the optimal policy. Shown

on the far right is the average time in hours needed to compute value functions for each algorithm (or time allotted for policy search),

but note that this is highly problem-dependent and can vary greatly between test cases. The optimal policy took an average of 11.3
hours to compute.

Case 1 2 3 4 5 6 7 & 9 10 11 12 [Avg|[CPU (hrs)

Lookup-.01 || 99.1 96.7 98.0 88.8 98.0 100.0 93.2 984 99.6 994 988 989|974 0.41
Lin-.01 96.2 96.4 969 91.8 88.2 952 954 989 989 98.2 983 99.5(96.2 1.62
Lookup-.10 || 100.1 99.5 99.3 97.1 99.7 100.2 97.2 99.4 100.0 100.1 99.6 99.8 [ 99.3 0.67
Lin-.10 96.3 96.5 98.1 91.1 88.3 95.2 949 989 989 982 99.0 99.2 [ 96.2 2.72

API 82.7 779 795 573 76.2 908 50.5 804 94.7 90.0 86.4 86.9|79.5 12.0
PFA 93.6 923 934 714 80.6 91.3 723 934 973 952 96.0 94.6(89.3 5.14
DLA-24-05| 87.7 Need to 73.5 84.8 933 904 899 968 922 922 953]91.1 N/A
DLA-72-01 | 91.1 Run These 86.1 994 95.5 101.7 93.0 979 944 942 94.3|94.2 N/A

» Backward ADP is first four lines:

* Lookup = lookup table approximation for VFA

e Linear = linear model

e .01 or .10 refers to the discretization

« Backward MDP (which produced optimal policy) took over 10
hours to compute.
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® Slides that follow 1illustrate exploiting concavity
on a network of storage devices for the grid.

® We will revisit this method later 1n the course to
show that we can use this method to solve high-
dimensional problems.

® For now, we are just showing off.
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0 Imagine 25 large storage devices spread around the PJM grid:

T
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Q Imagine 25 large storage devices spread around the PJM grid:
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Value function approximations
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Value function approximations
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Value function approximations
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Value function approximations

Monday
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Exploiting concavity
N

@ Derivatives are used to estimate a piecewise linear
approximation

V.(R)|
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Objective function

Approximate dynamic programming
N

® With luck, your objective function improves
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Grid level storage

® Congested grid:

» Green and blue circles indicate energy storage

-r. W‘_; rﬁﬂg’/rf’" | | ‘. .- - _. ‘L/\l




SMART-Solar

® Congested grid:

» Green and blue circles indicate energy storage




B
® Notes:

» There are many “resource allocation problems” where
the state variable 1s a quantity R, giving the quantity of
resources (energy 1n storage, water 1n a reservoir,
money held in cash in a mutual fund).

» We can exploit convexity (concavity 1f maximizing) to
get very accurate approximations of value functions.

» This logic scales to high dimensions, where Ry = (Ry;)
where R;; 1s the number of resources of “type” i, where
[ might be:
« Location of resources (warehouse, battery, ...)

* Blood type
» Type of asset money is invested in.
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Designing policies

VFA-forward ADP
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Approximate value 1teration
L

Step 1: Start with a pre-decision state S/

Step 2: Solve the deterministic optimization using L
Deterministic

an approximate value function: S
optimization

V" = min (C (S, %) V" (SM (S, %))
to obtain X'.
Step 3: Update the value function approximation Recursive
V" (S =(—a, V" '(S ) +a, ¥ statistics
Step 4: Obtain Monte Carlo sample of W, (®@") and
compute the next pre-decision state:
Sty = S" (S X Wy, (@)
Step 5: Return to step 1.

Simulation
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Approximate policy iteration
N

® Forward ADP using general statistical models
(ignores problem structure)

® Approximation methods

» SVR - Support vector regression with Gaussian radial
basis kernel

» LBF — Weighted linear combination of polynomial basis
functions

» GPR — Gaussian process regression with Gaussian RBF

» LPR — Kernel smoothing with second-order local
polynomial fit

» DC-R — Dirichlet clouds — Local parametric regression.
» TRE — Regression trees with constant local fit.
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® Notes:

» None of these statistical models explicitly captures
structure such as convexity/concavity.

» We ran thousands of iterations to test all of these
machine learning methods to approximate the value
function.

» The results were then compared against an optimal
policy using value functions computed using classical
MDP.

© 2018 W.B. Powell



Energy storage applications
N
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DC-R — local parametric regression
LPR — kernel smoothing

GPR - Gaussian process regression
SVR - Support vector regres%'%] 8 WB. Powell




Approximate policy iteration
N

® A tale of two distributions

» The sampling distribution, which governs the
likelithood that we sample a state.

» The learning distribution, which is the distribution of
states we would visit given the current policy

Vi(s)
A V 2(s)

-

V(s)

>
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Forward ADP

e ——
® The story changes when we exploit structure...

» The value function 1s concave in the resource variable.

» But we have no structural properties with respect to the
other dimensions of the state variable.

© 2018 W.B. Powell



Designing policies

Direct lookahead
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Parametric cost function approximation

® An energy storage problem:

Sample Paths of Spot Price (P)
) ’ ” A ]

A
Wind speed A \
& p Demand '
| |'M\’"\. 'Ir\.", Ir‘h'-.;'l“"lhl'n
. 1] \'\ || ||_|II || || IA'.I .'.' \]I ;_.i\.l
— Ii \ J"\J v I'.u_\ ._I."JII TN é
Electricityprices o M ‘

The state of our system 1s given by:

Figure: Sample paths of spot prices (P;)

St — (Rt; Et' Ptl Dt; ftE) S P Frocasy . Oogored )
where -
R; =Energy 1n storage ol
EY =Energy available from wind -
P; =Grid price Fo ¢
D, =Demand 1% 4
fE = (ft’i,),t’ > t, = Forecasts v, N/ oV
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Parametric cost function approximation

® Forecasts evolve over time as new information arrives:

’ Vo,
Rolling forecasts, /J’,A \
Egﬂited each / ,
/|7
Forecast made a
L m(;denci gilt; o l{l/l,
P /// \ Actual

Hours starting at noon on 13/07/09
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Parametric cost function approximation
N

® Benchmark policy — Deterministic lookahead

XDLA(S,) = argmin C(Se, xt) +
¥ V=t L H)

X' + 0% + %5 < f
X + % <Ry,
¢ + % <R™ —R,,
Kt + % < fo
R+ R <y

X + R <

discharge
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Lookahead policies

The lookahead model

® Lookahead policies peek into the future

» Optimize over deterministic lookahead model

t+1 t+2 t+3

The real process
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Lookahead policies

The lookahead model

® Lookahead policies peek into the future

» Optimize over deterministic lookahead model

t+1 t+2 t+3

The real process
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Lookahead policies

The lookahead model

® Lookahead policies peek into the future

» Optimize over deterministic lookahead model
D

Lo

-~ Kk
o
e CKS x

T .f‘
it

X
ARG

t+1 t+2 t+3

The real process
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Lookahead policies
|

® Lookahead policies peek into the future

» Optimize over deterministic lookahead model

. A
_g g {
O )\’i;’
: s
3 B
S (&
= | ,@5\
av) ‘ﬁ%
— : \‘//
o K
2 P &
- | e
| |

=

t t+1 t+2 t+3

The real process
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Hybrid policies

e ——
® Simulating the policy:

» Let F(w) be a simulation of our policy following
sample path w:

T

F(w) = Y.C(S,(0), X[ (S,()))

t=0

where

Str1(w) = SM(St(a)),Xf(St), Wit1)

© 2018 W.B. Powell



Designing policies

Hybrid — parameterized lookahead
(CFA/DLA)
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Parametric cost function approximation

® Parametric cost function approximations
. wr wd
» Replace the constraint Ly /\\xtt'

rd
""‘HI "“11{?T<f —————-———I' ———————— Demand D,
~o _ -~
IT .“‘\::s 4';(1(!
th:
1.

» Lookup table modified forecasts (one adjustment term for
each time 7 = ¢'- ¢t 1n the future):

E
<
:Ett' +xtt' _t'

» Exponential function for adjustments (just two parameters)

6,(t'-t\e E
< 2
ﬂjtt. + xt' —tI

» Constant adjustment (one parameter)

E
<
xtt' +xt' _t'

© 2018 W.B. Powell




Hybrid policies
e
® Optimizing the CFA:

» Let F(@ a)) be a simulation of our policy given by

ZO( (S,(@) | 0))

» We then compute the gradlent with respect to &
vV, F(0,0)= VHF(Q, o)

» The parameter € 1s found using a classical stochastic
gradient algorithm:

0" =0"+a V FO", o)

We tested several stepsize formulas and found that ADAGRAD

worked best:
t

‘} 2
o = G = E \V F Xt,W
" Gt —|_ E t t'()( X ( t-I-l) )

© 2018 W.B. Powell



|
® Simulating the numerical derivative
Let w be a sample path of W, (w),W, (@), ... with a sequence
of states S, (@) = SV (S, (), X[ (S, (@) | 0),W.,, (w)).
Let

F7(0,0) =2 C(S(@), X[ (S,(2) | 0))

Now compute the stochastic numerical derivative using
F*(0+o,w)—F"(0,w)

o)
We are writing this assuming that F* (0 + 6, w) and F” (6, w)

(@)=

are both computed with the same sample path w. This is best,

but not required, and not always possible.

© 2017 Warren B. Powell



d 6,(t'-t) pE
"+ < fe 3 )f;t, Policy Improvement v.

tt' tt' 1

Improvement

© 2018 W.B.
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I
® Perfect forecasts:

» When the forecast 1s perfect, the optimal coefficients § = 1.

» Below we fix all 8s = 1, but then vary each 6; one at a time.

F(i)

1280 -

1270

1260

F(¢) over changing # compenetwise with lookup table for perfect forecast

_____

1250 B

1240

1230

1220

=

(=]

o

L

(=]

o=

g

==

(=]

i)
L}

1.2



B
® Notes

» In the slides that follow, we optimized the 8s, fixed
each 6; to the optimized point we found, and then
varied each 6;, one at a time.

» The results were somewhat unexpected...

© 2018 W.B. Powell



e ——
® One-dimensional contour plots — perfect forecast

» 0; for 1=1,..., 8 hours into the future.

F{&) over changing ¢ compenetwise with lookup table for perfect forecast

1280 -

1270

I
)
g
i
o] iy
i

1260 e

F(1)

1250 &=

/\ X
—— ]
1240 2

1230

|
=

1220

(78
i
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® One-dimensional contour plots-uncertain forecast

» 0; for 1=1,..., 8 hours into the future.

F(#) over changing # compenetwise with lookup table for =40
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e ——
® One-dimensional contour plots-uncertain forecast

» 0; for 1=9,..., 15 hours into the future

= F{#) over changing # compenetwise with lookup table for +=40
285

280 —

2 _
2o\

270 |- A g - ST

265 —

F(i)

260

255

250 ~

245 —

= &= B = = o R

240



F(6) for o=40
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F(#) for o=40
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F(6) for o=40
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F(6) for o=40
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F(6) for o=40
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F(6) for o=40
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F(6) for o=40
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F(6) for o=40
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Any policy may work best
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An energy storage problem

® Consider a basic energy storage problem:

Wind speed

Electricityprices

A - -
L)
o
l e
L4,
B | I
| I |
] [*= =l

» We are going to show that with minor variations in the
characteristics of this problem, we can make each class
of policy work best.

© 2018 W.B. Powell



An energy storage problem
N

® We can create distinct flavors of this problem:

» Problem class 1 — Best for PFAs

« Highly stochastic (heavy tailed) electricity prices
 Stationary data

» Problem class 2 — Best for CFAs

 Stochastic prices and wind (but not heavy tailed)
 Stationary data

» Problem class 3 - Best for VFAs

» Stochastic wind and prices (but not too random)
« Time varying loads, but inaccurate wind forecasts

» Problem class 4 — Best for deterministic lookaheads
 Relatively low noise problem with accurate forecasts

» Problem class 5 — A hybrid policy worked best here

 Stochastic prices and wind, nonstationary data, noisy forecasts.

© 2018 W.B. Powell



An energy storage problem
N

@ The policies

» The PFA:

» Charge battery when price 1s below pl
» Discharge when price is above p2

» The CFA

« Optimize over a horizon H; maintain upper and lower bounds (u, 1)
for every time period except the first (note that this is a hybrid with a
lookahead).

» The VFA

» Piecewise linear, concave value function in terms of energy, indexed
by time.

The lookahead (deterministic)
* Optimize over a horizon H (only tunable parameter) using forecasts of
demand, prices and wind energy

» The lookahead CFA

» Use a lookahead policy (deterministic), but with a tunable parameter
that improves robustness.

>

v

© 2018 W.B. Powell



® PFA:

For the PFA policy. we use the following rule:

X HA(S]8) =

(2" = min{L,, E,},
BL he Ifp, > 6"
:E-t L;r
0 Ifp, <6

GL __ EL DL
JEt — Lt - I‘Jt - :I:f. ]

EB __ . EL _chre
T —mln{E,, —x;"p J},

chrg BB
v —T
IFH _ t

® CFA:

P Ifp; < 6L
0 prt > QL

\

The first cost function approxXimation minimizes a one-period
cost plus a tunable error correction term:

XCEAEC(§,10) = arg min C(S;, z;)
X €A

+0s (257 + 20 + 2Pt

(18)

where & is defined by (7)—(11). We use a linear correction term

for simplicity (and

it sometimes works).
© 2018 W.B. Powell



B
® VFA:

Our VFA policy uses an approximate value function approx-
1mation. which we write as

XVFA(S,) = arg min C(S;,z;) +V* (RY)  (19)

T EXy

© 2018 W.B. Powell
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® DLA:

The deterministic lookahead optimizes over a horizon H
using forecasts of exogenous information:

t+H
XE'A—DEII‘(SJH) =arg _ min Z C(Su, @) (20)

(Zttseenst, e+ H) 1
subject to, for ¢’ = ¢,...,T:
o+ Rl <fh, Q@
noEgt gt v Eph) =1, (22)
FBl <Ry, (23)
Ruror~(Ruw+f7 11 (358 +35P) -3l ) = 111, 24)

Ty > 0. (25)

© 2018 W.B. Powell
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@ Hybrid DLA-CFA

» Use the DLA with two new constraints:

The lastpolicy, X24 ¢F4(8,160%,0Y). is ahybrid lookahead
with a form of cost function approximation in the form of two

additional constraints fort' =¢t+1,...,7T":
Ry > 0", (26)
Ry <6Y. (27)

» These are designed to avoid allowing the storage to hit
upper and lower bounds so that 1t can respond to
sudden bursts or gaps 1n the energy from wind.

© 2018 W.B. Powell



An energy storage problem

® Each policy is best on certain problems
» Results are percent of posterior optimal solution

o CFA Error Determ.
Problem: Problem description .
correction
A stationary problem with heavy-tailed prices,
relatively low noise, moderately accurate

forecasts.

A time-dependent problem with daily load
patterns, no seasonalities in energy and price, 0.752 0.712 0.746
relatively low noise, less accurate forecasts.
A time-dependent problem with daily load,

energy and price patterns, relatively high noise, 0.914 0.886

forecast errors increase over horizon.

A time-dependent problem, relatively low
0.962 0.749 0.971 0.997

noise, very accurate forecasts.

Same as (C), but the forecast errors are
0.865 0.590 0.914 0.922

stationary over the planning horizon.

» ... any policy might be best depending on the data.

Joint research with Prof. Steph%nz(!\l/é%g%ell, Uuniversity of Muenster, Germany.



An energy storage problem
N

® From the paper:

Tutorial on Stochastic Optimization
in Energy—Part II: An Energy

Storage Illustration
Warren B. Powell, Member, IEEE, and Stephan Meisel

1468 IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 31. NO. 2. MARCH 2016

Abstract—In Part I of this tutorial, we provided a canonical mod-
eling framework for sequential, stochastic optimization (control)
problems. A major feature of this framework is a clear separation
of the process of modeling a problem. versus the design of poli-
cies to solve the problem. In Part II, we provide additional discus-

T, 5 S | s A FiN s

TRANSACTIONS ON POWER SYSTEMS approach the modeling
of stochastic optimization problems. where we highlight what
we feel are differences in the approaches used by the literature
versus the modeling strategy we are proposing.

e thoan illnctrate onr maodealing firameownrlk in
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Extension

Active learning
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An energy storage problem
N

® Types of learning:

» No learning (6's are known)

pt+1_‘9pt+‘9pt1+‘9 Py + t+1

» Passive learning (learn s from price data)

pt+1_ tOp +9’[1pt1+9’[2pt2 t+1

© 2018 W.B. Powell



An energy storage problem

® Transition function

Et+1

pt+1
Dt+1

battery
Rt +1

Electricityprices

TR DI

L

+ Et+1

t

+0,

|

% P

0t

.I:D

tt+1+g

t+1

_ Rtbattery

X,

P +

t+1
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Learning in stochastic optimization
N

® Updating the demand parameter

» Let .1 be the new price and let

Fpme(pt |9) (‘9) [ _6’topt +0, 11 Py 1+0t2pt 2

» We update our estimate Ht using our recursive least
squares equations:

I — 1 —
9t+1 = b, B, P&
Vi
Ctp1 = F pnce( pt t )_ Pt
| _
B, =B _—(Bt P, (P, )T B, )
Vi

Y1 :1+(Et )T Bt [
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An energy storage problem
N

® Types of learning:

» No learning (6's are known)

pt+1_‘9pt+‘9pt1+9 Py + t+1

» Passive learning (learn s from price data)

pt+1_ tOp +9’[1pt1+9t2pt2 t+1

» Active learning (“bandit problems’) — What we learn
depends on the decisions x&”

pt+1_ o Py +‘9t1pt1+‘9tzpt2+‘9t3 tp+1

Buy/sell decisions

© 2018 W.B. Powell



Revenue management
L

@ Earning vs. learning

_ Pmnor belief about demand function
“H\L\DE Lp} — EE:I + &-ﬂp

H'\\.

» You earn the most

with prices near the
middle.

- — Pncep
0 r p

Figure 8.5 Prior demand function and revenue curve.

» You learn the most

with extreme prices.  Db(») D(p)

» Challenge 1s to strike

a balance. p P
(a) (b)

Figure 8.6 Estimating the demand function using (a) observations near the middle and (b)
observations near the endpoints.
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@ Notes

»

»

»

»

»

»

We started with a pure stochastic optimization problem with no
learning.

The previous slide (optimizing prices) 1s a pure learning problem.
We can also have a mixed problem.

With the last model, our decisions to charge/discharge energy
from/to the grid affects our learning of 6;5.

The model (e.g. state variables) are the same.

We would expect the choice of best policy (or the best parameters
for a parameterized policy) would change when there 1s active
learning, but how much depends on the relative value of
information.
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Extension

Learning
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Week 6 — Wednesday

Midterm

5
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