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Fall break
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Week 7 – Monday

SMART-ISO lecture
Hugo Simao
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Week 7 – Wednesday

Uncertainty modeling
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Modeling uncertainty

Types of uncertainty
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Modeling uncertainty

Observational uncertainty
Prognostic uncertainty (forecasting)
Experimental noise/variability
Transitional uncertainty
Inferential uncertainty
Model uncertainty
Systemic exogenous uncertainty
Control/implementation uncertainty
Algorithmic noise
Goal uncertainty

Modeling uncertainty in the context of stochastic optimization 
is a relatively untapped area of research. 
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Modeling uncertainty

Types of uncertainty 
» Observational uncertainty – Errors in our observations 

of the state of the system:
• What is the CO2 content of the atmosphere?
• What is inventory of oil in the U.S.?

» Prognostic uncertainty – Uncertainty in the forecast of a 
future event.

• Forecasting demands
• Forecasting the weather
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Modeling uncertainty

Types of uncertainty
» Experimental noise – This is the variability that arises 

when running repeated experiments (either in a lab or in 
the field)

• Testing the impact of a new flu drug.
• Testing the effect of a new material on battery lifetimes

» Transitional uncertainty – We have a model of how a 
(presumably) deterministic system evolves, but there is 
still noise:

• Modeling the location of an aircraft moving at a certain speed 
from a known location.

• Predicting the time of arrival of a car at a downstream node
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Modeling uncertainty

Types of  uncertainty
» Inferential uncertainty

• Uncertainty in parameters estimated from observational data
• Sometimes known as diagnostic uncertainty which might arise 

in the context of estimating a condition such as disease or the 
reason for a malfunction (in an engine).  Such an assessment 
would an inference based on indirect observations.

» Model uncertainty – This is uncertainty about the 
model itself, which comes in two forms:

• Uncertainty about the structure of the model:
– Linear approximation of a nonlinear model
– Different sets of equations describing the climate

• Parameters characterizing the model
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Modeling uncertainty

Types of uncertainty
» Systemic exogenous uncertainty - Errors in the model 

of exogenous information that occur on long time 
scales:

• Modeling the effect of long-term drops in oil consumption due 
to conservation

• Modeling the effect of increased cloud cover due to climate 
change
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Modeling uncertainty

Types of uncertainty 
» Control uncertainty

• You ask for      but you get 
• Wiley sets a wholesale price of $80, but Amazon sells at some 

random price above that (limits Wiley’s ability to set prices).
• You order 10 items, but only get 8 due to a stockout.
• You try to drive at 70 mph, but there is variability due to your 

inability to hold a speed perfectly, along with the effect of 
traffic.

• Uber would like 50 drivers on duty, but can only influence 
their behavior through surge pricing.

» Algorithmic uncertainty
• Run the same algorithm twice, and you may get different 

answers (depends on the algorithm and the nature of the 
compute environment).
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Modeling uncertainty

Types of uncertainty 
» Goal uncertainty

• There are many settings where decisions are being made by a 
group of people:

– Dispatchers for a trucking company
• What are we trying to achieve?
• Maximize revenue?  Minimize costs? Maximize profits?
• Best customer service?
• Lowest risk?
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Goal uncertainty
Uber
» Provides real-time, on-demand 

transportation.
» Drivers are encouraged to enter or leave 

the system using pricing signals and 
informational guidance.

Decisions:
» How to price to get the right balance of 

drivers relative to customers.
» Assigning and routing drivers to 

manage Uber-created congestion.
» Real-time management of drivers.
» Pricing (trips, new services, …)
» Policies (rules for managing drivers, 

customers, …)
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Goal uncertainty

RidersCars
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Goal uncertainty

t t+1 t+2
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Goal uncertainty

t t+1 t+2
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Goal uncertainty

t t+1 t+2

The assignment of cars to riders evolves over time, with new riders 
arriving, along with updates of cars available.
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Goal uncertainty

We can find one model that balances everyone’s 
wishes (badly):



Goal uncertainty

Formulating a model is like fitting a line through a set 
of users:



Goal uncertainty

Formulating a model is like fitting a line through a set 
of users:



Goal uncertainty

Should we customize the model (somewhat) for each 
user?



Modeling uncertainty
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Modeling uncertainty

There are two information processes that drive the 
system:
» Decisions    – This is the endogenously controllable 

information process.
» Exogenous information - This comes from the initial 

state      , and the exogenous information process      .  

To figure out how to make good decisions, you 
need:
» The system model
» The initial state      and the exogenous information 

process 
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Modeling uncertainty

The initial state     .  This contains:
» All deterministic parameters needed by the system.  

This is static data, so it is not modeled as part of the 
dynamic state      .

» “State of knowledge” – probabilistic information about 
uncertain parameters.  This information is always 
represented as a probability distribution of some form:

• Normally distributed uncertain parameters – This might be:
– Estimated age of a power transformer
– Estimated growth rate of a stock
– The blood sugar of a patient

• Discrete distributions – Examples include
– Whether a patient has an infection
– Probabilities of a discretized distribution of demand
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Modeling uncertainty

The exogenous information process       which 
might include:
» Passive information – This is information that arrives 

regardless of any actions we may take. Examples:
• Purely exogenous – Information that is not influenced by the 

state of the system or any actions we take.  Examples:
– Rainfall, traffic 
– Traffic congestion
– Stock prices (if we are a small player)

• Exogenous distributions are influenced by states and/or 
actions.

» Active information – This is information we choose to 
collect

• Running a laboratory experiment
• Purchasing a report
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Modeling uncertainty

Bayesian vs. frequentist uncertainty
» Bayesian uncertainty is captured by a distribution of 

belief derived from prior information:
• Expert judgment
• Information collected from different settings
• Past experience
• Bayesian uncertainty is always communicated through 

» Frequentist uncertainty
• This is uncertainty derived from statistical analysis of the 

variability inherent in the exogenous information 
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Modeling uncertainty

Examples of stochastic processes
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Wind in the U.S.



Energy from wind

1 year

 Wind power from all PJM wind farms

Jan     Feb     March    April    May    June    July    Aug    Sept      Oct    Nov     Dec 



Energy from wind

30 days

 Wind from all PJM wind farms



Solar energy

Princeton solar array



Energy from solar

Solar output over entire year (all farms)

Sept    Oct     Nov     Dec     Jan      Feb     March     April     May     June     July    Aug   



Energy from solar

Solar from a single solar farm



Brazil



Rainfall

Rainfall over 3 years in Brazil

2011                                           2012                                          2013



Uncertainty

It is important to separate:
» Predictable variability

• Diurnal cycles
• Large weather patterns
• Major human events (Super 

bowl)

» Stochastic uncertainty 
• Temperature deviations from 

forecast
• Late/early arrival of a storm
• Generator failures
• Wind shifts

PJM load

Aggregate solar



Locational marginal prices on the grid



Locational marginal prices on the grid
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Locational marginal prices on the grid

$22/MWhr



Time series modeling
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Mean reverting models
» Basic mean reverting model (Ornstein-Uhlenbeck

process)

௧ାଵ ௧ ௧ ௧ ௧ାଵ

» where 

௧ାଵ ௧ ௧ାଵ

is the rate of mean reversion.  Note that if ௧ ௧, then 
௧ାଵ will trend lower (and vice versa).  This is what is 

meant by “mean reversion”
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Mean reverting with jump diffusion

௧ାଵ ௧ ௧ ௧ ௧ାଵ ௧ାଵ ௧ାଵ
௃

» where

» To estimate , pass through data 2-3 times, discarding 
data that is more than ఌ from the mean.  Then is the 
fraction of data we have discarded. 

» Fit so that ଵ
ఒ

variance of the discarded data.
© 2018 W.B. Powell

2(0, )
1 . .       
0 . . 1

t

t

J x
t

N
w p

J
w p

e

e

l

e s

h
h

e l -

ìïï=íï -ïî







© 2018 W.B. Powell



© 2018 W.B. Powell



© 2018 W.B. Powell

(Click to bring up spreadsheet)



NORTA

Normal to anything

© 2018 W.B. Powell Slide 51



Modeling wind forecasting errors

1 year

 Wind power from all PJM wind farms

Jan     Feb     March    April    May    June    July    Aug    Sept      Oct    Nov     Dec 
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Modeling wind forecasting errors

Data transformation
» Observed errors are transformed to normally distributed 

errors using quantile mapping:

Historical cumulative distn

Observed forecast error

Standard normal distn
1.0

0.0

1.0

0.0
Standard normal deviate Z



Talk through problem set
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Error 
distribution

Modeling errors

Observed

Simulated

Simulating onshore wind
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Modeling uncertainty

Probability distributions
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Modeling uncertainty

Types of distributions
» Probability distributions come in different forms:

• Classical “thin tailed” distributions –
– Exponential family

» Normal, exponential, gamma
» Uniform

– Discrete variants
• Heavy-tailed distributions

– Cauchy distribution (may have infinite variance)
– “Jump diffusion” – Sum of low-variance normally 

distributed error, plus a high-variance error that occurs 
with low probability

• Spikes
• Bursts
• Rare events
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Capturing distributions
» Data driven 

• Just use observations rather than a mathematical model
• Implies on-line process

» Parametric models
• Exponential family – Fitting parameters
• Capturing uncertainty in parameters

» Sampled representations

» Ranges (“robust optimization”)
• 95% confidence ranges for random variables
• How to handle simultaneous distributions for multiple random 

variables?
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Data driven
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Parametric models – known parameters
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Parametric distribution

Uncertain parameters – fitting Poisson to 
actual data
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Booking process

Error distributions:
» Ways of estimating the error distribution:

• Relative to the forecast (presumably made before any bookings 
have been made, but we can define a forecast at any time up to 
the stay date).

• Relative to a base average (which loses the benefit of seasonal 
adjustments (this would be the worst case).

» Best case, with a perfect forecast, is that we should 
observe an error distribution that follows a Poisson.

• This assumes we can perfectly predict the booking rate.
• Of course, we cannot perfectly predict the booking rate, so the 

observed error distribution will show a variance higher than 
that predicted by a Poisson.

© 2016 W. B. Powell



Booking process

Error distributions

© 2016 W. B. Powell
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Cumulative

Poisson

Accounting for calendar effects
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Booking process

Fixing the variability
» We need a booking model that produces the same 

degree of variability as we observe in real data.
» Assuming a Poisson distribution does not introduce 

enough variability (but we still have to assume Poisson 
arrivals for our Bayesian updating formula).

» We are going to introduce additional variability by 
randomizing the arrival rate    .

» You will work this out on your problem set!
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Booking process

Actual error compared to Poisson error
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Booking process

Fix using uniformly distributed 
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Booking process

Fix using beta-distributed 
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Sampled distributions
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Sampled distributions
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Ranges
» Example:

• Design a building (where ݔ are design parameters) to withstand 
the worst wind (ݓ captures wind speed and direction).

» Robust optimization

௫∈௑ ௪∈ௐሺఏሻ

» We construct the set to capture reasonable ranges 
of what w might be.

• Boxes

௠௜௡ݓ ൑ ௜ݓ ൑ ௠௔௫ݓ

• Ellipse
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Gaussian process regression (GPR)
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Gaussian process regression

Cholesky decomposition
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Gaussian process regression

Cholesky decomposition
» Useful for simulating smooth surfaces

© 2018 W.B. Powell



74

Gaussian process regression
 After five measurements:

Estimated concentration Knowledge gradient
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Gaussian process regression
 After six samples

Estimated concentration Knowledge gradient
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Gaussian process regression
 After seven samples

Estimated concentration Knowledge gradient



Hidden semi-Markov

Crossing times
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Modeling wind forecasting errors
Cumulative histogram of the # of consecutive time intervals the 
observed/simulated time series is above the forecasted one 
(chosen farm only):

Time actual is above forecast

Observed
Simulated



Modeling wind forecasting errors
Cumulative histogram of the # of consecutive time intervals the 
observed/simulated time series is below the forecasted one 
(chosen farm only):

Time actual is below forecast

Observed
Simulated



Modeling wind forecasting errors

Challenges
» We would like to replicate:

• Error distribution
• Upcrossing distribution
• Downcrossing distribution

» We would like to replicate performance at two levels:
• Each wind farm
• All wind farms when aggregated together 

What has not worked:
» ARMA, ARIMA, GARCH, even when using quantile

transformation to handle non-normality of wind errors
• Times series models struggle to capture the longer-term 

behavior
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Hidden semi-Markov model (HSMM)
» We use a hybrid Markov chain model with two stage 

variables:
• The crossing state     :

A/B means above or below
S/M/L means a short, medium or long crossing distribution

• The wind speed      given the crossing state:

| (S/M/L) If we are in an "above the forecast" state | S/M/L
| (S/M/L) If we are in a "below the forecast" state | S/M/L 

C
t

A
S

B


 


1( | ) is estimated from historical data.C C
t tS S

C
tS

tW

1 1

Wind speed at time .

Wind speed aggregated into 5 ranges.

( | , ) Density of  given  and 

t
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t
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W
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


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Numerical example
» Imagine sequence of A/B (above/below) intervals (which 

alternate), combined with S/M/L (short/medium/long):
(A,S), (B,M), (A,S), (B,L), (A,L), (B,S), (A,M), (B,M), (A,S) …
» Now set up matrix and count how many times each transition 

happens:

» Now normalize rows so they sum to 1.
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0 0 0 0 1 0
0 0 0 0 1 0
0 0 0 1 0 0
0 1 0 0 0 0
2 0 0 0 0 0
0 0 1 0 0 1
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(A,S)

(A,M)

(A,L)

(B,S)

(B,M)

(B,L)

(A,S) (A,M) (A,L) (B,S) (B,M) (B,L)



Notes:
» After computing ܲሺܵ௧ାଵ஼ |ܵ௧஼ሻ, next need to get conditional 

distribution of change in wind given the aggregated wind speed 
௧ܹ
௚.

• For each ሺ ௧ܹ, ௧ܹାଵሻ pair, get the change in wind speed 
௧ܹାଵ െ ௧ܹ, and then compute the distribution conditioned on 
௧ܹ
௚.

• This gives us 

• We can now simulate the process moving forward in time.  Not 
that we are simulating whether an interval is S/M/L, but we 
would not know this in advance.  This is why it is a hidden 
state.
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Simulating onshore wind

Conditional cumulative distribution of wind error
» Conditioned on the aggregated wind state g

tW

Highest value of g
tW

-1.0                 -0.5                   0.0                 0.5                   1.0
Change in wind speed

C
um

ul
at

iv
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pr
ob
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ty

Decreasing 
wind speeds



Error 
distribution

Error distribution and crossing times

Observed
Simulated

Observed

Simulated

Observed

Simulated

Upcrossing distribution Downcrossing distribution

Modeling wind forecasting errors



Modeling forecasting errors
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Parametric cost function approximation
Forecasts evolve over time as new information arrives:

Actual

Rolling forecasts, 
updated each 
hour.







Forecast made at 
midnight:
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The state variables

Forecasting

© 2018 W.B. Powell
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Saeed’s logic for modeling evolving forecasts
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Week 8 - Monday

Two-agent newsvendor
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Logistics!
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Supply chain management

Amazon-UPS meltdown, Christmas, 2013
» Amazon promised 2-day service (based on UPS service 

guarantees). UPS was overwhelmed.
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Supply chain management
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Why?



Amazon distribution 
network
» Small number of DC’s
» Uses UPS, FedEx, for 

final distribution
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Walmart distribution 
network
» Extensive retail network
» Limited need for 

distribution centers
» Increasing role of internet 

sales



Amazon

First supply chain logistics 
conference in 2015
Still running off of 
spreadsheets developed by 
Jeff Bezos
Numerous instances where 
uncertainty is an important 
element.
Exclusively using 
deterministic optimization 
tools at that time.
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Global logistics

Apple, Inc.
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Pratt&Whitney jet engines
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Pratt&Whitney jet engines
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Pratt&Whitney jet engines
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Information exchange problems
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Sample problems

» Pricing IPO’s:
• Situation:

– Bank wishes to bring an IPO to market.
• Decision:

– How should the bank price the IPO?
• Behavior:

– Bank solicits information from investment banks, who 
indicate a price lower than they are willing to pay.

• Outcome:
– If the bank goes to market with too low of a price, it leaves 

money on the table.
– If bank goes to market with too high of a price, it will not 

clear the market and is left with shares on hand.
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Sample problems

» IT department:
• Situation: 

– Request for programming
• Decision:

– IT department requests 3000 hours to complete a 
programming assignment.

• Behavior:
– Big penalty for not finishing on time, so estimate is 

inflated.
• Outcome:

– Project takes only 2000 hours.
» If IT brings the project early, business unit may learn 

that IT inflates estimates by 50 percent.
» IT pads project by checking, documentation, adding 

features, cleaning code, etc. etc.
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Sample problems

» Spending a budget:
• Situation:

– You have a $1.2 million budget for the year.  After three 
months, you have spent $200,000.  

• Decision:
– You receive a request to spend $500,000.

• Behavior:
– You have the money in the budget, but have to think about 

future expenses.
• Outcome:

– You only allow $400,000 of the request.  You did not 
satisfy the demand, but you have money left over.
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Sample problems

» Military exercise:
• Situation:  

– Civilian leadership initiates a military action.
• Decision:

– Armed forces evaluate situation and ask for resources:
» Soldiers
» Military equipment
» Supporting people and equipment
» Airlift capability

• Outcome:
– If too few resources are provided:

» Conflict is prolonged
– If too many resources are provided:

» Resources are spread around activities.
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The military has a way of 
testing the seriousness of the 
civilian leadership.  Asked to 

do something difficult and 
dangerous, like putting combat 

troops into a far-off country 
like Afghanistan, the top brass 

will make impossible 
manpower and logistical 

requirements: whole divisions, 
massive airlift and backup, 

everything including “a 
bowling alley and a PX,” says 

one White House cynic.
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Sample problems

» IMF makes loans to countries:
• Situation: 

– A country has a financial crisis and requests a loan from 
the IMF.

• Decision:
– IMF evaluates the need and (potentially) makes a loan.

• Behavior:
– There is an international incentive to make sure that all 

economies get past problem periods.
• Outcome:

– IMF loans too much:
» Country becomes dependent on external funding  

and/or money may be used for other purposes.
– IMF loans too little:

» Country remains in crisis and/or has to ask for more.



Narrative
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Two-agent resource allocation

Original newsvendor problem:
» Single “agent” requests resources, and gets whatever is 

requested.
» Has to live with the outcome.

Two-agent newsvendor problem:
» “Field agent” requests resources from a “central 

command”.
» Request represents information to the central command.  

Central command may decide to a different amount 
from what was requested.
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Two-agent resource allocation

Problem characteristics:
» Central command’s cost of underage is typically lower 

than that for the field.
» Field agent has better (potentially perfect) information 

about actual requirements.
» After the event, the field agent may know what was 

really required.
» What does the central command learn?

• Case A: Exactly what was required.
• Case B: An unbiased but noisy estimate of what was required.
• Case C: A biased (and possibly noisy) estimate of what was 

required.
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Two-agent resource allocation

Rules
» Field agent gets to see information that provides an 

estimate of what is required.
» Field agent requests resources from central command.
» Central command thinks about it and decides how 

much to give the field.
» Central command and field get to see what was really 

required.



Two-agent newsvendor game

Distribute sheets
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Two-agent resource allocation

Problem characteristics:
» Central command’s cost of underage is typically lower 

than that for the field.
» Field agent has better (potentially perfect) information 

about actual requirements.
» After the event, the field agent may know what was 

really required.
» What does the central command learn?

• Case A: Exactly what was required.
• Case B: An unbiased but noisy estimate of what was required.
• Case C: A biased (and possibly noisy) estimate of what was 

required.
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Two-agent resource allocation

Rules
» Field agent gets to see information that provides an 

estimate of what is required.
» Field agent requests resources from central command.
» Central command thinks about it and decides how 

much to give the field.
» Central command and field get to see what was really 

required.
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Two-agent resource allocation

The two-agent resource game:
Central Actual

Initial Request Give to exogenous Central Field
estimate from central Field demand c ô = 5 c^u=5 c^o=2  c^u=10

1 14    
2     
3     
4     
5     
6     
7     
8     
9     

10     
11     
12     
13     
14     
15     
16     
17     
18     
19     
20     

CostsField
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The resource allocation game

Now you do it:
» Divide into pairs.  Each pair will play the game twice.
» For the first round, one takes the role of central command and the 

second is the field.  The field takes the sheet marked “field – round 
1.”

» The field looks at the “estimate” (which is confidential) and makes 
a request to the central command.  The central command then 
makes an allocation.  The central command faces equal costs for 
underage and overage (5).  The field faces a cost of 10 for being 
under vs. 2 for being over.

» After making decisions, wait for instructor to reveal the actual.
» Record decisions, actual, and overage/underage. 
» Maintain a running total of costs.
» For round 2, switch roles, and use “field/central – round 2” sheet.



Basic model

© 2018 W.B. Powell Slide 123



Notes:
» Set up board with five dimensions of a sequential 

decision problem.
» Present basic multi-agent notation:

• ݍ for field agent, ݍ′ for central.  
• ′ݍݍ means information owned (or initiated) by ݍ sent to ݍ′.
• ௧௤௖௘௡௧௥௔௟ߜ would refer to an estimate owned by agent ݍ (field) 

about the central agent.  Note that ݍ is an index (there may be 
many of these agents), while “central” is a label (only applies 
to two-agent newsvendor problems).  
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Designing policies
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Extensions
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Extensions:
» Introduce estimate of standard deviation in the policy 

(requires changes to state variable and transition 
function).  

» Introduce estimate made by field (central) about what 
central (field) thinks that field (central) will do.

» What if the central agent is not allowed to see ௧?
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Week 8 - Wednesday

Beer game!
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Week 9 - Monday

Beer game discussion
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Results of the beer game
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Information exchange problems

Communication network
Draw on board – handout copy of full 

diagram to students
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ˆ

qR

'q

+

t

-

'q qf

+

-
average

t
'qqx

q

'ˆqqx

'q̂ q

ˆ
q

ˆ qw

ˆ q qw 
+

t

-

'qqf

ˆ
qR

'
ˆ

q qR

average

average

t

t

+

+

-

-

R̂
'

ˆ
q

 ' '
: ,q q

     ' '
: ,qq qq

   ' '
: ,q q q q

  

Player

Feedback Controller

System Input

Noise

Input Weighting

Positive Feedback (Set Point)

Negative Feedback

Junction (or Summation)

 : ,q q
   

'q q

Filter

 , ,
: ,f q f q

    , ' , '
: ,f q f q

   
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ˆ

qR

'q

+

t

-

'q qfR̂
'

ˆ
q

 ' '
: ,q q

   

Player

Feedback Controller

System Input

Noise

Input Weighting

Positive Feedback (Set Point)

Negative Feedback

Junction (or Summation)

Filter

The error with which we perceive the need, with bias and 
noise.  We can reduce these by making investments in 

information technology.

The “agent” that has to think and 
decide how much to order.

    x ' '
ˆ ˆ      min o u

q qc x R c R x
 

  

Our agent wants to solve:

As in the past, he does not know exactly 
what is required, but does know if he 

requested too much or too little.

Exogenous requirement.       
represents the real need which 
we cannot measure perfectly.

R̂
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qR

'q

+

t

-

'q qfR̂
'

ˆ
q

 ' '
: ,q q

   

Player

Feedback Controller

System Input

Noise

Input Weighting

Positive Feedback (Set Point)

Negative Feedback

Junction (or Summation)

Filter

'qqx

q

'ˆqqx

ˆ q qw 
+

t

-

'qqf

'
ˆ

q qR

'q̂ q

average

t

+

-

'q q

Request from “field” to “command” 
for resources.
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    

    

x ' '

x

'

The field agent '  wants to solve:

ˆ ˆ      min

The central command  wants to solve:

ˆ ˆ      min

Typically:

because the field is usually much more risk averse.

o u
q q

o u
q q

u u
q q

q

c x R c R x

q

c x R c R x

c c

How 

 

 

  

  



does this affect the exchange of  information between the agents?
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ˆ

qR

'q

+

t

-

'q qfR̂
'

ˆ
q

 ' '
: ,q q

   

'qqx

q

'ˆqqx

ˆ q qw 
+

t

-

'qqf

'
ˆ

q qR

'q̂ q

average

t

+

-

'q q

ˆ
qR

ˆ qw

ˆ
q

average

t

+

-

 : ,q q
   

An independent source of information 
(usually with more noise).

Our central command agent q has to 
combine these two sources of 

information.

 ' '
: ,q q q q

  
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

Let:
R̂q 'q  Information in the form of a request for resources from q '  to q.

R̂q  Information about the requirement from an independent source.

Each of these flows of information come with error with mean   and variance  2.  
The 'central' combines these requests using a weighted average:

 R̂q  ŵq 'q R̂q 'q  ŵq R̂q

The best weights are proportional to the inverse estimates of the variance of the 
quality of these two sources of information.  Let:

sq 'q
2  Estimate of the variance of the noise coming from q '.

sq
2  Estimate of the variance of the noise coming from the exogenous source.

Now set the weights to:

           ŵq 'q 

1
sq 'q

2

1
sq 'q

2 
1
sq

2


sq

2

sq 'q
2  sq

2 ŵq 

1
sq

2

1
sq 'q

2 
1
sq

2


sq 'q

2

sq 'q
2  sq

2
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

Take a close look at our information weights:

           ŵq 'q 
sq

2

sq 'q
2  sq

2 ŵq 
sq 'q

2

sq 'q
2  sq

2

The weight we put on the information from q '  increases with the 
variance of the information from the exogenous source.

Similarly, the weight we put on the information from the exogenous 
source increases with the variance of the information from agent q '.

This weighting makes intuitive sense.  It is also the optimal weighting,
producing a combined estimate with the lowest variance.
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ˆ
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'q

+
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-

'q qfR̂
'

ˆ
q

 ' '
: ,q q

   

'qqx

q

'ˆqqx

ˆ q qw 
+

t

-

'qqf

'
ˆ

q qR

'q̂ q

average

t

+

-

'q q

ˆ
qR

ˆ qw

ˆ
q

average

t

+

-

 : ,q q
   

Weighting the two inputs provides the 
best estimate of the actual need.

But how do we get the estimates of the 
variances?

The level of noise from our exogenous 
source can be reduced by investing in 

information.

 ' '
: ,q q q q

  
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'
ˆ

qR

'q

+

t

-

'q qfR̂
'

ˆ
q

 ' '
: ,q q

   

'qqx

q

'ˆqqx

ˆ q qw 
+

t

-

'qqf

'
ˆ

q qR

'q̂ q

average

t

+

-

'q q

ˆ
qR

ˆ qw

ˆ
q

average

t

+

-

 : ,q q
     ' '

: ,q q q q
  

Resources granted by the “central 
command”
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ˆ qw

ˆ
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average
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-

 : ,q q
   

+

-
average

t

Here we “learn” what happened after the fact.  We can use 
this information to learn about biases and variances, and use 

this for future calculations.

 ' '
: ,q q q q

  
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1

1 0

2 2 2 2

Estimating biases:
ˆ ˆˆ ˆˆ ˆ ˆ           ( ) (1 ) ,        0

Estimating variances (wherever applicable):
ˆ ˆ ˆ ˆˆˆ ˆ           ( ) (1 ) ,        

k k

k k k k
q q q q q q

k k
q q q q q q

R

R

     

     



          

          

    

   
0

1 1

1 1 0

2 2 1 2

2 2 2 2

0
ˆˆ ˆ           ( )

ˆ ˆˆ           (1 ) ,           for a given 

k k

k k k

k
q q q

q q q q q qs s s

  

  

 

 


    

          



 

  
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average

t

+
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The central command also learns what happens after the 
fact, and is thus able to estimate biases, variances, etc.

 ' '
: ,q q q q

  

'q q
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But we may not learn exactly what was needed, and each 
agent has different information channels with different levels 

of noise.

 ' '
: ,qq qq

  

There may be communication 
errors from the central 

command back to the field. ' '
: ,q q q q

  

'q q
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The agent looks at what was really needed (as best as he can 
measure it) and compare this to what the central command 
actually gave him.  From this, he can identify biases in the 
behavior of the central command, and account for this in 

future requests.

 ' '
: ,q q q q

    ' '
: ,qq qq
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'q q
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Feedback loops and misinformation

What are sources of misinformation in resource 
allocation problems?
» If we run out of resources, does this mean demand was 

too high?

» If we did not run out of resources, does this mean 
demand was too low?

» How do we estimate productivity?  How do we estimate 
how many resources are required?
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The forms of misinformation

Sources of misinformation in the feedback process:
» Bias from information hiding:

• Censoring:
– Too few resources are allocated, all resources are used, and 

actual demand is hidden.
• Inflation:

– Too many resources are allocated by central command.
– Field agent uses resources inefficiently to make it appear that the 

right amount was requested.
» Spend more time finishing a project
» Spend money unnecessarily – Ryder example: management 

bought a lot of furniture and the profits were reduced; 
company did not want such a large bump in profits – would 
set unrealistic expectations.

• Hiding
– The resources are there and available to be used, but the field 

agent does not allow them to be recorded.
» Hiding people: make them appear as if they are assigned to 

a project
» Hiding money: put it in a budget allocated to a project
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The forms of misinformation

Sources of misinformation in the feedback process:
» Bias from information hiding (cont’d)

• “Shrinkage”
– Resources are reduced due to theft, spoilage, breakage.

• Rationing/hoarding:
– Too few resources are allocated, but resources are still left over.  

Agent has held resources for future potential uses, even if 
demand is not satisfied.  So, it appears we have resources, but in 
reality we would have run out.  We were “hiding” low priority 
demands.

» Measurement error
• May be reduced through investment in information technology.

– Sensors on equipment; auditing accounts; etc.
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Designing policies

Anchor and adjustment for the beer game
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Behavioral dynamics

How did you make decisions?
» What was your thought process?

» How would you classify your decision-making progress 
in terms of the four types of policies introduced earlier?

• Myopic policy
• Lookahead 
• Policy function approximation (which kind?)
• Policy based on value function approximation
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Behavioral dynamics

A common policy structure is called anchor and 
adjustment:
» Anchor: A fixed action, possibly based on a plan (a 

set of actions based on a particular set of future events 
or an expected system state).

» Adjustment: Changes made to the “anchor” based on 
deviations from planned future events or deviation from 
an expected system state.
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Behavioral dynamics

What information did we have?
Physical state:
       ( ) Current inventory (or backorder if 0) at time 
Activity variables:
       ( ) Arrival rate 
       ( ) Loss rate
       ( ) Order rate
       ( ) In-transit invent

t

transit

R t R t

A t
L t
O t
R t

 





 ory (inbound)
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Behavioral dynamics

Time

Q
ua

nt
ity

Lead time

0
( )

t
A t dt

0
( )

t
O t dt

 

 
0

0

( ) ( ) ( ) (0)  Current inventory

    ( ) ( ) ( ) (0)  Supply line

t

ttransit transit

R t A t L t dt R

R t O t A t dt R

   

   



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Behavioral dynamics

Observation:
» If there was no lead time (and no fixed order cost), 

what would you do?

» Why would you do otherwise?
• Uncertainties in order lead times?
• Need to build up larger buffer inventory?
• Anticipation of higher demand?
• Current stock under/over what you think you need?

( ) "Indicated order rate" (how much you should order)
( 1)     (i.e. order what you lost in the previous time 

                             period)

O t
L t


 



We need to make “adjustments” to our basic model.
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Behavioral dynamics

Refining our model:
» Behavioral strategy - anchor and adjustment (Tversky)

• Anchor - Create a known reference point
• Adjustment - Change based on position relative to the anchor.

» Let:

» New behavioral model:

» Since this may be negative, our new ordering model is:

( ) Perceived loss rate
( ) Adjustment to order based on current stock.
( )  Adjustment to order based on current supply line.transit

L t
R t

R t











( ) ( ) ( ) ( )transitO t L t R t R t    

( ) ( )O t O t


   

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Behavioral dynamics

Calculating the perceived loss rate:
» Possible models:

*

*

Reactive:
( ) ( 1)    Perceived loss equal to last period's actual loss.

Stable:
( )              Equal to a constant

Regressive expectations
( ) ( 1) (1 )   

Adaptive:
( ) (1 ) ( 1) (

L t L t

L t L

L t L t L

L t L t L t

 

 

 



   

   







  1) 
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Behavioral dynamics

Adjustments:
» For current stock:

» What is R* a function of?

 *

*

( ) ( )

where:
damping factor.
desired stock level (in itself a function)

( ) current stock

R t R R t

R
R t

 



 





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Behavioral dynamics

Adjustments:
» For supply line:

 *

*

( ) ( ) ( )

where:
damping factor for the supply line.

( ) desired supply line level (in itself a function).
( ) current supply line.

The target supply lin

transit transit transit
SL

SL
transit

transit

R t R t R t

R t
R t

 



 







* *

*

e might be:
( ) ( ) ( )

where:
( ) estimated time lag between order and arrival.

( )  desired product throughput.

transit lag

lag

R t T t P t

T t
P t






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Behavioral dynamics

Observation:
» Anchoring and adjustment is an exceptionally powerful 

model.
» General method:

• Find an anchor by solving a simple version of the problem
• Develop adjustment mechanisms based on available 

information.

» Examples:
• What quantity to order (product, investment, energy storage)?

– Anchor – based on expectation
– Adjustment – over time, build up an idea of safety stock



Week 9 - Wednesday

Thanksgiving!
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Week 12 – Blood management
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Narrative
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Blood management

Blood collection 
organizations:
» American Red Cross

• 36 regional centers and 
five testing facilities

• Highly centralized
» America’s Blood Centers

• Started in competition to 
Red Cross.

• Serves independent blood 
centers.

• Each handles about half of 
civilian supply

» Department of Defense
• Runs blood bank program 

for the military.



Blood management

Donation Process 
» Eligibility Requirements
» Blood donors vary by race, which 

affects the distribution of blood 
types.

» Some donated blood is lost due to 
contamination.

Transfusion Process
» Community blood centers 

distribute to hospitals
» Crossmatching process

CBC

HBB

HBB

HBB

HBB

HBB

CBC
Community blood centers

Hospital blood banks



Blood management

Components of Blood

Red Blood Cells:
» 42 day shelf-life
» 8 blood types with various                             

substitution possibilities
» Different products such as frozen 

RBC
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Blood management

Blood types:
» A and B antigens

• Produces A, B, AB and O

» The Rh antigen
• Present (+)
• Not present (-)
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Blood management
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Blood management

Donations by ethnicity
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Blood management

Supply and demand distributions
» Donations

• Depends on age, race, income and geography
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Blood management
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Blood management

Substitution
» O- is universal donor
» AB+ is universal recipient
» Substitution is not allowed for some operations

• Mothers giving birth – infants cannot handle substitution of 
any type.

• Preference of surgeon for some operations
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Blood management

Storage
» Red blood cells (RBC’s) require constant metabolic 

energy to survive.
» Blood Ph has to be maintained in range of 6.4 to 7.2.
» Maximum (safe) shelf life is 42 days.

• Determined by requirement that 75 percent of blood cells must 
be alive 24 hours after transfusion.

» Must be refrigerated – temperature must be maintained 
between 2 and 6 degrees C.

» Freezing
• Frozen blood may be stored indefinitely.
• Requires 60 to 90 minutes to thaw.
• Must be used within 24 hours after thawing.



Basic model
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Blood management
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Blood types

Demand types

?

type
location

a
age

previously frozen

 
 
  
 
 
 



?

type
location

b
surgery type
substitution

 
 
  
 
 
 



Blood management
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 

Resource state

      the number of units of blood at time  with attribute 

     

Demands
ˆ      the number of units of blood needed at time  with

               attribute .
ˆ ˆ     

ta

t ta a

tb

t t

R t a

R R

D t
b

D D













 b b

Blood management



Blood management
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Set of decisions to serve demands of any given type.  
          For each decision ,  there is a blood type .

Decision to hold a unit of blood in inventory until next week.

 Th

B

B
d

h

B h

tad

d b

d
d

x



 



 




 �

�

  ,

e # of units of blood with attribute  acted on at 
           time  by a decision of type  (with demand attribute  ) 

t tad a d

a
t d b

x x
 


 

Blood management

Decisions



Blood management
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Blood management
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Blood management
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Blood management

Contributions

Notes:
» “contributions” express preferences.  
» Matching blood type to demand might produce a “contribution” of 

0.  Small negative contribution when types do not match.
» Larger negative contributions if we hold blood longer.

  ,

Contribution earned by acting on blood of type  with a decision
         of type .

( )

tad

t tad a d

t t tad tad
a d

c a
d

c c

C x c x

 

 





  
 

 

�



Blood management
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Uncertainty modeling
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Blood management
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Blood management

Donations by ethnicity

0

10

20

30

40

50

60

70

80

Caucasian African-
American

Hispanic Asian Other

Pe
rc

en
t % of population

% of donors



© 2012 W.B. Powell

Blood management

Supply and demand distributions
» Donations

• Depends on age, race, income and geography
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Supplies
» Might assume that donations follow a Poisson distribution with 

means given by historical donation rates (this is what you might 
learn in ORF 309).

» The Poisson is generally appropriate when describing rates that 
come from a large population.

» Potential errors:
• Donations may be triggered by mass requests or highly visible events.
• Capturing correlations between donations because of exogenous 

sources.
• Correlations can come in different forms: spatial, temporal, and across 

ethnicities (??)
» Next week we are going to see a model where we assume a 

Poisson distribution, but where the Poisson is not actually a good 
fit.
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Demands
» Same issues as donations, although the underlying 

stochastic model would have different elements.
» E.g. bursts of demands could be due to:

• Weather events (snow storms, very hot weather)
• Major sports events

Notes:
» Proper stochastic modeling is key if we wish to focus 

on the risk of outages.
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Designing policies

Myopic policy
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Blood management

Managing blood inventories
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Blood management

Managing blood inventories over time

t=0

0S
1 1

ˆ ˆ,R D
1S

Week 1

1x

2 2
ˆ ˆ,R D

2S

Week 2

2x
2
xS

3 3
ˆ ˆ,R D

3S
3x

Week 3

3
xS

t=1 t=2 t=3

Week 0

0x
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Myopic policy
» We can use bonuses and penalties 

to encourage different behaviors.
• We may wish to try to hold onto O-

minus blood for the future since it can 
be used to meet any need.

• We may wish to discourage covering 
elective surgery if we feel we need to 
hoard blood for urgent surgeries in the 
future.

» Challenges:
• Tuning these bonuses and penalties can 

be a real pain!
• Very tricky when we are trying to 

optimize across different metrics (e.g. 
limiting the coverage of elective 
surgeries, holding onto O-minus).

• Hard to handle time-dependent 
policies.
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Designing policies

Approximate dynamic programming

© 2018 W.B. Powell Slide 215



Slide 216

Blood management

Managing blood inventories over time

t=0
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( )tF R
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Solve this as a 
linear program.
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( )tF R
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Dual variables give 
value additional 
unit of blood..

Duals
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Updating the value function approximation

Estimate the gradient at 

,( ,2)
n
t ABR 

,( ,2)ˆn
t AB 

n
tR

( )tF R

© 2018 Warren B. Powell



Updating the value function approximation

Update the value function at 
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x n
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Updating the value function approximation

Update the value function at ,
1

x n
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t AB 

,
1

x n
tR 

1
1 1( )n x

t tV R
 

© 2018 Warren B. Powell



Updating the value function approximation

Update the value function at ,
1

x n
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,
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x n
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t tV R
 
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Exploiting concavity

Derivatives are used to estimate a piecewise linear 
approximation

( )t tV R

tR
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Approximate value iteration

Step 1: Start with a pre-decision state 
Step 2: Solve the deterministic optimization using

an approximate value function:

to obtain      and dual variables     . 
Step 3: Update the value function approximation

Step 4: Obtain Monte Carlo sample of               and
compute the next pre-decision state:

Step 5: Return to step 1. 

, 1 ,
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Approximate value iteration

Step 1: Start with a pre-decision state 
Step 2: Solve the deterministic optimization using

an approximate value function:
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Step 3: Update the value function approximation
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Approximate value iteration
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Approximate value iteration

Step 1: Start with a pre-decision state 
Step 2: Solve the deterministic optimization using

an approximate value function:

to obtain      and dual variables     . 
Step 3: Update the value function approximation

Step 4: Obtain Monte Carlo sample of               and
compute the next pre-decision state:

Step 5: Return to step 1. 
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Iterative learning

t
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Iterative learning
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Iterative learning
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Iterative learning
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Approximate dynamic programming

… a typical performance graph.
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Designing policies

Numerical experiments for homework
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Week 10 - Wednesday

Autonomous fleets of Evs
(short presentation)
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Autonomous fleets of EVs

… if time allows.
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Real-time logistics
Current Uber logic:
» Show nearest 8 drivers.
» Contact closest driver to 

confirm assignment.
» If driver does not confirm, 

contact second closest driver.

Limitations:
» Ignores potential future 

opportunities for each driver.



Effect of Current Decision on the Future

Closest car…. but it 
moves car away from 
busy downtown area

and strands other car in 
low density area. 

Assigning car in less 
dense area allows closer 
car to handle potential 
demands in more dense 

areas.



From Local to Global Assignment



Decisions in Driverless Fleets of EVs

The central operator should think about:
• Should it accept this trip?
• What is the best car to assign to the trip considering

– The type of car
– The charge level of the battery

» If it doesn’t assign a car to a trip, should it:
• Sit where it is?
• Reposition to a better location?
• Recharge the battery?
• Move to a parking facility?



Optimizing over time

t t+1 t+2



Optimizing over time

t t+1 t+2



Optimizing over time

t t+1 t+2

The assignment of cars to riders evolves over time, with new riders 
arriving, along with updates of cars available.



Computing value functions
» Use the same basic strategy as for blood, but now we 

are estimating the value of a vehicle.
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Value function approximations
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New car assignments:

New future values
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Original solution
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Estimating average values:
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Attribute of car

Old estimate of the value of a 
car with attribute a
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Value function approximations
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Driverless fleets of EVs using ADP

The value of a vehicle in the future
» Value function approximation captures charge level, as 

well as time and location.
» Hierarchical aggregation accelerated the learning process



Approximate value iteration

Step 1: Start with a pre-decision state 
Step 2: Solve the deterministic optimization using

an approximate value function:

to obtain     . 
Step 3: Update the value function approximation

Step 4: Obtain Monte Carlo sample of               and
compute the next pre-decision state:

Step 5: Return to step 1. 
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Driverless fleets of EVs using ADP

Heuristic dispatch vs. ADP-based policies
» Effect of value function approximations on recharging

Total battery charge

Trip requests

Actual trips

Heuristic recharging logic

Recharging during peak period No recharging during 
peak period

Recharging controlled by 
approximate dynamic programming

Peak Peak



The economics of driverless fleets

Fleet Size

Pr
of

it 
($

)

We can simulate different fleet sizes and battery capacities, properly modeling 
recharging behaviors given battery capacity.



Results: Optimizing Fleet and Battery Sizes

Thank You!



Week 10 - Wednesday

Revenue management for hotels
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Narrative
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Hotel revenue management
Decision:
» Determine the best price to charge for a particular “stay date” to 

maximize total revenue on that date.
» We assume prices can be changed daily (some change prices 

weekly, some several times a day, and others not at all).

The booking process
» Customers book rooms, primarily through “online travel agents” 

(OTAs), choosing hotels based on location, price, reputation, and 
amenities/services.

Issues:
» We do not know how customers will respond to price.
» Demand rates vary as a function of the number of days until the 

stay date, and also depends on the stay date.
» The booking pattern also depends (in an unknown way) on the stay 

date due to special events and weather.
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Hotel revenue management
Broader setting
» Customers are organized into three broad classes:

• “Transients” – individuals booking their own rooms
• Corporate – Customers associated with corporate accounts
• Groups – such as conferences.

» Booking behaviors can be highly seasonal (ski resorts, beach 
resorts, hotels near major outdoor activities)

» While hotel revenue managers like to maximize revenue, meeting 
monthly revenue targets is particularly important.

• Beating the target is fine, but underperforming can pose serious cash flow 
problems.

• Hotels in seasonal business lose money during periods of the year. 
Cash is a valuable (and constraining) resource. 

» The popularity of the hotel will generally depend on its position 
relative to hotels in its “competitive set.”
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Basic model
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State variables
௧=number of rooms booked

௧௞=probability that booking pace curve k is the correct 
one given what we know by day t.

Decision variables
௧=Price to charge for a room

» Policy గ
௧

Exogenous information
௧ାଵ Reservations made on day t+1.

௧ାଵ modeled as a logistic regression plus error.
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Transition function
௧ାଵ

ெ௔௫
௧ ௧ାଵ

௧ାଵ updated using Bayes theorem.

Objective function

గ
గ

௧ ௧ାଵ ௧
்
௧ୀ்ିு

or we may index time 0,…, T:

గ
గ

௧ ௧ାଵ ௧
்
௧ୀ଴
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Uncertainty modeling
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Revenue management
Types of uncertainty
» Randomness in the number 

of bookings each day due to 
the underlying Poisson 
process

» Uncertainty in the total 
number of bookings on the 
stay date. 

» Uncertainty in the booking 
pace curve.

» Uncertainty in how the 
market will respond to price.
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Demand forecasting
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Forecasting seasonality
The booking process
» Customers book through:

• Online travel agents (OTAs)
• “Property management system” (PMS)

» Booking pace (the rate of bookings) reflects:
• Type of hotel:

– Business hotels tend to exhibits bookings primarily in last two 
weeks

– Resort hotels can have bookings >180 days out.
• Season

– Resort hotels have very strong peak seasons
• Day of week
• Special events (e.g. graduation) can have bookings much farther (even 

365 days out).
» Cancellations

• We only observe net bookings = bookings minus cancellations

© 2016 W. B. Powell



Forecasting seasonality
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Forecasting seasonality

Components of the booking model
» Start with a base forecast of the total number of 

customers who will book on a stay-date T
» Let

where
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, ( ) , ( )

Forecast of total bookings on stay date , given current
         estimates as of time (week) .
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,
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Forecasting seasonality

Use first year to initialize the model
»

»

»

Notes
» Initializing the baseline to the yearly average can 

introduce a significant distortion since we will allow 
the baseline to adapt.
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Forecasting seasonality
Adaptive updating
» Given the initial estimates, we then update our parameters each 

week, starting with the first year.
» Let t be the week (counting from beginning of the dataset), and let 

w(t) be the week within the year, where we have observed
• pickups (bookings) during week w(t).

• pickups on each day d(t) of week t.
» Updating formulas:

•

•

•
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Forecasting seasonality

Notes on smoothing factors
» Baselines reflect changes in the market, economy.  

Typically these are allowed to adapt more quickly.  But 
because they are updated weekly, need to be careful not 
to overreact to special events.

• Typical smoothing values range (.05 - .15)

» Weekly factors are updated once each year, so the 
updating has to be more aggressive.

• Typical smoothing values might be (.10 - .20)
• Might reduce this once model has stabilized.

» Daily factors are updated each week.  Day-of-week 
effects should be fairly stable, so smoothing values are 
smaller (.02-.05).
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Forecasting seasonality

Historical bookings by stay date, 2012-2014

© 2016 W. B. Powell



Forecasting seasonality

Actual vs. forecast

© 2016 W. B. Powell

Previous 
Year

Baseline

Prediction
Actuals



Forecasting seasonality

Actual vs. forecast
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Forecasting seasonality

Actual vs. forecast

Previous 
Year

Prediction

Baseline

Actuals
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Previous 
Year

Prediction
Baseline

Actuals

Forecasting seasonality

 Actual vs. forecast

Day of week effects can 
be highly seasonal
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Booking pace curves
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Booking pace curves

Booking pace curves give the rate at which 
customers book rooms up to the stay date.

Days before stay date

Days before stay date

To
ta

l b
oo

ki
ng

s
To
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l b
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 Some booking pace curves

Stay-date



Booking pace curves

The booking pace curve
» This is the rate at which customers call in for a 

particular stay date
» We assume that there is a family of booking pace 

curves (for a particular hotel) given by

» Now we have the problem of identifying these curves.
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Booking pace curves
Identifying booking pace curves
» Get booking pace curves from history for a 1-2 year horizon.
» Let 

» Now compute a “distance”            between two curves using

» Next, use k-means clustering (available in Matlab) to cluster 
curves into K representative booking pace curves:

,
,

Cumulative number of bookings by  for state date T
Total bookings on stay date T

Fraction of bookings  days before stay date.

C
t T

t T
T

N
h

N
t

T t





  

, 'T Td
max

, ' , ' , '
0
| |T T T T T Td h h



 


 


 

 
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 5 clusters (derived from 2 years of history)

Booking pace curves
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Booking pace curves

5 clusters (derived from 2 years of history)
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 10 clusters (derived from 2 years of history)

Booking pace curves
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Booking pace curves

10 clusters (derived from 2 years of history)
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 15 clusters (derived from 2 years of history)

Booking pace curves
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Booking pace curves

 15 clusters (derived from 2 years of history)
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Booking pace curves
The marginal booking pace curve
» Most of the time we are going to need the fraction of customers 

that call in on a particular day.  For this we define

» We can now compute the expected number of customers who will 
call in                days in advance according to booking pace curve 
k:

» Note that the forecast of total bookings       is indexed by t because 
we keep updating it (but it should not change by much).

 
1

Fraction of customers who call in  days in advance 
        according to booking pace curve 1,...,

    

k

k k

g
k K

h h



 









 

T t  

, ,
k k
t T T t t Tg f 

,t Tf
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Booking pace curves
The marginal booking pace curve
» For example, imagine that we are 20 days before the stay date and 

that:

» Further assume that 

» This means that                                                 

are expected to call in between now and the stay date.
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Booking process

Predicting the booking process
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Predicting the booking pace curves
We need to estimate which booking pace curve is correct 
for a given stay date T.
» Let         be a random variable denoting the booking pace curve for 

stay date T.
» Let                            be the history of bookings.
» Let 

» Initialize       = the fraction of stay-dates where the booking curve 
fell into cluster k.

» Let      = the number of pickups on day t.  We are going to assume 
that        follows a Poisson distribution.

0,
k

Tq

tN
tN

, probability that curve  is the right curve, after observing 
         data up through day  for stay date .
     Prob[ | ]

k
t T

BP
T t

q

C

k
t T

k H



 

1( , ,...)t t tH N N 

BP
TC
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Predicting the booking pace curves

Challenge problem for the teams:
» We need an updating equation for        given:

• The prior           

• The observed number of rooms booked on day t, given by

» Thus, the problem is to use Bayes’ theorem to find the 
conditional probability

given           and       . 

,
k
t Tq

1,
k
t Tq 

tN

, 1=Prob[ | , ]k BP
t T T t tq C k N n H  

1,
k
t Tq  tN
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Predicting the booking pace curves

Updating the booking pace curve distribution.
» We first need to compute the distribution of      .  If we 

condition on the booking pace curve k, we know that 
the mean is

» Assuming that      is Poisson, we obtain

» Bayes’ theorem tells us
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Predicting the booking pace curves

Updating the booking pace curve distribution.
» Substituting in the various probabilities
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Predicting the booking pace curves
Samples of process of 
learning booking pace curves
» Sometimes we learn the right 

curve quickly
» Sometimes we never learn the 

right curve
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Predicting the booking pace curves

Booking pace curves
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Predicting the booking pace curves

Some sample paths for bookings
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Predicting the booking pace curves

Posterior probabilities of booking profiles

» Caution: these probabilities are fairly sensitive to the 
actual sample realizations.
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Predicting the booking pace curves
The booking pace curve
» Given the booking pace probabilities, we obtain the expected 

booking pace at time t, given stay date T:

» Now let’s create a forecast of the total number of bookings on the 
state date T, given the history of bookings                             . We 
have to add the bookings made so far, to the bookings we expected 
will be made in the future:

, ,
1

K
k k

t T T t t T
k

q 




1( , ,..., )t t tH N N 

, ' , ' ,
' 1 ' 1

K T
k k

t T t t T T t t T
t t k t t

F N q g f
   

    
 

  


Original forecast of total bookings



Fraction not yet called in 
according to booking pace curve k



Probability of booking 
pace curve k



Known bookings
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Booking process

Randomizing arrival process
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Booking process

Error distributions:
» Ways of estimating the error distribution:

• Relative to the forecast (presumably made before any bookings 
have been made, but we can define a forecast at any time up to 
the stay date).

• Relative to a base average (which loses the benefit of seasonal 
adjustments (this would be the worst case).

» Best case, with a perfect forecast, is that we should 
observe an error distribution that follows a Poisson.

• This assumes we can perfectly predict the booking rate.
• Of course, we cannot perfectly predict the booking rate, so the 

observed error distribution will show a variance higher than 
that predicted by a Poisson.
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Booking process

Error distributions
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Booking process

Fixing the variability
» We need a booking model that produces the same 

degree of variability as we observe in real data.
» Assuming a Poisson distribution does not introduce 

enough variability (but we still have to assume Poisson 
arrivals for our Bayesian updating formula).

» We are going to introduce additional variability by 
randomizing the arrival rate    .

» You will work this out on your problem set!
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Booking process

Actual error compared to Poisson error
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Booking process

Fix using uniformly distributed 
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Booking process

Fix using beta-distributed 
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Designing policies
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Revenue management

The problem
» We want to maximize revenue by adjusting the base 

price, possibly on a daily basis.

» We have to make these decisions in the presence of 
different types of uncertainty.

» We are then going to compare two classes of policies.
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Revenue management

We are considering two classes of policies:
» A policy function approximation based on expert 

judgment:
• This is a set of rules designed by an experienced (and award 

winning) revenue manager, Zak Ali, to price a policy we are 
calling “Zak’s rules.”

• These rules are being coded by our own Zach (Zach Koerbl) as 
part of his senior thesis.  Zach’s job is to optimize Zak’s rules 
to make them perform as well as possible.

» A policy based on value functions derived using 
dynamic programming

• This is the “high tech” approach.

» Both policies will be tested in a realistic simulator that 
captures the actual booking process.
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Designing policies

Zak’s rules – industry practice
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A practical policy
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A practical policy

Basic idea
» Hotels have a range of room layouts as well as 

reservation plans, all with their own rates.  But one is 
known as the “BAR” rate (best available rate).

» We assume that the hotel has worked out a reasonable 
solution of how the different room rate plans should be 
priced relative to the BAR rate.

» The “practical policy” is to create a lookup table policy 
that maps the “state” (what we know) to an adjustment 
of the BAR rate.

• State variable requires using expert judgment to identify 
important factors 

• State variables require combining numerical and qualitative 
factors (such as competition).  
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A practical policy

Zak’s rules
» Developed by award-winning Revenue Manager Zak 

Ali from YieldPlanet
» Lookup table approach to price-setting
» Derived from 6 binary factors and time to stay date

• Based on intuition and refined through observations
• Not gradient-based: same effect regardless of small changes 

within individual factors
• Minimal look-back: Depends heavily on comparing data from 

“this year” (TY) to “last year” (LY).
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A practical policy

ABOBTY vs. ABOBLY
» ABOB = Actual Business on the Books

• Refers to the number of reservations made for the stay date

» Compare to the equivalent date last year at the same 
number of days prior to arrival

APRICETY vs. APRICELY
» APRICE = Actual Price
» Takes into account the current BAR (Best Available 

Rate), determined from business booked and 
forecasting relative to budget
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A practical policy

Average Weekly Pickup TY vs. LY
» The average rate that business is booked for stay date

• Use data from the previous 7 days

FTY vs. FLY
» Forecast this year is total final occupancy forecasted in 

terms of number of rooms booked for stay date
• Based on (more quantitatively derived) forecasting estimates 

calculated by dividing customers into segments
• Done by separate forecasting team

» Forecast last year is final realized occupancy
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A practical policy

COMPPRICE vs. MYPRICE
» COMPPRICE = Prices of competition
» How do we determine competitors?

• Difficult question to answer
• Geography, Star Rating, Similar Price Range?
• Historically been based on qualitative/anecdotal evidence

Is Price Elastic?
» Elasticity: % Change in Quantity / % Change in Price
» In practice, harder to determine

• Use price range of competition for comparable room type/rate 
plan combination

• Competition not always available (or could be irrelevant due to 
special convention or sold out status)
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A practical policy
Pricing spreadsheet
» First six columns determine “state”
» Last column is recommended price above/below “BAR” rate
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A practical policy

Example
» Assume we are 5 days away from stay date

» Use numbers to compute state
• If ABOBTY > ABOBLY then 
• If APRICETY > APRICELY then 
• Pickup TY < Pickup LY then 
• FTY > FLY then 
• COMPRICE > MYPRICE then 
• Unit demand is elastic [>1] then 

Sample data

1 1,  else = -1tS 
2 1,  else = -1tS 

3 1,  else = -1tS 
4 1,  else = -1tS 

5 1,  else = -1tS 
6 1,  else = -1tS 

1 2 3 4 5 6( , , , , , ) "state" at time t t t t t t tS S S S S S S t 
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 ( ) 1 ( )BAR ZAK
t tP S p p S   

A practical policy

The lookup table policy for Zak’s rules:
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A practical policy

Zak’s rules:
» Use binary factors and number of days prior to arrival 

(0-3, 4-7, 8-14, etc.) to determine percentage 
increase/decrease in price

» Price changes become more dramatic closer to stay date
• -20% to 20% range in lookup table corresponding to 0-3 days 

prior to arrival
• -8% to 8% range on decision tree corresponding to 71-90 days 

prior to arrival

» The numbers themselves are more based on intuition 
rather than quantitative analysis

• Percentages are typically integer increases/decreases, rather 
than more precise numerical estimates
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A practical policy

Example (cont’d)
» Lookup table relative to 4-7 days away from the stay 

date

» Conclusion: Take BAR and increase price by 5%
» Lookup table rests complete on binary node values

• Note that if we had Elasticity of 1.01 that changes to 0.99, the 
percentage adjustment changes from 5% to -15%
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A practical policy

Discussion
» Strengths:

• Simple, easy to understand, easy to compute
• Easy to add new factors
• Considerable amount of expert judgment in the choice of how 

to adjust the rates

» Weaknesses:
• The “state” of the system is highly aggregated – simply binary 

classification based on relation between this year and last
• Despite this aggregation, there are quite a few parameters that 

have to be specified by judgment (            ), doubling with each 
additional factor introduced into the state.

• Yet even this lookup table is ignoring factors built into our 
booking model (seasonality, booking pace curves).
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A practical policy

An alternative policy
» Just to illustrate the difference between lookup tables 

and parametric policies, consider the policy:

» Now there are 6 parameters to specify, rather than     . 
But you have to live with a linear model.
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Designing policies

A direct lookahead policy
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Dynamic programming

Recall the lagged ordering problem:
» We can order     now to arrive at time T in the future.
» With the hotel problem, we do not directly control the 

quantity    ; now, we control the price     that indirectly 
influences how many rooms are booked.

tx

tx tp

Stay date
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Dynamic programming

Dynamic programming formulation
» Let’s start by modeling a single state variable:

» This allows us to write Bellman’s equation as
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        and earlier.
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Dynamic programming

Dynamic programming formulation

» This is fairly easy to execute in a backward dynamic programming 
recursion.

» For now we are ignoring the uncertainty in the demand response.
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Dynamic programming

In the slides that follow
» We show sample paths of prices, and the corresponding 

sample paths of the total rooms booked.
» They are shown for three hotel sizes: 50, 100 and 150 

rooms.
» Notice the drop in prices required to fill the larger 

hotels.
» Also notice how the prices are varying as we observe 

the total booking rate.  
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Dynamic programming

Capacity = 50 rooms
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Dynamic programming

Capacity = 100 rooms
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Dynamic programming

Capacity = 150 rooms
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Dynamic programming
Random booking pace curves
» When we take random booking pace 

curves into account, we have to include 
the booking curve probabilities           in 
the state variable.

» Suddenly, we can no longer solve the 
dynamic program optimally.

Solution strategies
» Upper bound by assuming that we 

know which booking pace curve is 
correct

» Solve DP for each BP curve and then 
simulate using averaged value 
function.

» Optimal fixed price

© 2016 W. B. Powell
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Dynamic programming
Behavior from optimal upper bound policy (BP curves are 
known):

© 2016 W. B. Powell
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Dynamic programming
Behavior from averaging value functions across booking 
pace curves:

© 2016 W. B. Powell
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Dynamic programming

Behavior when we assume we have to keep the 
price fixed:

© 2016 W. B. Powell
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Dynamic programming

Performance

» The large gap between the “average-V” policy and the 
upper bound (which only assumes that the booking 
pace curve is known) hints at the potential for 
improvements.
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Week 11 - Monday

Student decision problems
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Student decision problem

Booking airline reservations
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When to book a flight?

Narrative
» Need to book on day to fly on day .  Similar to 

asset selling problem
» Price fluctuates day by day.  
» Want to minimize the price we pay (and still get a seat).

State variables:
௧=Price of a seat at time t

௧=1 if we are still trying to book a seat, 0 otherwise.

௧௧ᇱ forecast of prices at time t’ (if available).
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When to book a flight?

Decision variable
௧ if we accept the price ௧ and book a seat, 0 

otherwise.  
» Constraint: ௧ ௧ if we are still trying to book a 

seat.
» Policy: గ

௧

Exogenous information
௧ାଵ

௧ାଵ

௧ାଵ ௧ାଵ, ௧ାଵ)
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When to book a flight?

Transition function
௧ାଵ ௧ ௧ାଵ

௧ାଵ ௧ ௧ ௧ାଵ

௣௘௡

గ ௧
்
௧ୀ଴

గ
௧
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When to book a flight?

Uncertainty model
» We can use a basic model

௧ାଵ ௧ ௧ାଵ

» Where ௧ାଵ is independent and identically distributed.
» Alternatives: 

• Mean reversion?
• Mean reversion with jumps?
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When to book a flight?

Uncertainty model
» What about a rolling forecast?

• ௧݂௧ᇱ ൌ ॱ݌௧ᇱ given that we are at time t.
• Forecasts may be updated arbitrarily (we are given a new 

forecast at each time period), or we may assume that they 
evolve:

• ௧݂ାଵ,௧ᇱ ൌ ௧݂௧ᇱ ൅ መ݂௧ାଵ,௧ᇱ Now we have to think about how 
forecasts change over time.  

• The vector መ݂௧ାଵ will be correlated.  We might assume that 
• ݒ݋ܥ መ݂௧ାଵ,௧ᇲ, መ݂௧ାଵ,௧ᇲᇲ ൌ |ଶ݁ఉ|௧ᇲି௧ᇲᇲߪ

• Let Σ be the full covariance matrix of the changes in forecasts.
• Assume that the expected change is 0.  Let ܮ	be the lower 

triangular Cholesky decomposition: ܮ ൌ  be a	ሺΣሻ.  Let ܼ݈݋݄ܿ
column vector of independent N(0,1) random variables.

1

1 2

3

0
ˆ 0

0
t

Z
f L Z

Z
+

é ù é ù é ùê ú ê ú ê úê ú ê ú ê ú= +ê ú ê ú ê úê ú ê ú ê úê ú ë û ë ûë û



When to book a flight?

Designing policies - PFA
» Buy if the price ௧ is more than below 

• ௧ିଵ݌
• A smoothed estimate ̅݌௧

» Might have to make  depend on how many days 
remaining: ఛ, where .

» Or we can buy if price is ఛ below the previous 
(smoothed) price and let ఛ ଵ

ିఏమఛ .  Now we 
just have to find ଵ ଶ .

Need to tune.
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When to book a flight?

Possible CFA …
» Discuss logic from diabetes example.
» We could estimate the value of reserving on each day 

before the departure date.  You can learn within a 
simulator, or using actual experience.

• Simplify – instead of day t, use weeks.
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When to book a flight?

Tuning:
» Method 1 – Build a simulator, and test different values 

of .
• Building simulators is hard.
• Simulator never matches reality.

» Method 2 – Test different values of each time you 
take a flight.

• Really slow!
• You are going to need to design a policy to update ߠ.
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When to book a flight?

Designing policies – DLA - Deterministic
» Now imagine that we have a forecast ௧௧ᇱ of how prices 

will evolve.  
» Typically this forecast will be trending up, suggesting 

we should buy our ticket now, but this ignores the 
possibility of downward spikes.  This is an example of 
where a deterministic lookahead will not work well.

» If prices are trending up (but there are random spikes 
downward), should we reserve now?

• We might want to wait to take advantage of a downward spike.

Parameterized lookahead:
» Create estimated lookahead: ௧ ௧ᇲି௧	 ௧௧ᇱ

௧ାு
௧ᇲୀ௧ . 

Reserve if ௧ ௧ .
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When to book a flight?

Designing policies – DLA - Stochastic
» We can simulate a PFA into the future for each choice 

(reserve now, wait).

» The lookahead policy could be a PFA.
» Compute the approximate expectation could be 

estimated using simulation.  
» Do this for each possible decision ௧=(reserve, wait).  

© 2018 W.B. Powell
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Student decision problem

Financial trading
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Narrative
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State variables
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Decision variables
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Exogenous information
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Transition function

© 2018 W.B. Powell



Objective function
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Uncertainty model
» The process is data-driven – no uncertainty model 

required.  No simulator has been used, and there is no 
lookahead component.
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Designing policies
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Week 11 – Wednesday

Clinical trials
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Narrative

© 2018 W.B. Powell Slide 366



© 2018 W.B. Powell



© 2018 W.B. Powell



© 2018 W.B. Powell



© 2018 W.B. Powell



© 2018 W.B. Powell



In this lecture, we are going to explore three 
versions of “reality”:

» The real world – this is what we experience when we 
implement our policies in practice.

» The base model – This is going to be our representation 
of the real world.  We would like to make this model as 
realistic as possible, but simplifications are inevitable.

» The lookahead model – We will be using a lookahead
policy, where we introduce additional approximations 
to make it easier to solve.
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Notes:
» The lookahead model is by far the most subtle in terms 

of modeling.
» When the lookahead model is deterministic (but being 

used in a stochastic setting), then it is clear that this is 
an approximation.

» But when the lookahead model is stochastic, it can be 
hard to know if you are solving a lookahead
approximation, or the base model.  

» There are many instances where people will solve a 
problem using a stochastic lookahead model, without 
recognizing that it is just a lookahead model.
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Basic model
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Uncertainty modeling
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Week 12 – Monday

Finish clinical trials
More decision problems
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Designing policies

Clinical trials
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Remember that lambda is the 
estimate from the base model, so 
it has a bar, not a tilde.



© 2018 W.B. Powell



© 2018 W.B. Powell



Model C
» Here we  have modeled the dynamics (including 

uncertainty) the same as the base model.
» The only approximation is that we are using the PFAs 

that we introduced for the decision of when to stop, and 
the decision of whether to declare the drug a success.  
So, we may not be searching over the entire class of 
policies.

» If we could show that the PFAs for these decisions 
include the optimal policy, then Model C would 
produce an optimal policy for the base model.
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Student decision problem

Rowing strategy
Sadie McGirr
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Narrative
» Provided by Sadie…
» The problem is to optimize the timing of different segments of a 

rowing race.  The race is divided into four 500-yard segments, but 
the first and last segment are then divided into two, creating an 
initial “sprint” segment and a final closing segment (both are 
usually spring segments).  Rowers work in terms of “splits” which 
is the time required to finish each segment.
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State variables
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Decision variables

Exogenous information

© 2018 W.B. Powell



Transition function

» What does the function ௧ look like?
» How do we even get an estimate of what ௧ is?
» Could we replace lactic acid with splits, with a 

nonlinear model that captures “tiredness” if the split is 
above your steady state pace.

© 2018 W.B. Powell
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Objective function

» How to write this correctly:
• ߬̂௧ሺݔ௧ሻ needs to depend on the split, which is specified by the 

policy ݔ௧ ൌ ܺగ ܵ௧ .  We could write

߬̂௧ሺݔ௧ሻ=ܺగ ܵ௧ ൅ ௧ାଵߝ ܵ௧

• where the noise ߝ௧ାଵ depends on the state ܵ௧.  May not have 
mean 0.  

» So we could write our objective as

గ ௧
గ

௧
்
௧ୀ଴
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Uncertainty model
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Uncertainty model

» Race uncertainties:
• Wind, choppiness of the water

– Introduce randomness in speeds
• Performance of the competition – does this have a 

psychological effect?  How to model?
– State variable indicating: behind, tied/close, ahead
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Designing policies
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Designing policies
» Deterministic policy

• Choose all the splits in advance regardless of within-race 
performance.

• Discuss – is this realistic?  What types of adjustments are made 
within the race.

» Policy function approximation
• Split = initial plan + adjustment
• Adjustments:

– If behind, adjust remaining splits to finish at target time.
– If ahead, no adjustment (assumes we cannot keep beating 

the splits).
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Designing policies
» Direct lookahead

• Optimize over rest of race using nonlinear lactic acid function.
• Can describe this as a graph if you discretize the splits.  Show 

as decision tree where each time you set a split, you then 
realize what actually happens over the segment.

• This can be solved as a decision tree, which is really a dynamic 
program where you use value functions.  
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Extensions
» A nonlinear model for lactic acid should discourage 

sprinting at the beginning.
» If we really believe that sprints work, what are we 

missing?

» We often have an intuitive idea of what we should be 
doing, without knowing a reason why.

» This intuitive behavior can be handled with PFAs, but it 
does not mean it is right!
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Student decision problem

Hiring interns
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Narrative
» 1) Should a company have an internship program (the 

decision would be whether to hire interns or not)
» 2) Should a company hire a student with specific 

attributes (e.g. school, major, GPA, …).
» Let’s pursue the second one.

State variables
» List of intern applications (this is the “physical state”).

• ܴ௧௔ ൌ 1 if we have an applicant with attribute ܽ

» Estimate of probability that an intern with attribute 
ends up being hired by the company, and accepts the 
offer.
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Decision variables
» Whether to hire an intern.
» Whether to offer an intern a full time job at the end of 

the summer.
» Specify policies (to be designed)

Exogenous information
» Intern applications
» Performance of the intern.
» Whether the intern accepts the offer.
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Transition function
» Updating of beliefs of probabilities

Objective function
» Metric: acceptance of the offer by the intern
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Uncertainty model
» Probability model of applications from different 

schools
» Probability model of performance by school
» Probability model of acceptance of offer
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Designing policies
» If we ignore learning, we are simply going to hire an 

intern if the probability of extending an offer, and then 
the offer being accepted, is high enough.

• May also want to include the probability that the employee is 
viewed as a successful hire after one year, versus hiring 
someone from a standard interviewing process.

» This will be an active learning problem.  Need to 
capture the uncertainty in an estimate, and the value of 
information to guide future decisions.  
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Designing policies
» PFA policies:

1) Hire any intern with success probability over some amount. 
2) (1) plus randomization on probability.

» CFA policies:
1) Hire interns with highest probability of eventual success.
2) Same as (1), but add some randomization (this is Thompson 

sampling).
3) Interval estimation – maximize probability plus tunable 

parameter times standard deviation of estimated probability.

» VFA policies ?? 
• Unlikely.

» DLA policies:
• One-period lookahead – value of information
• Multiperiod extension
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Extensions
» ??
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Student decision problem

Twitter trading – Senior thesis of Raj Patel
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Narrative
» Hunter Johnson asked: 

• How to invest effectively to profit off of Trump’s twitter posts

» This is a decision problem on when to buy/sell stocks 
using the information in twitter feeds.

» This is in the same problem class as the original asset 
selling problem (chapter 2) or when to purchase a seat 
on a flight.  The challenge is designing the stochastic 
model of prices using twitter data.
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Twitter Trading
Table of contents
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Twitter Trading
Table of contents
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Twitter Trading

Uncertainty model
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Twitter Trading
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Twitter Trading

Twitter bullish ratio time series

© 2018 W.B. Powell



Twitter Trading

Twitter volume time series
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Twitter Trading

Stock price time series
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Twitter Trading

Fitting vector-auto regressive model
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Twitter Trading
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Twitter Trading

Error distribution:
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Twitter Trading
Crossing times:
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Twitter Trading
The vector autoregressive model did not reproduce the 
crossing times:
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Twitter Trading
We use a hybrid Markov chain model with two stage 
variables:
» The crossing state     :

A/B means above or below
S/M/L means a short, medium or long crossing distribution

» The wind speed      given the crossing state:

| (S/M/L) If we are in an "above the forecast" state | S/M/L
| (S/M/L) If we are in a "below the forecast" state | S/M/L 

C
t

A
S

B


 


1( | ) is estimated from historical data.C C
t tS S

C
tS

tW

1 1

Wind speed at time .

Wind speed aggregated into 5 ranges.

( | , ) Density of  given  and 

t

g
t
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W
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Twitter Trading

Hidden-state Markov chain
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Twitter Trading

Error distribution:
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Twitter Trading

Crossing time distribution
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Twitter Trading
Note:
» The error distribution is accomplished by using the transformation 

from actual observations (e.g. prices, feeds) to uniform to normal, 
doing statistical modeling on the normal deviates, and then 
transforming back from normal through the empirical distribution 
to get actuals.
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Twitter Trading
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Twitter Trading

State variables
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Twitter Trading

Decision variables
»
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Twitter Trading

Exogenous information
» Data from twitter feed
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Twitter Trading

Transition function

© 2018 W.B. Powell



Twitter Trading

Objective function

© 2018 W.B. Powell



Twitter Trading

Designing policies
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Twitter Trading

Evaluating policies
» In a simulator:

• Using data from history
– Limited to what we observe
– Need to be careful to keep training and testing data 

separate
• Using samples from a mathematical model

– This requires using our stochastic model to generate 
samples.

» In the real world
• Similar to running simulations from history

© 2018 W.B. Powell



Twitter Trading

Extensions
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Student decision problem

Template
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Narrative

State variables
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Decision variables

Exogenous information
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Transition function

Objective function

© 2018 W.B. Powell



Week 12 – Wednesday

Summary lecture
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Fleet management

Fleet management problem
» Optimize the assignment of drivers to loads over time.
» Tremendous uncertainty in loads being called in
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Cost function approximations

RidersCars
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Optimizing over time

t t+1 t+2
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Optimizing over time

t t+1 t+2
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Optimizing over time

t t+1 t+2

The assignment of cars to riders evolves over time, with new riders 
arriving, along with updates of cars available.
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A bit of history
» The dynamic assignment 

problem (assigning drivers to 
loads) in truckload trucking.

» Today, we would recognize 
this as the problem faced by 
Uber and Lyft.

» The challenge was sequencing 
decisions (assigning drivers to 
loads) and information (e.g. 
new customers calling in).

» Four completely different 
models, and none came close to 
allowing me to solve the 
problem.
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Over 20 years later:
» Winner, 2009 Daniel H. 

Wagner Prize.
» Winner, 2010 Best paper 

prize in Transportation 
Science and Logistics.

» 2016, licensed to Optimal 
Dynamics where it is being 
marketed as SMART-TL.
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Driverless fleets of EVs

t t+1 t+2
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Driverless fleets of EVs using ADP

The value of a vehicle in the future
» Value function approximation captures charge level, as 

well as time and location.
» Hierarchical aggregation accelerated the learning process



Driverless fleets of EVs using ADP

Heuristic dispatch vs. ADP-based policies
» Effect of value function approximations on recharging

Total battery charge

Trip requests

Actual trips

Heuristic recharging logic

Recharging during peak period No recharging during 
peak period

Recharging controlled by 
approximate dynamic programming

Peak Peak



The economics of driverless fleets

Fleet Size

Pr
of

it 
($

)

We can simulate different fleet sizes and battery capacities, properly modeling 
recharging behaviors given battery capacity.
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programming
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decision 
processes
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Stochastic Optimization
and Learning:

A Unified Framework
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Sequential decision problems
» Any sequential decision problem can be modeled as

଴ ଴ ଵ ଵ ଵ ଶ ଶ ௧ ௧ ௧ାଵ

» Decisions are made with policies which are represented 
using

௧
గ

௧
» The system is driven by exogenous information from
»

଴ ଵ ଶ ௧

» The goal is to find the best policy.
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Elements of a dynamic model

All sequential decision problems can be modeled 
using five core components:
» State variables

• What do we need to know at time t?

» Decision variables
• What are our decisions?

» Exogenous information
• What do we learn for the first time between t and t+1?

» Transition function
• How do the state variables evolve over time?.

» Objective function
• What are our performance metrics?



Elements of a dynamic model

The state variable:

 

Controls community
        "Information state"
Operations research/MDP/Computer science
        , , System state, where:
             Resource state (physical state)
                     Loca

t

t t t t
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tion/status of truck/train/plane
                     Energy in storage
             Information state
                    Prices
                    Weather
            Belief state ("state of knowl
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

 edge")
                    Belief about traffic delays
                    Belief about the status of equipment
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Elements of a dynamic model

Decisions:
Markov decision processes/Computer science
     Discrete action
Control theory
     Low-dimensional continuous vector
Operations research
     Usually a discrete or continuous but high-dimensional
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             vector of decisions.
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At this point, we do not specify  to make a decision.
Instead, we define the function ( ) (or ( ) or ( )),  
where  specifies the type of policy. " " carries information
about the type of functi
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Elements of a dynamic model

Exogenous information:











 
New information that first became known at time 

ˆ ˆ ˆˆ     = , , ,

ˆ    Equipment failures, delays, new arrivals
            New drivers being hired to the network

ˆ    New customer demands
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ˆ    Changes in prices
ˆ     Information about the environment (temperature, ...) 
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Note: Any variable indexed by t is known at time t. This convention, 
which is not standard in control theory, dramatically simplifies the 
modeling of information.

 
1 2Below, we let  represent a sequence of actual observations , ,....  

 refers to a sample realization of the random variable .t t
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Elements of a dynamic model

The transition function


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( ,   ,   )
ˆ             Inventories
ˆ                     Spot prices
ˆ                 Market demands

M
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Also known as the:
“System model”
“State transition model”
“Plant model”
“Plant equation”
“State equation”

“Transfer function”
“Transformation function”
“Law of motion”
“Model”
“transition function”

For many applications, these equations are unknown. This 
is known as “model-free” dynamic programming. 



Objective functions
» Cumulative reward (“online learning”)

• Policies have to work well over time.
» Final reward (“offline learning”)

• We only care about how well the final decision ݔగ,ே works.
» Risk (not covered in this course):
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The complete model:
» Objective function

• Cumulative reward (“online learning”)

• Final reward (“offline learning”)

• Risk:

» Transition function:

» Exogenous information:
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Problem classes

State independent problems
» The problem does not depend on the state of the system.

» The only state variable is what we know (or believe) about 
the unknown function                .

State dependent problems
» Now the problem may depend on what we know at time t:

 max ( , ) min( , )
x
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Problem classes

Offline (final reward)
» We can iteratively search for the best solution.
» We only care about the final solution.
» Asymptotic formulation:

» Finite horizon formulation: 

Online (cumulative reward)
» We have to learn as we go
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x
F x W

,max ( , )NF x W
 

1
1

0

max ( ( ), )
N

n n

n

F X S W










Elements of a dynamic model

The modeling process
» I conduct a conversation with a domain expert to fill in 

the elements of a problem:

State
variables

Decision
variables

New
information

Transition
function

Objective
function

What we need to know
(and only what we need)

What we control

What we didn’t know
when we made our decision

How the state variables evolve

Performance metrics



Course themes
» The universal modeling framework 

• The five elements of any sequential decision problem.
• “Model first, then solve.”

» Statistical learning 
• Five classes of learning problems

» Uncertainty modeling
• What are the types of uncertainty?
• How to model them?

» Designing policies
• Policy search class (PFAs and CFAs)
• The lookahead class (VFAs and DLAs)
• Hybrids

» Teach by example style …
• Need to learn how to transfer methods from one setting to the next.
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Basic energy modeling problem
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An energy storage problem

Consider a basic energy storage problem:

» We are going to show that with minor variations in the 
characteristics of this problem, we can make each class 
of policy work best.



Notes:
» We are going to describe three variations of our energy 

storage problem:

• No learning

• Passive learning

• Active learning
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An energy storage problem

A model of our problem

» State variables

» Decision variables

» Exogenous information

» Transition function

» Objective function



An energy storage problem

State variables

» Lay out the five columns of the modeling framework 
and work through the model.

E

G

B

L



An energy storage problem

Decision variables

» Constraints;

E
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L
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An energy storage problem

Exogenous information

E

G

B

L

ˆ Change in energy from wind between 1 and

Noise in the price process between 1 and

Difference between actual demand and forecast
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An energy storage problem

Transition function
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An energy storage problem

Objective function
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An energy storage problem

State variables
» Cost function

» Decision function
Constraints:

» Transition function

Price of electricitytp 
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Basic energy modeling problem

Passive learning of price model
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An energy storage problem

Types of learning:
» No learning ( ᇱ are known)

» Passive learning (learn from price data)

» Active learning (“bandit problems”)

1 0 1 1 2 2 1
p

t t t t tp p p p         

1 0 1 1 2 2 1
p

t t t t t t t tp p p p         

1 0 1 1 2 2 3 1
GB p

t t t t t t t t t tp p p p x           



Learning in stochastic optimization

Updating the demand parameter
» Let ௧ାଵ be the new price and let

» We update our estimate ௧ using our recursive least 
squares equations:
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State variables
» Cost function

» Decision function
Constraints:

» Transition function
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An energy storage problem

Price of electricitytp 
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Basic energy modeling problem

Active learning of price model

© 2018 W.B. Powell Slide 495



An energy storage problem

Types of learning:
» No learning ( ᇱ are known)

» Passive learning (learn from price data)

» Active learning (“bandit problems”)

1 0 1 1 2 2 1
p

t t t t tp p p p         

1 0 1 1 2 2 1
p

t t t t t t t tp p p p         

1 0 1 1 2 2 3 1
GB p

t t t t t t t t t tp p p p x           

Buy/sell decisions



Linear belief models

Dynamic pricing

» Need to balance exploration and exploitation.

Sampling behavior 
focusing on exploitation

Sampling behavior 
focusing on explortation



Notes:
» The addition of an active learning component does not 

change the basic model, but it changes the policies that 
will work best.

» The ability of decisions to affect what we learn makes it 
possible to encourage more variability in the data.

» If we are doing online learning (maximizing cumulative 
reward), we have to balance the costs of trying choices 
that do not appear to be best against the potential future 
benefits.

» This tradeoff depends on how long the future is.
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Policies
» PFA

• Take what appears to be best, and add in a noise term.

» CFA
• Use UCB policy to search over discretized set of actions

» VFA
• Solve using dynamic programming, but it is hard to capture the 

belief state in the value function.

» DLA
• Use a decision tree that can capture entire state variable.

» Hybrid:
• VFA plus noise term
• DLA to handle a forecast, with noise added to costs (or the 

optimal decisions) to encourage exploration.
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Learning
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Learning problems

Classes of learning problems in stochastic 
optimization
1) Approximating the objective

.
2) Designing a policy గ .
3) A value function approximation 

௧ ௧ ௧ ௧ .
4) Designing a cost function approximation:

• The objective function ̅ܥగ ܵ௧, ߠ|௧ݔ .
• The constraints ܺగሺܵ௧|ߠሻ	

5) Approximating the transition function
ெ

௧ ௧ ௧ାଵ
ெ

௧ ௧ ௧ାଵ



Approximation strategies

Approximation strategies
» Lookup tables

• Independent beliefs 
• Correlated beliefs 

» Linear parametric models
• Linear models 
• Sparse-linear
• Tree regression

» Nonlinear parametric models
• Logistic regression
• Neural networks 

» Nonparametric models
• Gaussian process regression
• Kernel regression
• Support vector machines
• Deep neural networks 



Notes:
» In the context of adaptive search algorithms, we need to 

do online learning, which means starting with little or 
no data (perhaps just a belief) and transitioning to more 
data.

» This means starting with low-dimensional models and 
transitioning to higher dimensional models.
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Learning challenges

Variable-dimensional learning



Uncertainty modeling
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Notes:
» Think of “learning” as the problem of creating a point 

estimate.
» Uncertainty modeling can be viewed as the error in the 

point estimate.
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Modeling uncertainty
Classes of uncertainty:
» Observational uncertainty

• Noise in estimate of how many people carry a disease
• Observation of how well an energy storage policy works

» Exogenous uncertainty
• Changes in weather, prices, economy

» Prognostic uncertainty (forecasting)
• Difference between actual and forecasted quantities

» Inferential uncertainty
• Difference between an estimate of a parameter (e.g. demand response to price) 

and the actual.

» Experimental noise/variability
• Variation between successive experiments

» Model uncertainty
• Uncertainty in the structure of a model (e.g. transition function)
• Uncertainty in the parameters of a model
• Uncertainty in the parameters of a probability distribution (e.g. arrival rate)
• Uncertainty in the objective function



Modeling uncertainty
Classes of uncertainty:
» Transitional uncertainty

• Difference between the expected state that a control takes you to, and what 
actually happens (e.g. wind pushing a rocket)

» Control/implementation uncertainty
• Difference between the decision you make and what gets implemented.

» Communication errors/biases
• For multiagent systems, there can be noise introduced when communicating, 

along with biases.

» Algorithmic instability
• Noise due to multiple optima, pre-mature stopping (epsilon-optimality)
• Errors due to model truncation

» Goal uncertainty
• Difference between the utility function we are using, and the objectives of a 

real system

» Political/regulatory uncertainty
• Uncertainty in the regulatory environment



Distributions

Types of distributions
» Exponential families

• Normal, log-normal
• Exponential
• Gamma
• ….

» Heavy-tailed distributions
• Jump diffusion (mixed normals)
• Cauchy

» Frequency:
• Spikes
• Bursts 
• Rare events



Distributions

Statistical features
» Error distributions

• Distribution of deviation from 
forecast.

» Autocorrelation functions (ACF)
• Correlation between observations 

at different times.

» Crossing times
• Distribution of time simulated is 

above or below the forecast.



Modeling uncertainty

Fitting distributions
» Moment matching

• E.g. use mean and variance from data to match the mean and 
variance of a distribution.

• Beta distribution:

• Mean: 

• Variance

• Use these formulas to find ߙ and ߚ

© 2017 Warren B. Powell
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Distributions

Sampling from history
» We can create a probability 

distribution of the 
randomness of stochastic 
processes (e.g. wind, solar) 
by simply using samples  
drawn from different 
periods in history.

» Sampling from history 
retains complex 
intertemporal relationships.

Rainfall

Wind

Prices



Modeling uncertainty

Some data can be very heavy tailed
» Snapshot of electricity prices for New Jersey:



Modeling uncertainty

Transforming distributions
» There are many problems where the distribution may be 

hard to fit.  It can be useful to transform observations 
into normally distributed random variables, model these 
transformed variables, and then transform them back.

» Let U be a random variable that is uniformly distributed 
over [0,1], and let X be an arbitrary random variable 
with cumulative distribution ௑ . 
Let ௑

ିଵ be the inverse of the cumulative 
distribution.  It is possible to show that

• ௑ܨ ܺ ~ܷ and ܨ௑ିଵ ܷ ~ܺ
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Transforming distributions
» Observed errors are transformed to normally distributed 

errors using quantile mapping:

» Very useful for representing unusual distributions (e.g. 
heavy tailed, bimodal, …)

Modeling uncertainty

Historical cumulative distn

Observation X

Standard normal distn
1.0

0.0

1.0

0.0
Standard normal deviate Z



Policies
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Policies:
» Review four classes
» Policy search class:

• just requires that you simulate; complex state variables are not 
an issue.

• With online learning, you do not even need a model – you just 
need the ability to fix parameters and observe a noisy estimate 
of how well the policy is working.

• S imulators are nice to have, but can be a lot of work to 
build.  And ultimately, they are never perfect.

» Lookahead class:
• Need to have a model, and then need to approximate the 

future:
– Either through a lookahead model
– … or through a value function approximation.
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Designing policies

We have to start by describing what we mean by a 
policy.
» Definition:

A policy is a mapping from a state to an action.  
… any mapping.

How do we search over an arbitrary space of 
policies?



Designing policies

Two fundamental strategies:

1) Policy search – Search over a class of functions for 
making decisions to optimize some metric.

2) Lookahead approximations – Approximate the impact 
of a decision now on the future. 
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Designing policies
Policy search:
1a) Policy function approximations (PFAs)

• Lookup tables 
– “when in this state, take this action”

• Parametric functions
– Order-up-to policies: if inventory is less than s, order up to S.
– Affine policies -
– Neural networks

• Locally/semi/non parametric
– Requires optimizing over local regions

1b) Cost function approximations (CFAs)
• Optimizing a deterministic model modified to handle uncertainty 

(buffer stocks, schedule slack)
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Designing policies
Lookahead approximations – Approximate the impact of a 
decision now on the future:
» An optimal policy (based on looking ahead):

2a) Approximating the value of being in a downstream state using 
machine learning (“value function approximations”)
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The ultimate lookahead policy is optimal
*
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Designing policies

The ultimate lookahead policy is optimal

» 2b) Instead, we have to solve an approximation called 
the lookahead model:

» A lookahead policy works by approximating the 
lookahead model.
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Lookahead policies

Lookahead models use five classes of 
approximations:
» Horizon truncation – Replacing a longer horizon problem 

with a shorter horizon
» Stage aggregation – Replacing multistage problems with 

two-stage approximation.
» Outcome aggregation/sampling – Simplifying the 

exogenous information process
» Discretization – Of time, states and decisions
» Dimensionality reduction – We may ignore some variables 

(such as forecasts) in the lookahead model that we capture 
in the base model (these become latent variables in the 
lookahead model).
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Notes:
» The imbedded optimization over policies can take a 

variety of forms:
• Lookup table (as is done with a decision tree).
• Parameterized policy

– Parameters may depend on the state ሚܵ௧,௧ାଵ (in theory, it 
should).

– We may fix the parameter and determine it as a parameter 
of the overall policy ܺగሺܵ௧|ߠሻ in the usual way.
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Designing policies
Types of lookahead approximations 
» One-step lookahead – Widely used in pure learning 

policies:
• Bayes greedy/naïve Bayes
• Expected improvement
• Value of information (knowledge gradient)

» Multi-step lookahead
• Deterministic lookahead, also known as model predictive 

control, rolling horizon procedure
• Stochastic lookahead:

– Two-stage (widely used in stochastic linear programming)
– Multistage

» Monte carlo tree search (MCTS) for discrete action 
spaces

» Multistage scenario trees (stochastic linear 
programming) – typically not tractable.



1) Policy function approximations (PFAs)
» Lookup tables, rules, parametric/nonparametric functions

2) Cost function approximation (CFAs)
»

3) Policies based on value function approximations (VFAs)
»

4) Direct lookahead policies (DLAs)
» Deterministic lookahead/rolling horizon proc./model predictive control

» Chance constrained programming

» Stochastic lookahead /stochastic prog/Monte Carlo tree search

» “Robust optimization”

Four (meta)classes of policies
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Designing policies

Finding the best policy
» We have to first articulate our classes of policies

» So minimizing over            means:

» We then have to pick an objective such as

or
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Applications

… and policies
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Topics
» Asset selling
» Adaptive market planning
» Diabetes problem
» Static shortest path
» Dynamic shortest path
» Energy storage problem (all four variations)
» Newsvendor problem (single/two agent, beer game)
» Blood management problem
» Clinical trials 

© 2018 W.B. Powell



» PFA for asset selling (sell on drops, surges)
» PFAs for stepsize policies
» CFA (UCB, IE) for diabetes)
» VFA for shortest paths
» DLA/Knowledge gradient for diabetes
» Dynamic shortest paths
» Parameterized stochastic shortest path
» MDP for energy storage
» Lookahead for energy storage
» PFA for newsvendor problem
» CFA for blood management I – parameterized myopic
» VFA for blood management II – VFAs
» Lookaheads for clinical trials
» All parameter search problems
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Asset selling
» Sell signal:

» or

» or
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Adaptive market planning

Stepsize policies
» Harmonic stepsize formula (deterministic

» Kesten’s rule (stochastic)

» Discuss:
• Scaling
• Handling bias (learning) vs. noise (smoothing)
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Choosing diabetes medication
» Upper confidence bounding policies

» Interval estimation

» Knowledge gradient
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Shortest paths – static/stationary
» Deterministic, or stochastic (but we see costs after we 

choose the link):

» Stochastic (we see costs before we make a decision)

గ
௧ ௝ ௜௝ ௧௝

௫,௡ିଵ
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Imagine that the lookahead is just a black box:
» Solve the optimization problem

» subject to

» This is a deterministic shortest path problem that we 
could solve using Bellman’s equation, but for now we 
will just view it as a black box optimization problem.
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The percentile policy.
» Solve the linear program (shortest path problem):

» subject to

» This is a deterministic shortest path problem that we 
could solve using Bellman’s equation, but for now we 
will just view it as a black box optimization problem.
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Energy storage problem
» PFA version

• Use basic policy search:
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Designing policies

Matching problems to policies
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Choosing a policy

 Robust cost function 
approximation

 Lookahead policy

 Policy function 
approximation

 Policy based on value 
function approximation
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Choosing a policy

Which policy to use?
» PFAs are best for low-

dimensional problems 
where the structure of the 
policy is apparent from the 
problem.

» CFAs work for high-
dimensional problems, 
where we can get desired 
behavior by manipulating 
the cost function.

 ( ) arg mint x tdl l tdl
d l

X c x   
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Choosing a policy

Which policy to use?
» VFAs work best when the 

lookahead model is easy to 
approximate

» Lookahead models should 
be used only when all else 
fails (which is often)
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Evaluating policies
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“Offline learning”
» Evaluate policies in a simulator
» Requires building a simulator
» Much faster than online, but you have to accept the 

errors implicit in any simulator.

“Online learning”
» Learning in the field
» Does not require a simulator…
» … but it is very slow (takes a day to simulate a day).
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Policy search class

Finding the best policy
» We need to maximize

» We cannot compute the expectation, so we run simulations:
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There are two settings for doing policy search:
» Offline

• In a computer simulation
• In a lab where we do not mind making mistakes
• We look to optimize the performance of the final design after a 

series of experiments

» Online
• This means in the field, where we care about how well we do 

while we are learning.
• We look to optimize performance along the way, which means 

we are maximizing cumulative reward.

» Caution: “offline” and “online” are terms used in the 
machine learning community:

• “offline” means batch learning
• “online” means continuous updating
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Offline (“final reward”) objective
» The final reward process works as follows:

• States, decisions and exogenous information evolve according 
to

ሺܵ଴, ,଴,ܹଵݔ ܵଵ, …,ଵ,ܹଶݔ ܵ௡, ,௡,ܹ௡ାଵݔ … ሻ

• Decisions are made according to a policy ݔ௡ ൌ ܺగ ܵ௡ .
• States are updated using

ܵ௡ାଵ ൌ ܵெሺܵ௡, ௡,ܹ௡ାଵሻݔ

• After ܰ experiments, we call our final decision ݔగ,ே, since it 
depends on our policy ߨ and the budget ܰ.

• Once we have the final design, we then have to stop and test 
the design using new observations that we call ෡ܹ .

© 2018 W.B. Powell



The value of the policy
» We can start by writing

గ గ,ே

» … but this is not very clear.  
» There are up to three different sources of uncertainty:

• The initial state ܵ଴, which might have a Bayesian prior about 
the performance of the different diabetes drugs.

• The observations ܹଵ,ܹଶ,… ,ܹே

• The observations made during the final testing ෡ܹ .
» We can write the value of a policy more clearly as

గ
ௌబ ௐభ,ௐమ,…,ௐಿ|ௌబ ௐ෡ |ௌబ

గ,ே

» This is better, but we won’t really understand it until we 
know how to compute it.
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The value of the policy (cont’d)
» To compute

గ
ௌబ ௐభ,ௐమ,…,ௐಿ|ௌబ ௐ෡ |ௌబ

గ,ே

» We have to simulate the expectations.  Let’s break 
down each one:

ௌబ: Imagine that ଴ includes a Bayesian prior such as 
the belief about how a patient responds to a diabetes 
medication.  Let ௫ ௫∈௑ be the truth of the 
performance of each drug .  Let’s just sample 

samples of the vector to get 
ଵ ଶ ௞ ௄ samples of what each of the 

truths might be, and let’s let ଴
௞
଴

௞ୀଵ
௄

be the prior 
probabilities on these samples (perhaps 1/K).

© 2018 W.B. Powell



The value of the policy (cont’d)
» To compute

గ
ௌబ ௐభ,ௐమ,…,ௐಿ|ௌబ ௐ෡ |ௌబ

గ,ே

ௐభ,ௐమ,…,ௐಿ|ௌబ: Given ଴ means picking one of the 
௞

௫
௞

௫∈௑ as the true truth for each drug.  Now 
let’s try drug ௡ after the nth trial, and then 
observe

௫
௡ାଵ

௫
௞

௫
௡ାଵ

where ௫
௡ାଵ is the noise in an observation.  

» Let ଵ ଶ ே be a sequence of 
realizations.  Again assume we have a series of samples 
that we will call ଵ ଶ ሺℓሻ ሺ௅ሻ a sample 
of all the observations (actually a sample of ).

© 2018 W.B. Powell



The value of the policy (cont’d)
» To compute

గ
ௌబ ௐభ,ௐమ,…,ௐಿ|ௌబ ௐ෡ |ௌబ

గ,ே

ௐ෡ |ௌబ: At this point we have our final design గ,ே

which depends on the truth ௞ and the experimental 
outcomes ଵ ଶ ௅. We write this as గ,ே .

» Now we have to test it by observing a new outcome 
Again assume we sample this, and observe 

ଵ ଶ ௠,…, ெ outcomes.
» Now simulate గ using

గ ଵ
௄

ଵ
௅

ெ
௠ୀଵ

௅
௟ୀଵ

௄
௞ୀଵ

గ,ே ௠
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Online (“cumulative reward”) objective
» This is how we evaluated our diabetes policy.  Rather 

than evaluating at the end, we evaluate as we proceed, 
which makes the formula a bit simpler.

» The expected performance of a policy would be written
గ

ௌబ ௐభ,ௐమ,…,ௐಿ|ௌబ
గ ௡

௫೙
௡ାଵேିଵ

௡ୀ଴

» Using samples to approximate the expectations is just 
as we did for the offline case.  The only difference is 
that we sum our performance, and we do not have to 
separate the “learning” from the “evaluating.”

» A more difficult issue is how we do learning in a field 
situation.  This is active research!
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Tuning environments
» In a simulator

• Requires building a mathematical model of the dynamic 
process and, most important, the uncertainties.

• Your policy will only be as good as your model of uncertainty.

» In the real world
• No longer need a stochastic model…
• But it takes a day to simulate a day.  This can be very slow.
• Examples:

– FAA
– Grid operators
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Week 12 – Monday

Ad-click problem
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Narrative
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Basic model
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Uncertainty modeling
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Designing policies
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Notes:
» Value of information policies are clearly much harder 

to compute.
» Have to use care for some problems (such as this one) 

where the value of a single observation may be low.  
This is typical when the random outcome is 0/1.

» A better strategy is to assume we are going to fix a bid 
x for a period of time.  Instead of 0 or 1 clicks, we 
might get a number of clicks described by a binomial 
distribution.
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Week 12 - Monday

Template
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Narrative
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Basic model
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Uncertainty modeling
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Designing policies
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